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PREFACE 


Perhaps on no branch of mathematics did Poincaie la\ 
his stamp more indelibly than on topology. To him we owe 
the basic notion of complex, the boundary relations and 1 elated 
numerical invariants, the first duality theorem. But Poincaie 
quickly centered his efforts upon the classification of manifolds 
and other questions, leaving the foundations in rather unstable 
equilibrium. It is largely to Yeblen and Alexander that we 
owe the remedy for this state of affairs, and the present, 
improved situation. A date marks the transition: 1922, wdien 
there appeared Veblen’s excellent Cambridge Colloquium Lec¬ 
tures: Analysis Situs , which has deservedly become the 
standard work on the subject. The ground being thus well 
prepared, new developments came rapidly, and it is with the 
new phases of the subject that we shall be chiefly con¬ 
cerned here. 

Our central topic is the theory of manifolds for which 
the first two chapters are the preparation. The manifolds 
are of Alexanders combinatorial type. \\ hile more general 
than the usual type their treatment is scarcely more difficult, 
and in addition it has been possible to prove that they are 
topologically invariant (van Kampen). They may be open 
or closed complexes, and in the former case no boundary 
conditions are imposed. The principal questions treated will 
include the general theory of the homology characters, their 
duality theorems, the intersection theory, the stud} 7 of con¬ 
tinuous transformations, their coincidences and fixed points, 
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the applications to analytical and algebraic varieties. In all 
these directions we are taking up again questions with which 
we have dealt in recent papers (Transactions of the American 
Mathematical Society, 1926, 1927, Annals of Mathematics, 
1927-1930), recasting and greatly extending our results. In 
the duality theory it will be recalled that two unrelated 
basic formulas, due to Poincare and Alexander, were reduced 
to a single formula for relative invariants. This work of uni¬ 
fication is carried still further, with new results, giving con¬ 
siderably greater reach to our formulas for coincidences and 
fixed points. We have succeeded, in fact, in extending them 
to arbitrary compact metric spaces, a fundamental result for 
real analysis. 

Regarding the intersection theory, our first treatment was 
based on intersections of convex cells. This is an excellent 
procedure from the geometric standpoint and for the appli¬ 
cations. Howewer, for the basic invariance proofs a procedure 
followed by Veblen-Weyl in the simplest case (isolated inter¬ 
sections) is to be preferred and we have adopted it here. 
Unfortunately, in their scheme the intersecting elements are 
in a very special mutual relationship, which makes it awk¬ 
ward in practise. We have therefore introduced a third and 
more general type of intersections, based on Brouwer’s looping 
coefficients, which includes the other two types as special 
cases, and thus acts as the unifying element. 

Side by side with general topological invariance, one may 
consider more strictly combinatorial invariance, or invariance 
under subdivision of the cells of a complex. In its treatment 
continuity should play no part, and its study constitutes com¬ 
binatorial topology proper. While we have made a mild 
effort to separate the two theories, and to establish combi¬ 
natorial invariance wherever readily possible, we have 
taken as our program the study of complexes and manifolds 
from any point of view whatever. In short, in the com¬ 
binatorial theory, we have not adopted the abstract and 
postulational point of view of Dehn-Heegaard in their En- 
cyklopadie article. We have taken configurations immersed 
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in some Euclidean number space, and made free use of the 
elementary properties of the space as regards intersections 
of its linear subspaces. These properties, and the elementary 
properties of the rational number system, are all that we 
assume when we deal with the combinatorial theory. 

Much of the topological part proper has been put in the 
seventh chapter, devoted to the infinite complex. It seems to 
be just what is wanted for the best treatment of that type 
of question. Infinite manifolds have already been studied b\ 
Kerekjartd, largely in the spirit of the classical theory of 
finite two dimensional manifolds. We are giving here how¬ 
ever for the first time a general theory of infinite complexes 
and manifolds with their applications to metric spaces. Closely 
related recent contributions are the approximations to compact 


metric spaces by finite complexes introduced by Alexandroff, 
and the homology theory of these spaces due to Vietoris. 

Perhaps the most novel feature of this book is the role 
played by the so-called “relative” concepts. It appears that 
almost all boundary relations and related homologies may be 
replaced by others in which we omit everything that is not 
on a certain configuration A, thus obtaining analogous relations 
relative A. For example it is advantageous to consider an open 
segment as a relative one-circuit, a plane polygonal region 
as a relative manifold. This is entirely in line with the 
“relative’’ concepts of point set theory as defined, say, by 
Hausdorff. 

When the relative concepts are systematically introduced, 
it is found that a good part of the combinatorial theory of 
Poincare, Yeblen, Alexander, also our own results on con¬ 
tinuous transformations, etc. have a greatly increased range 
of application. As a minor, but highly interesting feature, 
Brouwer’s classical results on the invariance of dimensionality 
and regionally are found to be intimately tied up with the 
invariance of the homology characters. 

References are indicated by the author’s name, followed 
by a number in square brackets which corresponds to the 
bibliography at the end. 
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INTRODUCTION 


1. A rapid glance over the foundations of our subject, 
besides its intrinsic value, will also provide an excellent 
occasion for introducing various important concepts needed later. 
These foundations rest upon the theory of abstract spaces 
founded by Frechet* [1]. On these questions the reader will 
consult with profit the interesting papers by Chittenden [1,2]. 

2. Topology or Analysis Situs is usually defined as the 
study of properties of spaces or their configurations invariant 
under continuous transformations. But what are spaces and 
their continuous transformations? 

Whatever a space may be it is difficult to reconcile it with 
anything conforming with our “spatial” intuition unless it is 
endowed with the following property, the most salient and 
primitive possessed by the familiar types: With each point 
there goes a portion of the space in which it is imbedded. 
This leads to the conception of an abstract space 9t as a set 
of elements {#}, its points, together with an aggregate of 
subsets {A T }, the neighborhoods, so chosen as to satisfy: 


* The general symbolism of the theory of sets will be used throughout. 
A set of elements, any one of which is a, is designated by {a}. Let A, B 
be two sets. Then the set of all elements 

in A or in B = -f- B = the sum of A and B \ 

in but not in B = A — B = the complement of B with respect to A ; 

in A and also in B = A • B = the intersection of A and B . 

AZ^B, or Bd A mean that B is a subset of A. When B coincides 
with A we write B = A. Negation of a relation is designated by drawing 
a line through its symbol, as A cjz B } ^4 £ B , etc. 

1 
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Axiom I. Between the sets {x }, {A 7 }, there exists a corre¬ 
spondence such that to each x there corresponds one or 
more A T ’s, the neighborhoods N x of x. Every N x d)x. 

This is the first of four axioms due to Hausdorff. The 

other three are given below and are of a more restrictive 
nature. 

3. A\ e keep fixed for the present and consider certain 
attributes of its subsets. It is surprising how far it is possible 
to go even on such a slender foundation as Axiom I. 

Let A be a subset of 9t. The point x is an inner point 
of A whenever there is an N x dA, which by Axiom I implies 
xCZA. 

A point x is a boundary point of A if every N x includes 
points of both A and of its complement — A . 

The boundary F{A) of A is the sum of the boundary points 
of A . The set A is open when F{A)d Si —A, dosed when 
F(A)d_A. An open set consists solely of inner points. A closed 
set is the complement of an open set. 

If AdA r d$R, A closed, N open, then Nis called a neighbor¬ 
hood of A, and often designated by N A , 9? A , etc. 

The sumA+jP(A) is called the closure of A and is designated 
by A. It is a set function defined for all subsets of Si and 
will play a particularly important part in the sequel. 

A set A is dense on whenever there are points of A on 
every N. An equivalent definition is that A = Si. 

The point x is a limit point of A whenever A has points 
on every N x — x. The closure A = A+ all its limits 
points. 

The infinite sequence { x n } is said to converge to the limit x 
whenever each N x contains all but a finite number of points 
of the sequence. 

Any given subset of 9t, say A, may be turned into a space 
by agreeing to choose as neighborhoods for A its inter¬ 
sections A". A with those of This convention will be 

adhered to in the sequel. It is then possible to introduce 
the sets open or closed on A, etc.; these are the well known 
relative concepts of point-set theory. 
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4. A transformation T of a space 3i into another 9V is the 
assignment of a correspondence between their points such 
that to every point x of 9t there corresponds at least one 
point x = T-x of 3t'. The transform T-A of a subset A 
of 9t is the set of all points T-x for xCT A. The trans¬ 
formation is: 

Single-valued whenever x = T-x is unique for every x . 

One-to-one when it assigns also a unique x to every x , thus 
pairing off in a unique way the points of 9^ and 9t'. 

Continuous if whenever the transform T-A is relatively 
open for T- 95, then A is open for 9\ 

Homeomorphic when it is one-to-one and continuous both 
wavs. 


We have now all the elements needed for a formal 
Definition of Topology: It is the study of the properties 
of spaces that are preserved under liomeomorphism . 

Any property of a space 9\ which belongs to every liomeo- 
morpli of 3t is said to be topologically invariant. A numerical 
function attached to 9t which has the same value for all its 
homeomorphs is a numerical topological invariant. As an 
example, when 9t is a sphere the fact that any simple closed 
curve on it decomposes it into two regions is topologically 
invariant, the number two is a numerical topological invariant. 

The concepts introduced in No. 3 are topologically invariant: 
Thus when 9t is homeomorphically transformed into 3i', its 
closed (open) sets, etc. go over into similar sets for 9t'. 

5. Given an abstract set 9t, it may be possible to convert 
it into a space by two distinct choices of subsets as neighbor¬ 
hoods, say {iV} and {A T '}. We have thus two different spaces 
9^, 9T, built up out of the same abstract set of elements. 
The two spaces are considered as identical whenever the 
identical point-to-point transformation between them is homeo- 
morphic. This means that any subset A of which is open 
when the iV’s are the fundamental neighborhoods remains 
open when they are replaced by the N n s and conversely. 
The two sets of neighborhoods are then called equivalent . 
The space 9t is not so much characterized by a single ag- 
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gregate of neighborhoods as by a whole class of equivalent 
sets of them. 

Since identical spaces are homeomorphic the concepts in¬ 
troduced in No. 3 are unchanged when a set of neighborhoods 
is replaced by an equivalent set. From the very general type 
of space considered so far we proceed to what might be 
termed “ working spaces” by imposing restrictive axioms upon 
the neighborhoods. The set in widest use today goes back 
to Hausdorff [1) and characterizes what we shall call a Haas- 
dorff spare . It consists of Axiom I plus the following three: 

Axiom II. If N, N' are any two neighborhoods of x , there 
exists a third neighborhood of x f N"d N • N '. 

Axiom III. If the point y Cl iV r , there is an N y dX x • 

Axiom IV. If x \ y there exist N x , N y without common 


points. 

Among the Hausdorff spaces are included the usual simple 
types: projective, Euclidean, function, ^-spaces, with sim- 
plexes (generalized triangles) as the neighborhoods. 

A necessary and sufficient condition for the equivalence of 
two coincident Hausdorff spaces 91,91', defined by two distinct 
sets of neighborhoods {JV}, |A T '} is that every N c carry an 
N ,x and conversely. 

6. A Hausdorff space 91 is: 

Regular whenever Axiom III may be replaced by the stronger 
condition: When yd A TJ? , there is an N y dX x . 

Separable (Frechet) whenever it is identical with a space 
whose set of neighborhoods is enumerable. 

Compact (Frechet) whenever every infinite subset of 91 has 
a limit point on 91. 

An important consequence of separability is the presence 
on 91 of an enumerable dense subset: For if {iV*} is the 

enumerable set of neighborhoods, we can take a point P 1 

on N* and the sequence {P 1 ] is dense on 91. 

The space whose points are all the real numbers with {iV} 
as the intervals whose end points are rational, is separable 
but not compact, since the set of all integers has no limit 
point. 
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7. The definition of a space by means of neighborhoods is, 
so to speak, purely qualitative. However, one of the most 
important properties of the more common spaces is that they 
can serve as a basis for making measurements, that a metric 
can be affixed to them. If the notion of neighborhood deserves 
logically the first place, nevertheless in all applications of 
mathematics the existence of a metric is the essential element. 

If we take the metric as the basic factor the natural definition 
of a space 9t assumes the following form: It is an abstract 
set of elements, its points, such that to their pairs .r, y there 
may be attached a distance function , d(x 9 y), or real func 
tion having the following properties of Euclidean distances: 

I. d (x, y) = 0 when and only when x = y. 

II. For any three points x , y , ^ of 91 the triangle inequality 
holds, i. e. 

d ( y , z) ^ d Or, y) + d (./;, z ). 


From these two properties one may deduce, as observed 
by Lindenbaum [1J, the other two usually ascribed to the 
distance: 

III. d Or, y) :> 0. 

It is obtained by making z = y in II and taking into 
account I. 

IV. d Or, y) — d (y, x). 

Making z = x in II we have d{y, x) < d (x , ?/). Similarly 
d Or, y) d (y, x), from which IV follows. 

The distance d(A, IJ) between two sets A, B C 9t, is the 
greatest lower bound of d Or, y) for xC~A, y C B. The diameter 
of A, d (.4), is the least upper bound of d Or, y) for x , y d .4. 
By spheroid of center A and radius q, ©04; q), we understand 
the set of all points x such that d (.4; x) <Cq . 

The splteroids ® (x , o) whose centers are the points x of 91 
constitute a set of neiyhhorlioods which turn 9i into a regular 
Hausdorff space. The verification is instantaneous. The Haus- 
dorff space thus defined is considered as identical with 9{, and 
continues to be designated by 91. A practical result of 
importance is that on a metric space the limit concept can he 
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put in the same form as in the familiar e, 8 procedure of 
elementary analysis. 

For a metric space separability is equivalent to the existence 
of an enumerable dense subset: We have seen (No. 6), that such 
a set is present on every separable space. On the other 
hand, being metric, if A=[x n ) is dense on it, the spheroids 
©(r n ; Qm), Qm rational, are enumerable and their set is equivalent 
to {©(*;?)}, x any point of SR, q arbitrary. Hence is separable. 

The fundamental question that must be answered in order 
to bridge the two points of view: metric and qualitative, is 
then: Under what conditions is a Hausdorff space metrisable 
(susceptible of having a distance function affixed to it)? In 
the light of the preceding remarks it is largely answered for 
all spaces that offer any interest by the following fundamental 
theoiem due to Urysohn [1, 2], with an important complement 
regarding the condition of regularity by Tychonoff [1]: 

In order that a separable Hausdorff space be metrisable, it is 
necessary and sufficient that it be regular. 

As a rapid Corollary (Urysohn): 

In 07 de) that a compact Hausdo?ff space be inetrisable it is 
necessary and sufficient that it be separable . 

We are then in possession today of a strictly qualitative 
characterization of metric spaces with an enumerable dense 
subset (separable metric spaces). These spaces include the 
most general type to be considered in any connection what¬ 
ever in the present work. The preceding sketch is a suf¬ 
ficient description of their foundations to cover all our needs. 

8. An important result obtained in recent years is the proof 
by Alexandroff [10] that compact metric spaces can be inde¬ 
finitely approximated by certain polyhedral configurations, the 
complexes. The topological theory of complexes acquires thus 
a fundamental importance; it is in truth the necessary first 
step in a general study of metric spaces. 



CHAPTER I 


ELEMENTARY COMBINATORIAL THEORY OF COMPLEXES 

For all purposes of the present chapter the configurations 
that are to be studied may be considered as immersed in 
Euclidean number spaces. It might therefore logically and 
properly constitute a chapter in an extension of such a work 
as the Projective Geometry of Veblen and Young. Moreover 
while properties involving limiting processes are introduced 
and mentioned, they are actually never used in the proofs, in 
which all steps are strictly combinatorial. Thus everything 
that is taken up would hold if we only allowed in our spaces 
points with rational coordinates. 

The justification for the introduction of terms which ap¬ 
parently involve limiting processes in their definitions is first 
that it is not advisable to repeat and amplify definitions 
several times, next that it is practical and worth while to 
become accustomed to them as early as possible. 

§ 1. The Simplex, the Cell, the Sphere 

and the Complex 

1. Let S n * denote an n-dimensional Euclidean space referred 
to Cartesian coordinates x u •••, x n with the usual distance 

formula, d(x, x') -VZ (xi — x’if . We assume known the 

most elementary properties of the Sk s on S n , in particular 

* The dimension of our configurations is indicated throughout by the 
subscripts. 
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regarding their intersections and the like. For the present 
purpose they may be considered as clothing in geometrical 
language the elementary properties of systems of linear 
equations in n variables. 

Let A 1 (i = 0, 1, • • •, k) be 7r -f-1 independent points of S n , 
or points determining a unique S k through them, and let ay 
be the coordinates of A\ If (x ly • • •, x n ) is any point of 
that S k) among the equations in the y s 



precisely k- f 1 are linearly independent and yield finite values 
of these variables. The y s are the burycentric coordinates 
of the point (x) of S k . They are independent of the choice 
of coordinate system for S n . Furthermore, if S n is considered 
as a subspace of S m ,m>n, all that is necessary is to increase 
the number of variables x and of equations in (1), but the 
values of the ijs for a given point will remain the same. 

2. Let us then assume k = n, so that we now have n+ 1 
independent points of S n and the /s become barycentric co¬ 
ordinates for that space itself. 

We understand by an n-simplex, <r H , with vertices.4°, A 1 r --,A n , 
the set of all points of S n whose barycentric coordinates re¬ 
latively to the A’s satisfy the inequalities 0 <?/*•< L This set is 
independent of the choice of coordinates tor S n , or for whatever 
space in which it may happen to be immersed. a n is a bounded 
region. Its boundary points are obtained by making one or 
more of the /s equal to 0 or 1. It is therefore the sum of 
the various simplexes of less than n dimensions which also 
have -4’s for vertices, together with the ^t’s themselves. Since 
each n-simplex (n>l) has n -f 1 distinct ( n — l)-simplexes 
on its boundary, it is convenient to define a zei’o-simplex as 
a single point, so that a 1-simplex has two O-simplexes on 
its boundary. Thus the boundary of an n-simplex (n >0) is 


composed of the 


n + 1 

i V + 1 


2 ?-simplexes (p = 0, 1 
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determined by all possible combinations of the n + 1 vertices 
taken p +1 at a time. The p-simplexes thus determined are 
the p-faces of the n-simplex. For n = 0, 1,2, 3. is respect¬ 
ively the point, the segment, the triangle, the tetrahedron. 

3. The n-cell, E n , is the basic configuration of analysis 
situs. It is by definition the homeomorph of the n-simplex; the 
homeomorph of the boundary of o n is called the (n l)-sphere, 
H n -!. The justification of the latter name is found in the 
fact that a spherical region of S„, 2 *?< 1, is homeomorphic 
to a n , while the sphere, its boundary, is the homeomorph of 
the boundary of o n . This is a special case of an example 
considered presently. It is to be noted that E n is not closed. 
As a matter of convenience we shall often say “the closed 

cell” for “the closure of the cell”. 

A simple type of E n which includes the spherical region is a 

bounded region 91 of S n possessing an interior point P such that 
every ray through P meets the boundary in just one point. Foi 
let <r„ be an arbitrary simplex ZT ' 1 P , and let a ray PI issuing 
from P meet the boundaries of 9t and a n at the respective points 
T and T'. Then, Q being any point of PT, let Q' be the point 

PT' 

of the ray such that PQ' = ~~pjT PQ • The correspondence 

between Q and Q 1 defines a homeomorphism between a n and 9t. 
A simple example of a region 91 is a convex region, i. e. a region 
such that when P, Q belong to it so does the segment PQ. 

4. A convex polyhedral region of an S n , or a convex poly¬ 
hedral n-region, is defined by recurrence thus: for n = 0 it 
is a single point; for n>0 it is a finite convex region 91 on 
an S n , whose boundary consists of a finite number of convex 
polyhedral regions on spaces of lower dimensions. It is 
evidently an n-cell. A convex polyhedral part of the boundary 
which is a region of an <S/ £ , is a 7c-cell, called h-face of the 
n-cell. 

Let us take the intersection with a plane n not meeting 
the faces of less than n — 2 dimensions. It cuts 91 in a con¬ 
vex polygonal region bounded by the intersections of the 
(n — 1)- and (n — 2)-faces of 91 with n, which give rise to 
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the sides and vertices of the polygon. The latter are in the 

same mutual relations of incidence as the faces in question. 

Since each vertex of the polygon is an end-point of two and 

on y two sides,* each E n - 2 is on the boundary of two and 

only two En-r’s of the boundary of E n . Furthermore there 

are at least three E n -is, and in fact at least rc + 1, the 

minimum being reached only for a <r„, a fact which we do 
not stop to prove. 


A simple example is obtained by taking the interior E s of 
a simple regular polyhedron of ordinary space and its faces. 
Ihus for the cube we would have six 2-cells, twelve 1-cells 
and eight 0-cells (all convex and polyhedral) on its boundary. 

5. In order not to confront too many difficulties at the out¬ 
set we shall consider for the present a relatively simple type 
of complex and later extend our results to more general types. 

We first define the simplicial polyhedron TI n: it is merely 
a set of a finite number of simplexes a*, of S m , m>n, of 
dimensions up to and including n, such that (a) no two sim¬ 
plexes of the set intersect; (b) if o£ belongs to the set so do 
all of its faces. The o’s are the faces of TI n . I n view of 
(a) they do not cross one another, while (b) implies that when 
<t(Zn n , likewise oCZn n , so that 77 n is closed. 

The simplidal n-complex, K n , is an aggregate of point sets 
in one-to-one correspondence with the faces of 77,, (one set 
for each face and vice-versa), whose sum is a point set homeo- 
morphic to /7 n . The sets in question are thus cells of the 
same dimension as the corresponding simplexes of77„. They 
are the 0, 1, 2, ..., w-cells of K n . They constitute a sub¬ 
division of K n with the same structure as the subdivision of 
77„ into its simplexes. Thus K„ has a certain number of 
zero-cells for end points, etc.: on the boundary of each ^-cell 
of K n there are q + 1 cells of dimension q— 1. We shall omit 
to mention “simplicial” for the present since until further 
notice no other type of cell or complex will be considered. 


For the system has the same structure as the set of arcs cut out on 
a circumference by a finite number of points plus those end-points. This 
is shown by a construction such as that of No. 3. 
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Two cells of Kn such that one is on the boundary of the 
other are said to be incident with one another. The incidence 
relations of the complex are for the present the list of pairs 
of incident cells. Later they will also be understood to 

include certain orientation information. 

Simple examples of a K n are a <s n plus its boundary, and 

the sum of two simplexes a n , a n having a common A-face, plus 
all their boundary faces. A projective plane, and a sphere i/ 2 , 

suitably triangulated, are 2-complexes. 

For the sake of brevity we shall extend to configurations 
on K n the terminology which, strictly speaking, is applicable 
only to TI n . Thus we shall speak of segments, simplexes, 
polyhedral configurations on K n , meaning thereby the images 
of such elements on K n under the homeomorphism existing 
between them. In particular the barvcentric coordinates of 
any point on the cell E l p of K n are by definition those of its 
image point on the corresponding face a l p of H n - 

6. It may be asked at once, why not stop at Tl n and leave 
out K n altogether? The answer is that K n serves to put the 
emphasis on the primordial structural elements, the cells, and 
their incidence relations, as against the properties of linear 
spaces peculiar to TI and its geometry. We shall make very 
large use of linear elements, or polyhedral configurations, but 
only as means to an end, not as an end in itself. This is 
somewhat analogous to the relationship between S n and its 
coordinate systems. Whenever one studies the geometry of S n 
one may find coordinates exceedingly convenient, but the 
theorems to be sought must be independent of them. 

To take an example consider the boundary of a hemi¬ 
spherical region of S 3 . Join a point A 0 not on the circum¬ 
ference bounding the circular part to three points A 1 , A 2 , A 3 
of that circumference by appropriate arcs A 0 A*. There results 
a K 2 homeomorphic to the boundary of a cr 3 and with the same 
structure, i. e. the K 2 and the boundary of a a 3 correspond to 
one another cell for cell and the incidence relations are the 
same. The two figures are very different indeed, yet they 
have many properties in common; and it is these properties 
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that will attract our attention to the exclusion of all others. 
K n may thus be said to embody the structural attributes of 
IJ n to the exclusion of those properties which pertain only to 
the domain of projective or Euclidean geometry. 

7. The bearing of conditions (a), (b) must be kept in mind. 
They imply, for example, that if we remove an end point from 
a closed segment, a vertex or a side from a triangle, what 
is left is not a complex. Similarly, let PQ be a segment 
meeting the complex K 2 of the preceding Number at a point R 



Fig. l. 

on a 2-cell of K 2 , while P and Q are not on K 2 . Then K t 
plus the segment do not constitute a complex. On the other 
hand, assuming A 0 on the spherical part of K 2 , let us draw 
the segment A 0 A 1 . That segment plus K 2 constitute a new 7^.* 

* One restriction which our definition imposes on the simplicial complex 
is of a more arbitrary nature; viz., that the complex be actually represen¬ 
table as a polyhedron in Euclidean space of sufficiently high dimension. 
Less restrictive conditions are usually imposed which, for example, allow 
a circle to be represented as a 1-complex by two 1-cells incident with 
two 0-cells. We have imposed this restriction for the sake of the added 
coavenience of applying to our complexes the notions of straightness and 
distance implicit in their Euclidean prototypes. As a matter of fact it is 
removed together with many others in the generalisation of complexes at 
the end of Ch. II. 
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8. A zero-complex consists merely of a finite number of 
points. The first case of interest is therefore the 1-complex, 
K u also called linear graph or graph. There is an extensive 
literature dealing with the topology of graphs and its ap¬ 
plication to certain mathematical problems and pastimes. 



Fig. 2. 


Strictly speaking, the graph as usually understood consists 
of a finite number of non-intersecting arcs plus their end¬ 
points, whereas our K\ may include in addition a finite number 
of isolated points. Their presence, however, does not have 
any serious influence on the topology. 

Next to E y the simplest graph is the homeomorph of the 
one-sphere (Jordan curve, simple closed curve), exhaustively 
studied in the last quarter century. 
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Much less is known concerning the most general K 2 , but 
a special type, the two-dimensional manifold which includes 
Riemann surfaces, has been well covered in the literature. 

9. A simplicial complex K n is completely determined when the 
incidences between its cells are specified . To be more precise, 
let K n consist of a set {Ef} of cells, corresponding cell for 
cell to those of K n and with the property that when E 1 and 
Ep- i are incident so are Ep and E£ U; then Kn is homeo- 
morphic to K n . For everj r point on K n or Kn is uniquely 
determined when the vertices of the carrying cell and the 
barycentric coordinates of the point relatively to that cell 
are given. Therefore the correspondence between K n and K,[ 
associating points of every pair Ep , Ef with the same bary¬ 
centric coordinates is a homeomorphism. 

10. In many applications the problem arises of decomposing 
the points of a known configuration into the cells of a com¬ 
plex. The complex is then said to cover the configuration. 
Take for example a plane region 9t bounded by three circles 
Y l , Y 2 , Y s where ^ 2 and r 3 are exterior to one another but interior 
to Figure 2 illustrates a decomposition of 91 into curvi¬ 
linear triangles giving rise to a covering K 2 for 91. It is quite 
evident that these covering complexes can be varied ad in¬ 
finitum. But they are all homeomorphic to one another and 
for the structure of 91 the essential properties will be those 
common to them all. In the preceding example it is a simple 
matter to construct a suitable n 2 . Indeed we may actually 
construct a n 2 lying wholly in the plane. 

§ 2. Orientation, Chains, Cycles 

11. Just as there may be constructed a theory of linear 
sets without the notion of order, so there may be developed 
a theory of complexes without the theory of orientation. This 
has been done in fact by Veblen and Alexander [22], very 
extensively in Veblen’s Colloquium Lectures [5]. Such 
a theory presents indeed a good deal of merit on the score 
of simplicity. But on the one hand its theorems are as 
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a rule special cases of theorems of the theory of oriented 
complexes, or chains, on the other it is the latter that one 
needs in the major applications, notably in analysis. Therefore 
it is with them that we shall deal almost exclusively in 
this book. 

We begin with the orientation of a simplex a n , n > 0. Let 
its vertices be .4°, A 1 , ■■■, *4", and put into one class the 
modes of ordering them derived from the normal order by 
an even permutation, into another class the other modes. 
We designate by + a n the association of a n with one of the two 
classes, by —<r„ its association with the other. We also write 
+o n = A 0 A 1 ■ • • A n = A* A 0 A 1 A 3 ■ ■ ■ A„ = — A 1 A 0 A 2 ■ ■ • A n - ■ ■, 

and —= A 1 A 0 A 2 • • • A" = — A 0 A 1 • • • A n - This choice 

of class is described as orienting the simplex. 

Let us orient the (n — l)-faces of c n as we please and 
let o' (i — 0, 1, • • •, n) be the face of which A' is not 
a vertex, together with its orientation. We can thus write 

= e A 0 • - • A 1 - 1 A i+1 • • • A”, e = ± 1 . 

n —1 7 

We also have 

a n = e’A* A 0 • • • A 1 ’ -1 A 2+1 • • • A n . 

We shall say that crj l _ 1 is positively or negatively related to 
<y n according as €€ = + 1 or — 1. Denote its value by r ii% 
The incidence relations between a n and its boundary (n — 1)- 
simplexes are summed up in a symbolical boundary relation: 

(2) a n -> ^ rji i. 

The oriented boundary F(? n ) of the a n is by definition the 
set of faces on the boundary of the simplex associated with 
the sum in (2). 

Relations such as (2) and their generalizations are due to 
Poincare [2]. However, he used eh in place of the very 
convenient -> introduced by Alexander [19]. 

Strictly speaking, what we have said has no application 
to zero-simplexes. It is convenient, however, to extend the 
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conventions to this special case. The reasonable starting 
point is to write down the equivalent of (2) when n = 1. 
Let o x = A 0 A 1 . We call A 0 the initial point, A 1 the terminal 
point of the one-simplex or segment, and express the relation 
to by cq —>• A 1 — A 0 . It leads us to introduce into our 
boundary relations symbols such as + A\ —.4*. We call 
these symbols associated with the point or zero-cell A', 
positively or negatively oriented points. Finally, a 0 -> 0, always. 

12. In comparing oriented simplexes it will often be con¬ 
venient to use the following notation: Let <x„ — A 0 A 1 • • • A n , 
G q = APAv +l • ■ ■ Ap+i, it being understood that both simplexes 
are oriented. Then we shall also write g„ = A°A 1 -- ■ AP- 1 OgAP+i+ 1 
■ ■ ■ A n . More generally, if for example a = A°A 1 ■ ■ • Ap- 1 
we shall also write o n = a p _ x a q ^r+?+i ... A n , and so on: 
the general scheme is obvious. 

13. Let us return to the simplicial K n of § 1. As it is to 
be the fundamental space throughout most of this book, it will 
be simpler to designate it by K, omitting the dimensionality 
index n. Everything just stated for any a is directly appli¬ 
cable to any cell homeomorphic to it. We orient then each 
cell of AT in a definite way and the set so oriented is called 
an oriented complex, K. For each Ep of K we shall then have 
a boundary relation such as (2), 

(*) E j p -y , 

where the only cells at the right are those on the boundary 
of Ep. Therefore rjiJ _1 — 0 when Ep and E J V -1 are not 
incident; when they are incident its value is + 1 if they are 
positively related, —1 otherwise. The matrices WvJjW gi ye 
then a complete description of the incidence relations between 
the oriented cells. 

The n matrices just introduced, called incidence matrices, 
completely determine K, in the sense that if they are the same 
for K n , Kn, the two complexes are necessarily homemorphic. 
This follows at once from No. 9. 

14. We now introduce a most important entity aptly 
ealled by Alexander the chain. The ^-chain, C v , is the 
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association of a linear expression haying 1 integral coefficients, 
Z U E' p , with the closed cells E p that actually figure in it. 
The cells E p and those on their boundaries are the cells 
of C p , which thus coincides with a complex made up of cells 
of K. We write symbolically 

C P = U 4 • 

The boundary, F(C P ), of C p , is by definition the (p —l)-chain 


F(c p ) = Zm 4- 1 ; 


m 




and we write the associated boundary relations 



The simplest p-chain is a closed /(-simplex. 

It will be convenient to call subcomplex, subchain, of K or 
C, a complex or chain whose cells belong to K or C. Thus, 
the above C p is a /j-subchain of K. 

When the boundary of C p is identically zero, that is, when 
every r/j — 0, the chain is a p-cycl'e, I' p . Symbolically the 
cycle is characterized by the boundary relation: 

r P -*o. 

Remark. The term boundary is used in two different 
senses: (a) Boundary of a point set as in the Introduction. 
(b) Boundary of a chain, as above. Since a chain also 
includes a point set it may conceivably have two different 
boundaries in certain cases. To avoid ambiguity we shall 
agree to call boundary of a p-chain only the {p — l)-chain 
that we have just defined. 

The notions of chain, cycle and the boundary relations 
can be extended in three different ways. 

(a) We neglect everywhere the cells of a definite sub¬ 
complex L of K. Then we have chains, cycles, boundary 
relations, mod L (= modulo L), or relative chains, cycles, 
boundary relations for K—L, and we write 

e p E (Cp) > I'p -> 0 , C p -i = 


F(C P ), mod L. 
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The true situation is as follows: We take any finite set of 
cells which do not meet one another, say $, whose sum is 
open in K , then designate as the boundary of any chain the 
sum of the boundary cells which belong to SI and proceed 
as before. Thus a cycle becomes merely a chain which has 
no boundary cells among those of SI, etc. 

It is quite clear above that SI = K—L if we define K 
as the sum of SI and those of its boundary cells that do not 
belong to SI. 

As regards the set SI, a suggestive term is “open complex”, 
K itself being then called “closed complex”. There are many 
advantages in holding to a definite fundamental complex 
throughout and to have it closed. 

We have here a double terminology: Relative relations 
for K—L or Si; relations mod L to denote the neglect 
of whatever is on L. The first expression is more adequate 
when we describe intrinsic properties of K—L or SI alone, 
and is in line with the terminology of point set theory. 
The second expression is more natural and usual when associ¬ 
ated with the modular systems and linear relations to be 


met presently. 

(b) Another extension is obtained whenever in the expression 
of any chain we omit every cell whose coefficient is divisible 
by a fixed integer m. Then we have chains, cycles, boundary 
relations mod m and write relations similar to the above 
with “mod m” in place of “modi”; for example 


F p -> 0 mod m. 

(c) The two preceding schemes can be combined and we 

then have chains, etc. mod (i, m). 

Sometimes we shall designate the ordinary chains, cycles, 

boundary relations, by absolute chains, etc., to distinguish them 
from the three new types which will be called relative or 

modular . 

Historically, absolute chains and their theory go back to 
Poincare [2, 3, 4]. Boundary relations and chains mod 2 were 
first considered by Tietze [1], then by Veblen-Alexander [22J 



I. COMBINATORIAL THEORY OF COMPLEXES 


19 


and their theory systematically developed by Yeblen [51. They 
present many features of exceptional simplicity due mainly 
to the fact that in dealing with them orientation may be 
disregarded. The case of the general m was introduced and 
studied at length by Alexander [19]. Chains and boundary 
relations mod L or mod (L,m) were first considered in our 
papers [12, 14]. It will be found that practically the whole 
of known Combinatorial Analysis Situs can be extended to 
the most general modular system. 

15. Chains and cycles (modular or absolute) have the 
following basic properties: 

I. p-chains are additive . That is if 

C p = ZtiE l p , C’p = 'Z t\ E l p 

then 

C'p = Z (s ti + s' t'i) Ep 

is a chain whatever the integers s, s'. We write symbolically 
Cp = sC p + s'Cp. 

II. Chain-boundaries are linear functions of the chains . 
That is 

F(sC p + s'C;) = sF{C p )-\-s'F(C;). 

III. p-cycles have the additive property . This follows 
from I and II. 

IV. The boundary of a p-simplex is an absolute (p — 1 )-cyde. 
To prove this we merely have to show that 

(4) F(F(<f p )) = 0, i. e. F(a p ) ^ 0. 

We may write <s p = A 0 A 1 o'p_ 2 . Therefore 

a v — A°(fp- 2 -{- A 1 <Jp ~2 ••• = F{c p ) y 

the missing terms representing faces not having g p - 2 on their 
boundaries. In F(F{a p )) the terms in <Jp- 2 can only come 
from F(A l <r p - 2 — A 0 Cp- 2 ). But 

A° Gp —2 Gp —2 * • •, 
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and 



° p -2 + • • •, 


the missing terms being simplexes other than o>_ 2 . There¬ 
fore (ip—o does not appear in F(A'o p - 2 —A 0 o>_ 2 ), and (4) 
follows. 

By combining II and IV we have: 

V. The boundary of an absolute or modular p-chain is a 
(p — 1 )-cycle of the same type. 

The last two properties provide simple examples of cycles. 
But one must not conclude that the converse of V holds: 
A cycle may well not J>e the boundary of a chain . Thus in 
Fig. 2 by suitably orienting the 1-cells of f we can express 
this circle as a T u but there is no C 2 whose sole boundary is I\. 

16. A simple application will throw some light on the 
preceding notions and make their purpose clearer. Let 3? be 
the plane region of No. 10 and let 



be an integral of total differentials taken on 91. We assume that 
P, Q and the two partial derivatives are single-valued and con¬ 
tinuous on 91. What can be said concerning the totality of all 
integrals taken along a path of 9i joining two given points A, B ? 
Construct the covering K» so as to include A and B among 
its vertices and let l denote the segment AB, oriented as 
written. If we deform any path from A to B continuously 
on 3i keeping its end points fixed, the value of u does not 
change. We see intuitively that the path can thus be de¬ 
formed into another which will consist of one-cells of K 2 each 
taken a certain number of times. It will then be a subchain C Y 
of K 2 with the sole boundary points A, B , each taken once. 
It is then a one-cycle relative to the points A , B which play 
here the role of L above. On closer examination we find as 
a matter of fact that Ci — l will be an absolute c} r cle 7\. 
Therefore 

“ =X + /r,' 
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Designate as before by E-> the cells of X 2 oriented, and 
suppose that there exists a chain 


We have then 


Hence 




But r[ can be continuously deformed into a point on 9t, 
hence 

4 = 0 

l 

and therefore likewise 




Thus in the expression of any I\ as a chain we may neglect 
any chain which is the boundary of a C 2 . Let us agree to 
write I\ ~ 0 whenever is an F(C 2 ), and more generally 
I\ ~ /V whenever I\ — 0. The two cycles I [ are 

said to be homologous . We define a set of cycles /Y as in¬ 
dependent whenever 

Z u ri ~ o 


implies that every /, = 0. such a relation being called a homo¬ 
logy. Then it is readily shown that the circles •/', y 2 carry 
cycles, which we denote by A \, A\, such that every 




pi Ji + Pi A 



while furthermore the two A's are independent. Each A is 
in fact the sum of the one-cells on its circle all sensed 
alike. The relation just written may be intuitively verified 
by observing that every sensed closed curve on 5R is con¬ 
tinuously deformable into a sum of multiples of the two 

cycles 4 plus some arc joining y' to y 2 taken as many times 
in one direction as in the other. 



22 


TOPOLOGY 


Since the integral has the same value for two homologous 
cycles 

Jr, =Pl L\ +Pi Lv 



w + Pi®i + P 2 «2; 



In other words: The complete set of determinations of u is 
obtained by adding to any fixed one, some linear com¬ 
bination with integer coefficients of two numbers w l9 co 2 , 
sometimes called the periods of the integral, independent of 
the end points A , B . 

17. The preceding treatment can be greatly generalized. 
It applies for example to the determinations of the integral 
of a function f{z) of the complex variable taken over a path 
on its region of holomorphism. We may also consider inte¬ 
grals of total differentials in S 3 , double integrals of Stokes 
type, etc., and there are many applications to algebraic 
geometry. 

Let us bring out the important features of the discussion: 

(a) The analytical problem refers to some configuration 
which may be replaced by a subchain C of a suitable K. 

(b) The chain is a cycle or relative cycle arbitrarily taken 
in a linear family 9)2. 

(c) Among the chains of 9)2 our analytical problem leads 
us to neglecting the chains of a linear subfamily 972° of 972, 
determined by some sort of condition of bounding. 

(d) We have been able to single out a basic set of chains 
of 9)2, namely here zlj, A 2 V or chains such that every other 
is a linear combination of them plus a chain of 972°. 

(e) The existence of the base gave us the immediate 
solution of the analytical problem. 

(f) In the course of the discussion we encounter a basic 
integer, the number of independent cycles, equal to two in 
the case considered above. We must expect one for each 
dimension p <n, and we shall in fact exhibit a whole series 
of similar integers. 
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From the geometric standpoint tlie chief elements to be 
retained are (b), (c), (d), (f). Their general treatment is the 
chief object of the rest of this chapter, all questions of 
topological invariance being left for the next. 


§ 3. Arithmetical Digression on Matrices and Moduli 


18. We collect in this section some arithmetical propositions 
which are of constant use in the sequel. The first at least is 
classical, but owing to its cardinal importance in our subject 
a rapid proof of it may not be amiss. 

Notations for Matrices. They shall be substantially the 
same as in Bocher’s Introduction to Hi (flier Algebra . In parti¬ 
cular we write a for ay , a for its transverse; when a is 
square its determinant is designated by a |, and its inverse, 
when there is one, by a -1 . A unit matrix of any order is 
written 1; the order is always readily inferred from the 
context and as a matter of fact, is usually immaterial. The 
terms of a unit matrix are designated, by iy. They are the 
Kronecker symbols: iy = 0, i \j\ in =1. A square matrix 
whose terms are integers and determinant 4- 1 is called uni- 


modular. A matrix whose terms are all zero is designated by 0 . 

We shall also have occasion to consider at times matrices 
whose terms are themselves matrices: ay j. They obey the 
ordinary laws of combinations of matrices except that in 'taking 
the transverses each term must be replaced by its transverse, or: 


I 3 ij \ = i a Ji I i 

19. Let a be a matrix with p rows, q columns, and integer 
terms. If b , c are unimodular square matrices of order p, g, 
respectively, b a C is said to be equivalent to a. The problem 

is to find a matrix equivalent to a and in a certain canonical 
form to be given below. 

It is well known that the following operations on a matrix 
transform it into an equivalent one: (a) Change of sign of 
all elements of a row (column), (b) Adding to a given row 
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(column) the elements of another row (column) multiplied 
by the same integer. Another operation having the same 
effect is the interchange of two rows or columns, but it 
can be obtained by a repetition of (a) and (b). It follows 
that we can transform a given matrix a into an equivalent 
one in which an element am of a has been replaced 
by am + 1ciuj without affecting the remaining elements of 
the A*-th row. Under all such operations a factor common 
to all elements of a is common to all elements derived from a. 


h or the first two do not affect the factors of the elements, 
and as for the third, any factor common to am and a k j is 
a factor of am + tciuj. Also we can choose t so that am + ta k j 
is the remainder from dividing am by a k j. 

Let /• be the absolute value of the non-zero terms of a of 
least absolute value. Jf the value of r can be reduced by 
a finite number of operations of equivalence, it can only be 
reduced a finite number of times, since it is always a positive 
integer. Hence we can obtain a matrix b equivalent to a 
which has in its upper left hand corner a positive term 
611 (= di) whose absolute value is as small as that of any 
term of any matrix which can be derived from a by operations 
of equivalence. 

In this matrix every bn and bu must be divisible by d ,, 
since otherwise one of them could be replaced by a term 
whose absolute value was less than d x . Thus b may be written 


di < 

0 ... 0 

! 0 

I 

• 

• 

• 

C 

11 

j 0 



where C is a matrix of p —1 rows and q —1 columns. The 
terms of C must all be divisible by d x , else by adding one 
of the other rows of b to the first we would have again the 
situation already ruled out. We can repeat the same reasoning 
for c. The operations used at this stage do not affect the 
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first row ami column. Hence we shall have a new reduced 


matrix 



Since every term of c is divisible by r/,, by a remark above 
ck is divisible by d x . This can be continued and we have 
finally a matrix which is in the canonical form 



d ! 0 • 
0 d, ■ 


in which all terms are zero except the first r along the main 

i 

diagonal and 0 < d l < d 2 < • • • < d r , —r~ an integer. 

Cli 

Now if a, b are equivalent, a simple calculation shows 
that the minors of given order s of the one are linear integral 
multiples of those of the same order of the other. Therefore 
the H. C. F. d s of these minors is the same for a and for 6, 
and the matrices have the same rank q (least s for which not 
all minors are zero). The rank of (5) is r, hence q = r. Further¬ 
more the d s of (5) is d x d* •• • d s , s <q. Hence d { = d l9 

the H. C. F. of all terms of a, and every other d s = -*- s . 

°s -1 

The (5’s are called the elementary divisors of a, the d' s its 
invariant factors. We have then: 

Theorem of Frobenius: A matrix a with integer terms is 
equivalent to a unique canonical matrix (o) in which the d’s 
are the invariant factors of a and their number is its rank . 

20. From what precedes we can derive a noteworthy result 
concerning the simultaneous canonical reduction of a pair of 
matrices a, b such that ab = 0. It is implicit in a topological 
proposition given by Veblen [5]. Suppose indeed that 
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x ay a 

dy 

• 

• 

0 


• 

d r 

0 

0 


is the canonical matrix derived from a, so that r is the 
rank and the d's the invariant factors of a. 

Since y is unimodular so is y~ l and if p = y~ l b, manifestly 
= 0. Owing to the form of a we find at once that the 
first r rows of consist entirely of zeros, that is 



where y is the matrix of the 


Let zyt = 6 



remaining rows of ft. 
the canonical form, so that a is 


the diagonal matrix in the canonical form of b. Therefore 
its rank r is that of b and its terms are the invariant factors 
of the latter. We find by direct multiplication 




1 

0 


0 

Z 1 


y 


where 1 stands for the unit matrix of order r. 
Also 




0 

r 




o 

6 



0 0 

0 0 
0 0 


and we still have ae — 0. 

The matrix e equivalent to b, is not in the canonical form 
but may be reduced to it by a permutation of rows. This 
amounts to a multiplication at the left by a unimodular 
matrix 


0 

1 

0 

1 

0 

0 

T 


Let us call quasi-canonical a matrix derived from a canonical 
matrix by a mere permutation of rows or columns. They are 
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obtained by means of right or left handed multiplication by 
unimodular matrices derived from the identity by mere per¬ 
mutation of rows or columns. 

The reasoning just applied would prove in exactly the same 
way that if ab = 0 and a is reduced to any quasi-canonical 
matrix « = xay , arbitrary among those equivalent to a, the 
reduction can be so carried out that there exists a quasi- 
canonical mairix fJ = y~ l bz equivalent to b. It is also 
applicable with the parts of a and b interchanged. From 
this follows the 

Theorem. Let a l7 • ••, a n be n matrices such that a*a *-hi = 0 
for every i. It is possible to find unimodular matrices Xi such 
that every a. = X~ l a. X. is quasi-canonical, one of the (vs 

** l III T * 

being of preassigned type. The new matrices likewise have the 
property ct t = 0. 

It may be added that we can always so reduce the system 
that in one assigned pair «i, one term is canonical and 
the other of the same type as e or its transverse according 
as or «*•+1 is the canonical matrix. 

21. We now pass to the consideration of moduli. As we 
shall understand the term for the present, a modulus is a set 
{#} of elements such that if x if • • *, x n belong to 93} so does 
2tix h whatever the integers U. The subchains of fixed 
dimension of a complex K evidently form a modulus, as do 
its subcycles of fixed dimension. 

Given 93}, let 93}° be any modulus such that it is possible 
to determine whether each element of 9J} belongs also to 307°. 
Since we shall be concerned only with those elements of 93}° 
which are also in 9Ji, and since these elements themselves 
evidently form a modulus, we may as well disregard the 
remaining elements of 307° and let 307° represent the subset 
contained in 33 J. 

We express the fact that the difference of two elements 
of 33} is an element of 33}° by the symbolic homologies 

xi — x 2 ~ 0 mod 307°, 

Xi ~ x 2 mod 93}°, 
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which carries with it the notation 

x ~ 0 mod 9J?° 

to indicate that the element x of 2ft belongs to 

Homologies may be added and subtracted like algebraic 
equations and may be multiplied (but not necessarily divided, 
even though the coefficients possess a common integral factor) 
throughout by the same integer. 

We shall say that a set of elements {y} of 2)i constitutes 
a base of 2JJ (mod s Ui°) if every 

wheie only a finite number of elements y need appear in 

the expression of any particular x. Every modulus with 

which we shall deal in the first six chapters will possess a 
finite base. 

A set of homologies (where the x's of one 

homology are not necessarily those of another and not all 
a s are zero) will be said to constitute a fundamental set if 
each homology can be expressed as a linear combination with 
integer coefficients of a finite number of them. 

A base or a fundamental set is minimal if no subset forms 
a base or a fundamental set, respectively. 

When the base y ly •.., y q is finite there is also a finite 
fundamental set for the homoloyies betiveen its elements . For 
let a non-redundent set of homologies 

An = am yi ~ 0 

contain an infinite number of homologies with am =}= 0. Since 
the a’s are integers there is at least one homology whose 
| an 1 1 assumes its least positive value. Let it be 

13 — b\ y\ -{- • • • r ^ j 0. 

Then b t is a divisor of every am. For otherwise am = b\ « + c y 
| c \ < b t and hence 

a hi — *bi)yi ~ 0 
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is a homolog}' with c as the coefficient of y x . As b x is 
assumed to be the least in absolute value non-zero coefficient 
of t/i in any homology, c — 0 and am is divisible by b x . 
Hence — a B = IJ, a linear expression in ijt, ■ y q . Therefore: 

(a) If q = 1, B ~ 0 is a fundamental set for all homologies. 

(b) If q> 1, a fundamental set is obtained by adjoining to 

B ~ 0 one for all homologies in//., alone. Assuming 

as we now may, that our statement is proved for bases 
with less than q terms, there will be a finite fundamental 
set for the homologies without y x and therefore also for the 
total set. 

The connection with the theory of abstract groups is clear. 
The elements of fill constitute the elements of an abstract 
Abelian group, the product of two elements being denoted 
by the sign + instead of the customary product sign. tUi 0 is 
an Abelian subgroup of s Di. The elements reduced mod Tfi° 
are then merely the elements of the quotient group Til : S JU°. 
indeed everything that follows in this section can be, and 
frequently is, translated in terms of the theory of groups. 
It is of course a mere question of a different terminology. 

22. We are now in position to prove two fundamental 
theorems concerning homologies. 

Theorem I. Let 

( 6 ) x x , • ••, x 


p 


be a base of S 3JJ mod 9 and 


0) 


m 


^ aij Xj ~ 0 (i 


1 , 2 ,..., 8 ) 


be a fundamental set of homologies connecting the x's. Then 
we can find a minimal base of 9K mod 9Jl°, 

Z/i > * * * i y<n 


and a set of positive integers 


0 i, •••, 0 r (0 <r<q) 


such that 1 <C 0 i 0 2 • • • <[ 0 r , every 

and the homologies 


0 


i+i 

Oi 


is an integer, 
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0i]/i ~ 0 


(» = 1, 2, r) 


/orm a minimal fundamental set. 

Without loss of generality we may suppose that the rank 
of a is s<:p. Any set of elements 


z k ~ 2 bkj xj, b unimodular, 


is a base, since we can express the x’s in terms of the z’s by 


xj ~ £ BjkZk, B - br-\ 


Similarly, any set of homologies 


v. 


2 CgHH ~ 0, c unimodular, 


forms a fundamental set. By No. 19 we can determine 
b and c so that cab~ l is in the canonical form \\d gk &||, 
where no £ is zero since the rank of a is s. Hence the 
homologies v expressed in terms of the elements z are 


V 


9 


£a Z 


9 *9 




0 . 


The first w, say, of the £’s may be unity. The corresponding 
homologies, 

(8) Zi ~ 0 


(* = ™)> 


state that these elements belong to 2U° and hence are redundant 
in the base set. If we let 


di 


fw+t (i 


and 


1, 2, •• •, r; w-\-r 


s), 


Vi 


Zw+i (i = 1, 2, •••, q\ w + q — p). 


we shall have a new relative base, 


(9) 


Vu - Vq> 


and a new fundamental set of homologies 


( 10 ) 


di yi ~ O 


(* = 1, 2, •••, r), 


both of which we assert are minimal. 


KASHMIR C'm*. 

Iqbal, Lib 


I 


dl 
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For if any homology involved the elements y r +i, • • •> Vq> 
it would, as a consequence, introduce a new homology ( 8 ), 
which would in turn lead back to the addition of a new 
homology to the original set Ui ~ 0, the new homology be¬ 
ing linearly independent of the others. Again, no element yj 
of the first r y% is ~ 2 a t Vi 0 \j)i since such a homology, 
having 1 as the coefficient of ijj, would not be a linear 
combination of the homologies (10). Hence the base is 
minimal. Hence also the fundamental set (10) is also minimal. 
The other conditions of the theorem have already been 
satisfied. 

23. Theorem II. For given moduli and 9J2° the coefficients 
di, • d r of Theorem 1 are independent of the choice oj base 

and fundamental set of homologies. 

(a) Consider a base (G) with the fundamental homologies (7) 
and suppose in the first place that we add to (7) a new 
homology 

^ b(Xi ~ 0 . 

From the assumptions on (7) it must be a sum of multiples 
of its homologies. Therefore the new matrix 

a 

b 

has the same invariant factors as a . 

(b) Next let us increase the base by a new element z. 

We have 

(11) Z 2 °i x i 

and the relations analogous to (7) for the new base are (7) 
plus (11), and in place of a we have now 

— 1 Ci • • • Cp 

0 j a J 

which is easily reduced to 


1 , 0 
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Hence the d s of the new matrix is equal to the <?,,_! of a, 
while its S x = l, since one of its terms is 1. Therefore again 
the invariant factors > 1 are unchanged. 

Suppose now that we have a new base z x , z q with 
fundamental homologies 


bijzj ~ 0 . 


Since the z’s can be expressed in terms of the z’s 
versa we have 


Zi 

Xi 





2 c ij x j y 

2 fij z j • 


and vice 


Let us adjoin in succession the elements z ly z ... to the 
base Xi , ..., x p . Ultimately we shall arrive at the new base 
•••) x py Z\7 •••? z q and by repeated application of (b) it 
will follow that the matrix a has the same invariant factors 
>1 as a certain matrix 



where in the array each term stands for an obvious matrix. 
Then by applying (a) we find in turn that this matrix and 
hence a itself has the same invariant factors as 


a 

0 

c 

—1 

0 

b 

—1 

f 


But by reversing the parts played by the two bases we find 
that the last matrix has the same invariant factors >1 as A. 
Hence a and b have the same invariant factors > 1 which 
proves the theorem. 

24. The elements y lf y r corresponding to the invariant 
factors dt may be termed zero-divisors, since they are not 
themselves ~ 0, but multiples of them are. For any x we 
have a homology 

h yi • 


X 
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If it is a zero-divisor, U = 0 for i > r, since the last (q — r) y's 
are independent. Furthermore ti, i < r, may be replaced by 
its least positive residue mod di, since we can suppress by 
(10) any multiple of cli iji. It follows that every zero-divisor 


( 12 ) 




Si iji, 0 <si < di. 


Every such x is a zero-divisor or else ~ 0. 

But as every homology between the y s must be a sum of 
multiples of the homologies (10), x is a true zero-divisor unless 
every Si = 0. Furthermore every zero-divisor is represented 
once and only once by (12). 

The zero-divisors may be considered as the elements of 
a subgroup G of the group considered in No. 21. From the 
representation (12) for the elements of G, it follows that the 
group is finite and of order n = d x ••• d r . The y s con¬ 
stitute a base for G, and the d 's are the orders of the elements 
of that base. Theorem II is then a statement of a well known 
theorem on finite Abelian groups, but most proofs given for it 
are rather involved and indirect. The very simple one just 
given has recently been published by Alexander [20]. 

25. It is frequently convenient to enlarge 9) 1° by adding 
to it all zero-divisors and to write x ^ 0 mod s JJi° to indicate 


that x ~ a zero-divisor or x ~ 0. In the field of action of 
division of all coefficients in a homology by a common factor 
is always permissible, while it is not in the field of ~. For 
*£• ~0 merely implies that x is a zero-divisor, not that it 
is~0. In many questions of analysis situs this introduces 
great simplifications, as exemplified in our paper [14]. 

Another notion of great importance is that of the indepen¬ 
dence of the elements of 9JJmod9JJ°. Elements x ly ---,x n 
of 9J1 are said to be independent mod 9Ji° provided 


S U Xi ~ 0 

F and only if every U is zero. The maximum number of 
independent elements of 2R mod SCR 0 is called its dimension 
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mod 9JJ°, or merely ii (9JJ). Its value is evidently q— r. 
i. e. the number of elements of a minimal base minus the 
number of fundamental homologies connecting them. 

It is to be noted that the definition of independence mod 9D?° 
ceases to have significance when the coefficients of all homo¬ 
logies are reduced by an arithmetic modulus m. In that case 
we shall replace the condition that the J’s be zero by the 
condition that no linear combination be a sum of zero- 

divisors, that is of terms having a multiple < ~ 0 

mod m. 

Remark. The notion of modulus may be extended to 
linear combinations with rational coefficients. This can be 
done freely when dealing with ^ and shall be done exclusively 
in Ch. VII. 

§ 4. The Betti and Torsion Numbers of a Complex 

AND THEIR CALCULATION 

2(5. We have already outlined in an example (No. 16) the 
direction in which the preceding arithmetical discussion is to 
be applied. The treatment follows closely that of Veblen [5]. 
It rests essentially upon a proper choice of moduli 90?, 9J?°. 
There are four different choices according to the particular 
type of modular relation chosen. 

I. Absolute chains . We take for 90? the set of all absolute 
^-cycles of K, and for S D?° the bounding cycles or the cycles of 
the form F(C p +\). The corresponding homologies are written 

r v ~ 0 on K. 

The notation “on K” is needed whenever several complexes 
enter simultaneously in the discussion. The reduced homo¬ 
logies corresponding to a canonical base, or base for which the 
matrix a of the homologies (7) is canonical, will be written 

r l p ~ 0 on K. 

Those invariant factors Cf which are > 1 are called the p-th 
torsion coefficients and will be denoted by of . They were 
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first introduced by Poincare [3]. The dimension of mod s Di° 
is designated by R P (K) and will be called the p-th Betti 
number of K. 

II. Relative chains, modular chains, and their combination. 
Everything that we have said applies to them except that s JJi 
consists respectively of the p-cycles mod L, or mod , or 
mod (L,m), and 9Ji° of those that have the form F(C p +i) 
mod L, etc. (and in the case of mod m or ( L , m), those that 
are —Omod m). The homologies are 

r p ~ o mod L, or mod m, or mod (L, m), on K, 

0? r p ~ 0 mod L, or mod m, or mod (L, m), on K. 

The Betti numbers are designated by R P (K\ L), R P (K\ m), 
R p (K\L,m). When several different sets of torsion co¬ 
efficients appear simultaneously we may likewise distinguish 
them by some such notation as 6?(K\ L), etc. 

We shall apply the generic term combinatorial homology 
characters to all these numbers. 

Remark. There has been considerable confusion in ter¬ 
minology and definition of the quantities which we have 
called Betti numbers. Poincare, who dealt only with ab¬ 
solute chains, defined no such quantity for the dimension 0, 
and defined as Betti numbers certain quantities Pi (i > 0) 
related to ours by Pi —1 = Ri. Veblen uses Poincare’s 
definition and terminology in the absolute case but introduces 
a number P 0 identical with our i? 0 , owing to a different 
definition of 0-cycle. For the corresponding quantities mod 2 
Veblen uses the term “ connectivity number” and the symbols Ri, 
so that his R 0 ( K ) equals our R 0 (K\ 2) while otherwise 
Ri — l = Ri(K,2). Alexander follows our definitions but 
calls the numbers, both absolute and mod m, “connectivity 
numbers”, so that his Pi is identical with our Ri, whether 
absolute or mod m. 

We have chosen the term “Betti number” to cover all 
cases as being a sufficiently brief term which is historically 
connected with the same order of ideas (though in a more 
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restricted sense). The particular definitions which we have 
chosen, involving the slight differences in value noted above, 
arise naturally from the abstract theory of matrices and 
simplify some formulas without complicating the others. 

While we are on this matter of terminology, let us observe 
that Poincare and practically all authors after him have 
written “mod if” where we have “on K Veblen and 
Alexander use “modra” as we do here. The departure from 
Poincare's terminology seems imperative when L comes into 
play. 

27. In each of the four cases with which we have to deal 
we can recognize the following common elements: (a) The 
elements of 9ft are derived from a modulus 9ft' having as 
base elements a set of ^?-cells, the base varying with the 
different cases, (b) The elements of 9ft have as base certain 
elements of 9ft' defined by means of the notion of bounding, 
which also varies from case to case, (c) 9ft° is composed of 
all those elements of 9ft which bound according to the defi¬ 
nition of bounding in each case. The treatment of homologies 
on K — L evidently includes the case of homologies on K 
by letting L be identically zero, so that we shall have to 
deal explicitly only with the cases of homologies mod L and 
mod ( L , m). 

Let Ep, i — 1, 2, •.., « p , designate the ^-cells of K — L. 
We have the basic incidence relations 


(13) 

(14) 


4 ^ZvVeU 


mod L . 


Since L is a closed complex the boundaries of its cells are 
cells of L and we have 

F (E; +1 ) 2 n % tfr 1 mod L. 

The part of the boundary of ^(£^+ 1 ) which is on L does 
not include any Ep- 1 . Since the total boundary of a boun¬ 
dary is = 0, the coefficients of the cells in the sum must 
be zero, that is 
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Which is equivalent to the unique 



matrix 


equation 


(15) n p n p = °- 

Suppose now that we introduce new chains 

(16) Cp = ^a p ig E Q p, a p unimodular. 

The Cp s constitute new bases for the ^-chains. The new 
boundary relations are 

(17) C^Z^jCi mod L; S p = 3 ,l+1 if (a 7 ')' \ 


The situation is then as before except that the C s have 
taken the place of the cells. Since (13) is a fundamental 
set of incidence relations the same property holds lor (17). 
It is also clear that the matrices aP are entirely arbitrary 
unimodular matrices. 

According to No. 20 we can so select the matrices 3P that 
the 5’s will be quasi-canonical; in particular, any given 
consecutive pair can be written, q p being the rank of y>: 


(18 a) Cgh-ftCf, 
(18b) C* +1 -> 0, 


It — 1 9 2 , • • • , Qp , 
i = (?p + 1 > • • * f “p+h 


(19 a) 
(19b) 
(19c) 




(mod L. 


$ 1 Cp~i, j = e P +i, Qp-i+Qp, 
0 , k = Qp—1~\- Qp + 1 , * * * , Hp , 


Up to this point we have the canonical reduction of tin* 
modulus of all jp-chains with the vacuous set as the zero- 
modulus. We are now going to examine the consequences 
for 9Jt, the modulus of all ^-cycles, being then the sub 
modulus of all bounding cycles. 

(a) Every p-cycle mod L, that is every element of 9Jc, is 
a linear combination of the chains Cp 1 , Cp k , since any other 
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p-chain will have an actual boundary mod L. These two 
sets constitute a base for the modulus of ^-cj’cles. 

(b) The fundamental homologies for the base are 

(20) $ Cp h ~ 0 modZ. 

Every boundary mod L will have to be a combination of the 
left hand sides of these homologies. The cycles Cp 1 , constitute 
a base for the zero-modulus. Those corresponding to a C#>1 
are the zero-divisors for the dimension p, and the numbers 

are the jo-th torsion coefficients mod L. 

The Betti-number for the dimension p is then the number 
of chains Cp k . Hence 

(21) Rp{K\ L) = CC p — Q p -i — Q p . 

In calculating R n and Jt 0 we must remember to make g-i = Q n 
= 0, since on the one hand every C 0 ->0, on the other there 
is no r\ n . 

We have also proved incidentally: 

Theorem I. Evei'y p-cycle mod L is homologous to a linear 
combination of the cycles Cp k pins a zei'o-divisor or bounding 
cycle mod L. 

An equivalent statement is: The cycles Cp k constitute a base 
for the homologies ~ (with division allowed). The base is 
in fact minimal since these cycles are independent. We have 
then for every p-cycle modL: 

(22) T v ~ 2* 4 Cp k mod L. 

Theorem II. Let ££ > 1 for h>r p . Then the cycles C p , 
h^>r p , and Cp k together constitute a minimal base for ordinary 
homologies . 

For every 

(23) T p ~ ^ su Cp 1 +2 4 C p . 

h = r p -\-l k 

The preceding reduction is essentially Poincare’s [3,4J, 
with the important improvement, due to Veblen [5], that 
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all incidence matrices are simultaneously reduced to the quasi- 
canonical form. The application to relative boundary relations 

is found here for the first time. 

28. There is a simple and noteworthy geometric inter¬ 
pretation for the numbers . We will say for the present 
that two vertices -4, B of K can be connected on a subset 
of K , if they are coincident points of the subset or else end 
points of a closed arc l which is a sum of closed one-cells 
on the subset. We can prove in succession the following 
simple properties: 

(a) If A and B can be connected on K they are homologous 
zero-cycles on K. For if / is the joining arc suitably oriented, 
l-> B — .4, hence A ^ B. 

(b) If A can be connected to L (that is, to a point of L) 
on K , it is 0 mod L. 

(c) If none of the vertices A 1 , •••, A r can be connected 
to one another or to L they are independent mod Z, as we 
proceed to show. 

Suppose that 

(24) Cl ->2 ti A 1 mod L. 


Let it be possible to describe on C\ a simple broken line 
whose end points are on L or else coincide. Orient the 
one-cells of that line in such manner that whenever any two 


have a common vertex they are oppositely related to it and let 
C[ be the cycle mod L thus obtained, E l one of its cells not on Z. 
We shall have C\ = sE x + • • •> C{ = E l + • • • 0, mod L , 

where the cells omitted do not include E v . Therefore 
C\—s Ci — 2 U A 1 mod L . The effect on C x is to replace 
it by a chain with one cell less than before. Proceeding 
thus we shall ultimately have a Ci with no associated Cl. 
Suppose then that t x ^ 0. Starting on that C\ from A 1 along 
one of the one-cells issued from it and so on, we can never 
return to a vertex crossed unless we meet L. But meeting 
L is ruled out owing to our assumption on the A' s. There¬ 
fore the path described must stop at some point ^i°. This 
point will be the vertex of a unique cell of C\ and not on Z, 
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hence it must actually appear in F(C { ) mod L. It must then 
be one of the points A 2 ... so that A 1 can be connected to 
one of them. But this is again contrary to assumption. 
Therefore the A’s are independent. 

Conclusions. I. i? 0 (K\ L ) is the nurnbei' of connected 
subsets of K which do not meet L . 

II. B 0 ( K) is the number of connected subsets of K . 

III. There are no torsion coefficients for the dimension zei'o. 
For again let 

(25) t 'Z U A i ~ 0 mod L, t > 1. 

If A 1 is connected to L, it is~0, and hence can be suppressed. 
If it is connected to .4 1 it is ~ A 1 , hence we can suppress 
it without changing the zero-divisor provided that we replace 
U by ti + ti . Proceeding thus we have ultimately a homology 

(25) such that the A 's are not connected to one another nor 
to L on K , which can only be if every U = 0. In other 
words we do not have a true zero-divisor. 

Remark. From (a) and (c) follows this noteworthy result: 
If the A 's are on a connected subset of K , ti A 1 ~ 0 
when and only when ^t i = 0. For by (a) 

'EtiA i = C£i 

by (c) when and only when the coefficient of A 1 is zero. 

29. Homology characters mod (L, m). In calculating 
these characters it is important to recall that when a chain = 0 
mod (L, m), i. e. has all coefficients of its cells not on L 
divisible by m, it is also to be considered as ~ 0 mod ( L , m). 

The chains that served as a base for all chains modi con- 
stitute evidently also a base for those mod (i, m). Hence the 
chains at the left in (18), (19) are bases for their dimensions. 
We now rewrite these relations taking into account the 
modulus m. 

Let be the H. C. F. of £% and m . We can find two 
integers /$£, x such that 

(26) fiUl + xm = 
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To dispose at once of the arithmetical part let us show 
here and now that K may be chosen prime to m. Dropping 
indices for the present let us write the preceding relation in 

the simplified form 

0£-\-xm = S. 

= £m 1; Ci and m 1 are prime to each other 


£Cl, m 


If C = 

and we have 
(27) 


+ ocrtii = 1 . 


This shows also that 0 and m i are prime to 
Now if 0o y 3-o is a solution of (27), 


each other. 


0 = 00 + t m 1 , 


x 


Xo 


a 1 


is one likewise for every t. Let ^ be the highest factor of 

fi 

m prime to /S. is divisible by m x . Take t — — and 

therefore /S = /S 0 + /< . Any prime factor of m divides /S 0 or /t. 
However it cannot divide /S else it would have to divide both 
/S 0 and (i. If follows that 0 is prime to m. 

We take then all the numbers 0l prime to m. If we 
rewrite (18) and (19) taking into account m, we must replace 
the C’s divisible by m by zero. Since each C£ divides the 
following one, when one of them is a multiple of m so are 
all those that follow it, and similarly of course for the 

numbers Cf 1 . 
the form 

(28 a) 0l Cp\ i 

r \h’ 

^P +1 

(28 c) 


In view of (26), then, the new system assumes 


■V 

P > 


'dc, 


h = 1 , 2 , 


(28 b) 


r ii 
c-n (-1 


0, 

0, 


h' 


■ • > Qp > 

Qp + 1 > • • • > Qp, 


i 


?p+I> 


U P +1 


(29 a) C 


,-\h 


(29 b) C 


v 

1 h‘ 


V 


V-^rZJ 


o, 

o, 


(30 a) tf-'c;- 
(30 b) Cf 
(30 c) CT 


^p—ly J 


o, j' = Qp-hQp—i + lj";Qp-\-Qp-i, 


0 , k — Q p + Qp-i + 1 y 


* ’ * i a Py 


mod ( L , m). 
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We have q p q p — t p , the number of torsion coefficients 
modi divisible by m. 

30. Confining our attention to the dimension p, we see that 
all p -chains except (30a) are cycles. As for those, since the 
/S’s are prime to ra, we can find y , y such that 

fty-\-ym = 1. 

Hence (30 a) can be replaced by 

(31) C p -* y] 1 C p -i mod (i, m). 

From this and since y is prime to m, follows 

(32) er'c?-* o, e = %-, 

$ 

0 being the least positive integer for which this holds. There¬ 
fore 6 C is a cycle. However, 

$ 0 C = 0 mod (i, m) 

so that the chain is a zero-divisor when f >> 1, a bounding 
cycle otherwise. 

From this we deduce that the base for all ^-cycles is 
composed of the set 

C lh , C lh ', Of- 1 CV, &r 9 C 8k 

where C lh , C 2J are the zero-divisors and the others the 
independent cycles. 

The Betti-number is then the number of cycles C lh \ 

C* k , or 

(33) R P (K\ L , m) = R p (K\ L ) -f- t p —\ -f- t p . 

Since there is no ri n matrix, t n = 0, and since there are no 
torsion coefficients for the dimension zero, (No. 28), t 0 = 0. 

In particular 

(34) R 0 (K\ L, m) = R 0 (K\ L)* 

( Regarding the possible definitions of Betti numbers mod 
m, see A. W. Tucker, Proc. Nat. Acad. 18 (1932), 467-472.) 
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Therefore the numbers i? 0 (A - ; L, m) are susceptible of the 
same geometric interpretation as the numbers E 0 (A, L). 
Indeed the discussion of No. 28 is directly applicable to them. 

31. The torsion coefficients for the dimension p are the 
invariant factors > 1 and < m of the diagonal matrix whose 
non-zero terms are m and the integeis >_/ , that aie 

> 1 They are calculated as follows: Let eu be the H. C. F. of 
all products of k numbers m , S *" 1 , P . The numbers in question 

C2 

are the integers 1 and < m in the sequence C \, ^ 

This is as far as it is possible to go with the torsion co¬ 
efficients. Some simple properties are embodied in the following 


etc. 


statements: 

I. If there are no torsion coefficients mod L whatsoever , there 
are none mod (L, m). 

II. It is possible to have torsion coefficients for the dimension 

p mod ( L, m) but not mod L. 

III. There are no torsion coefficients mod m when m is a prime. 

In particular there are none mod 2. 

IV. The invariants mod (L, m) can be calculated once those 


mod L are known . 

V. When all the Betti numbers R {K\ L) and R (K\ L, m) are 
known the torsion coefficients can be calculated. (Alexander [19]). 

The proofs of all but V are implied in our discussion. 
Regarding V it follows from IV that it is sufficient to show 
how to calculate the torsion coefficients mod L. Let us 
designate t v for m by t p (m ). Since every = 9, (33) gives 
us the numbers U(m ), t 2 (m), etc. and hence all the t s. 

Let fiy be the highest integer for which t p (ji x ) assumes its 
highest value. Then t p (p i) is the number of torsion coefficients 
for the dimension p and fi i = Cf* Similarly is the largest 
integer m for which t p (m) assumes its largest value <1 t p (fi i), etc. 

32. The Euler-Poincar6 characteristic. There is an 
interesting relation connecting the Betti-numbers of all dimen¬ 
sions. If we multiply each equation (21) or (33) by ( l) p 
and sum for p , keeping in mind the special values of R 0 , 
^ and R n , t n , we find 



44 


TOPOLOGY 


Z(—lya p = j? (- 1 )p E p (K; L) 

(35) p=0 *=° 

7 n 

= 2 (-1 ) p K P (K-, L,m). 

p = 0 

This is a generalization of the noted relation defining what 
is called the Euler-Poincare characteristic of a polyhedron: 

(36) a 0 «i -f- ct 2 = 2(1— p) 

where p is the genus of the surface. For a surface bounding 
a portion of 3-space, p is the number of holes in the solid 
figure. The figure for which p = \ is the anchor ring. The 
reader might find it amusing to divide the surface of the 
anchor ring into triangles and compute this constant by both 
(35) and (36). 

§ 5. Circuits and their Orientation 

33. "VY e have already considered oriented simplexes and 
complexes. In analysis one has frequent occasion to orient 
spaces and regions. Thus a connected plane region 91 is 
oriented by means of a small circuit, the indicatrix of 91, 
on which there has been marked a positive direction of ad¬ 
vancement. There results a positive direction of rotation, 
an orientation for other circuits or indicatrices on 91: any 
two are sensed alike, or are equivalent , if they can be de¬ 
formed into one another over 91 without ever ceasing to be 
circuits. All indicatrices fall into two non-equivalent classes, 
and 91 is really oriented by association with one of the 
classes, which is fixed by means of one of its indicatrices. 

The extension to other surfaces suggests itself at once. 
But here a difficulty appears. When 91 is not a plane region 
all indicatrices may well be equivalent. The simplest ex¬ 
ample is the Mobius strip or closed rectangular band with 
one twist. It is found that an oriented circuit can be de¬ 
formed into its opposite over the band and therefore the 
band cannot be oriented. 
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We thus have to face the possibility that a contiguiation 
be non-orientable in the present sense of orientation. A lt- 
lated phenomenon is the fact that the band 'when on an 
is one-sided: an insect describing a closed path on the band 
may return to its original position upside down. But one¬ 
sidedness, two-sidedness point to properties of the band in 
relation to S s (Veblen) whereas orient ability is an intrinsic 
property. Therefore we use the now generally accepted term 
orientable introduced by Alexander in place of the oldei and 
less accurate “two-sided”. 

34. We have just introduced orient-ability by means of 
continuous deformations of circuits. 'W e have to replace 
this intuitive device by something that may be described in 
terms of the incidences of the cells. The correct hint is 
obtained as follows: Reverting to the plane region 91, it is 
found that if. two indicatrices exterior to one another have 
a common arc, the latter is a positive arc for one of them, 
a negative one for the other. Suppose that 91 is convertible 
into a K 2 . Orient any triangle A 0 A 1 A“ of K 2 so that 
A°A l + A l A 2 -\-A 2 A° = F (A 0 A 1 A 2 ) is a positive circuit, or 

circuit deformable into the indicatrix. By the preceding 
remark it follows that whenever two triangles of K 2 have 
a common side they are oppositely related to it. This is 
a combinatorial property of the complex which can be stated 
without reference to deformations. hen the triangles of K 2 
can be oriented in this fashion, K 2 is called orientable and 
the scheme can be carried through in two different ways. 

A connected region 91 on a surface F which can be turned 
into a K 2 can be treated in the same manner. 91 is orientable 
by definition whenever K 2 is. This property, apparently 
depending upon K 2 , is actually topological as will be 
shown later. 

To simplify matters we assume that the surface F is regular 
over 91. Then every side of the triangles of K 2 will belong 
to at most two triangles. The sum of those that belong to 
only one of them is a complex Li and K 2 -+ 0 mod (L u 2), 
^{K 2 )CZ .Li. Thus K 2 is what we shall call a circuit mod L Y 
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or K 2 —L { a relative circuit. It is orientable when and 
only when the sum, r 2 , of its 2-cells suitably oriented has 
no boundary cells on K 2 — L ly i. e. is a cycle mod L t . This 
is the most convenient aspect of orientability when it comes 
to a formal treatment and the extension to any n, which is 
our next task. 

35. Definition of circuits. Taking; L as a subcomplex 

of K , we define K as an n-circuit mod L y or K —Z, as a 
circuit whenever: 


(a) The chain sum of the n-cells of K—L is an n-cycle mod 
( L , 2) which coincides with K — L. 

(b) R n (K\ L y 2) = 1. 

The first condition implies that every cell of K—L is an n -cell 
or a face of an n-cell and every (n— l)-cell of it is incident 
with an even number of n-cells. 

From (a) follows that the Betti-number in (b) is at least 
one. Condition (b) in assigning its exact value implies that 
no subset of the closed n-cells is a cycle mod(Z, 2). Its effect 
is then to make the circuit an irreducible configuration. 

When L is of dimension <in — 1, we have an absolute 
circuit or circuit in the sense of Lennes [1] (n = 3) and 
Veblen [5] (any n). Simple examples of absolute circuits 
are: (1) an n-sphere, H ny in which each (n—l)-cell is incident 



with exactly two n-cells; (2) the 
configuration resulting from pin¬ 
ching a meridian circle of a torus 
into a closed 1-cell, giving a sur¬ 
face such as that of the accom¬ 
panying Figure (3) which can ob¬ 
viously be triangulated in such a 
way that the 1-cell specified above 
is incident with four 2-cells.—Any 
n-cell is an n-circuit relative to 


Fig. 3. its boundary; the Mdbius band is 


a 2-circuit relative to its edge, etc. 


All but one of the circuits of our examples have the pro¬ 


perty that every (n—l)-cell of K—L is incident with two 
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n-cells of it. Whenever this holds the circuit is said to be 
simple. The simple circuit is the same thing as the pseudo- 
manifold of Brouwer |8]. For the applications we have the 
important 

Theorem. If every (n — \)-ccll of K — L is incident with two 
of its n-cells, and its set of n- and (n — 1 ) -cells is connected, 
K — L is a simple circuit. 

The connectedness here considered may be understood in 
the following combinatorial sense: Any two cells Ef E'f 
p, q = n — 1 or n, of K — L , are end terms of a sequence 
of cells of K — L, each incident with its subsequent and the 
dimensions being alternately n — 1 ,n. 

To prove our assertion we must show that (b) holds. 
Suppose that 1 . Let r n =f?El be the cycle mod(L,2) 
sum of all the u-cells of K — L, r' n a different cycle; then/7i 
and the cycle ( mod 2) F n + rh have no common w-cell. They 
cannot have in common an (n — l)-cell of K — L for it would 
be incident with two ?i-cells of each cycle, hence with at 
least four, contrary to the incidence assumption. Therefore, 
a sequence such as above between any two of their ?*-cells 
is impossible and the connectedness condition of the theorem 
does not hold. It follows that it implies (b). 

While the simple circuit is the circuit commonly found 
in most applications, the fact that it is not characterised by 
a Betti number will make the proof of its topological invariance 
considerably more difficult. 

36. Let us consider one of the oriented w-cycles of the 
circuit 

An = ^ ti En. 


If the f s have a common factor we may divide them by 
that factor and still have a cycle. Therefore, we may assume 
that the f s are relatively prime, and if a n = l that = 1. 
In all cases at least one t, say t l9 will be odd. Let ti be 
the least positive residue of U mod 2. Then £tiEh is a cycle 
mod (L, 2) and therefore every ti = 1. It follows that in 
the expression of An every 72-cell of K—L must be present. 
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Suppose now that there are actual oriented n-cycles mod L 
and let An be that cycle whose coefficient t x has the least 
positive value that it assumes for any cycle. By the above 
remark it follows that the coefficients ti must be relatively 
Prime, else we could divide by a common factor and have 
a cycle with a smaller t x . 

Every n-cycle is a multiple of A n - For let any other cycle be 




and call r x the H. C.F. of f ly t[ y so that there exist integers s y s 
such that st.+s'K = r x . Then sAn+s'An = r x E\+r t El + .~ 
is a non-trivial n-cycle mod L. But r x < t x and in view of 
our assumption only the equality holds. Therefore t x divides t[. 
Let t[ = s" t lt Then 

An S An === Mg E n -)-••• 


is an n-cycle without Eh. But we have shown that this is 
impossible. Hence that n-cycle is trivial, every n? = 0 and 
An is a multiple of A n • We have therefore: 

Theorem. The oriented n-cycles on the n-circuit K mod L y 
if any are present , are all the multiples of a unique n-cycle An • 
There are now two possibilities: 

L There are no oriented n-cycles whatever. Then 

R n {K- L) = 0 and R n (K- y L y 2 ) — R n (K\ L) = 1 

and by (33) there is a single even (n — l)-th torsion coefficient. 
II. There exist oriented n-cycles. Then 

Rn(K ny L) = 1 and R n (K n ; L y 2) —R n {K n \ L) = 0 

and by (33) all (n — l)-th torsion coefficients are odd. 

In the second case the circuit is called orientdble ; in the 
first, non-orient able. 

There are two alternate necessary and sufficient conditions 
for orientability of the circuit: 

First condition: The n-circuit is orientable when and only 
when its (n — l)-th torsion coefficients are all odd. When it 
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is not orientable there is just one even {n —l)-th torsion 
coefficient. 

Second condition: The n circuit is orientable or non-orientable 
accordingly as 

Rn(K;L 9 2) — E n {K\ L) = 0 or 1. 

37. Granting that the circuit is orientable, we determine 
A n as follows: Let iVi-i ,j = 1, 2, •••, a n -1 be the (n — l)-cells 
of K — L and 

K t]ij Ei-x mod L 

the associated boundary relations. The f s must satisfy the 
system 

(37) £ ti Tjij = 0 

which expresses that A n 0 mod L. To any solution in 
integers t corresponds an n-cycle mod L. We know in ad¬ 
vance that there is essentially a unique solution, and the one 
corresponding to A n is the one for which these integers assume 
the least absolute value. Of course — A„ is a cycle that may 
play the same part as A n itself. Which of the two cycles 
one decides to choose may be specified by stating that any 
one of the n-cells, say Eh , is to have its U >0. That n-cell is 
called the indicatrix of the circuit. If we reverse its orientation 
A n is replaced by — A n . We understand by K normally oriented 
mod L, one or the other of its two oriented subchains ±4 n . 
Normal orientation is possible in two opposite ways. 

38. For simple orientable circuits (37) continues to hold. If En , 
E n are the two ?i-cells incident with Eh- 1 , 'fjhj = ± ry.j = 4-1 
and the other coefficients rjij with j as their second suffix are 
zero. Therefore t h = ±t k . Thus when two w-cells have 
a common boundary (n—l)-cell their coefficients t are equal 
in absolute value. Since the set of n and {n — l)-cells is 
connected, we can pass from any w-cell to any other by 
crossing only n- or (n l)-cells. Any consecutive n-cells thus 
crossed must have their coefficients t equal. Therefore, all 
t s are equal in absolute value. By reorienting the n-cells 
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if necessary we can also arrange matters so that all the fs 
are actually equal. But by No. 36 they are relatively prime. 
Hence their common value is one and 

K =2eL 

Thus in the orientable simple circuit the fundamental n-cycle 

is the sum of the n-cells properly oriented . 

Orientability of the simple circuit merely demands that it 

be possible to orient the n-cells in such manner that the two 

incident with any ( n — l)-cell are oppositely related to it. 

39. Theorem. An orientable simple circuit has no torsion 

coefficients for the dimension n —1; a non-orient able simple 

circuit has one such coefficient and its value is tivo. 

We apply the theorem of No. 35. Starting with En of 

the simple circuit K —L, it is possible to pass over into 

2 • 1 

a cell E n having an ( n —l)-face, E n - 1 , in common with it. 
We orient En so that En and En are oppositely related 

to En- 1 . Then if Cn — En + En, the cell En -1 does not 

2 2 
belong to F(C n )• Similarly we can pass from C n across 

some boundary cell En-i into a new n-cell En> We orient 

again the latter in such manner that En-i CjZ F (C%) f 

Cn = En + En + En , etc. Set 

Cn = £’«+••• +Ei 

and designate by En -1 the face crossed in passing from C n -i 
to E\ The chains E\ C\ •••, C“ n , constitute a minimum 

n n 7 n 7 7 n 7 

base for their type. Their incidences with the (n — l)-cells 
are represented by a matrix 


1 

a 

0 

b 


The invariant factors of this matrix are the same as for the 
one-rowed matrix b. Therefore, there is at most a single 
torsion coefficient; the H. C. F. of the elements of b in case 
it is > 1. The terms of b are the sums of the terms in 
the columns of the initial matrix numbered 
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Since the circuit is simple these terms are all zero except 
two equal to ± 1 • Therefore, the elements of b are zero 
or ± 2, and the H. C. F. when b ^ 0 is two. We have then 
two possibilities: 

(a) b = 0. Then (7 n ->0, i. e. C n is an oriented cycle on 
K—L which is then an orientable circuit. In this case 
there are no torsion coefficients for the dimension n —1. 

(b) 6 4 0. Then the rank of the incidence matrix is « n , 
hence R n (A"; L) = 0, the circuit is non-orientable and there 
is a single torsion coefficient for the dimension n —1 whose 
value is two. The theorem is therefore proved. 



B A BA BA BA 

Fig. 4. 


40. One would be tempted to surmise that orientable 
n-circuits are always such that in An every t= 1 . It is 
easy to show by an example that this is false. Consider 
the adjacent figure. We assume that the 2-circuits K 2 

and K 2 of the figure are triangulated although we have 

not marked the triangles. Furthermore, the arcs AB y HK 

are assumed to be sides of the triangles. Bring into coin¬ 
cidence all arcs marked AB, and likewise all those marked 
HK so that the points lettered alike coincide. Call K x 
the one-complex obtained when the arcs AB , HK are 
removed from the peripheries. Then the new complex L 2 
obtained is a two-circuit mod K x . For the condition (a) 
of No. 35 is immediately verified. Furthermore, every two- 
cycle mod (K ly 2) on it must include K 2 and also K 2y 


* a: 
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whereas separately they are not cycles mod K x , as they 
have HK for boundary mod (iT, ,2). Hence the only two- 
cycle mod (K t , 2) consists of the sum of all two-cells, 
so that condition (b) loc. cit. holds likewise. On the other 
hand, K 2 , Ki are separately orientable relatively to their 
peripheries, and if suitably oriented normally 3K 2 —K 2 is 
a .two-cycle, so that the circuit is orientable. The two-cycle 
cannot be the multiple of any other since in its expression 
each two-cell of the complex K s is taken once. Therefore 
it is the fundamental A 2 , and we see that in its expression 
the coefficients of the cells of Ki are 3 while those of the 
cells of Ki are — 1. It is scarcely necessary to point out 
that the present circuit is not simple. 

In the following example, communicated to me by A. B. 
Brown, the circuit is absolute. From one 2-sphere cut p 
small circular holes; from a seeond q holes; where p and q 
are odd and unequal. Make the boundaries of the holes 
coincide so that if an orientation is given to the circle of 
coincidence, the corresponding circles on either sphere are 
uniformly oriented. The result is a 2-circuit with the same 
properties as in the example above. The proof is similar. 
This example is readily generalized to the case of an n- 

circuit. 

41. In the paper in which he introduced torsion [4] Poin¬ 
care associated its presence with certain types of chains. 
As he defines them they are configurations which generalize 
the twisted MObius strip. As Poincare has it, the presence 
of torsion for the dimension n is evidence of a sort of internal 
twist or torsion within K. Hence the name of variety 
with torsion” which he applies to K, and the term toision 

coefficient”. 

We have a Poincare chain if we take a sequence of 
simplexes {4}, i= 1, •••, ** such that <r l and o*' +1 have 
a common incident tf n — 1 . It is orientable whenever the #s 
can be so oriented that <r*, are oppositely related to 
their common face. The Poincar6 chain is open when i ^ t, 

closed otherwise. 
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All open Poincare chains are orient-able. The MObius strip 
is the simplest non-orientable closed Poincare chain. It is 
the homeomorph of the following sum of five triangles in S 3 : 

ABC A- CB D+CDE+ I) EA + EA B. 



Fig. 5. 



X 

Fig 6. 


A simple ^-circuit is orientable when and only when all 
the Poincare chains composed of its ?i-cells are orientable. 
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42. The projective plane is an excellent example of a non- 
orientable absolute circuit. With the usual conventions of 
projective geometry on points at infinity we may represent 
the projective plane as a complex in the Euclidean plaqe 
(see the accompanying Figure 5). Or the representation may 
be made in a finite circular region in S 2 with the convention 
that diametrically opposite points of the boundary coincide 
(Fig. 6). In either figure it is evident that the sum of the 
triangles XZA+ZAB+ABC+BCX+CXZ forms a MObius 
strip. 


§ 6. Orientation of S n 

43. Various modes of orienting spaces and manifolds have 
been used in analysis apparently not closely related to our 
combinatorial procedure. In general they are based upon 
the properties of the Jacobians of certain analytical trans¬ 
formations of coordinates. We propose to examine in some 
detail the simplest known procedure for spaces, partly to 
show the connection with what we have done, also in view 
of ulterior applications. In many questions regarding complexes 
one may ultimately reduce the matter of orientation to a single 
simplex. The analytical machinery to be developed presently 
is then a convenient tool and simplifies the problem a good 
deal. 

44. There are various modes of attaching orientations to 
a Euclidean plane rc % One of the simplest is to agree that 
twice the area of any triangle cr 2 = A 0 A 1 A 2 , with zhj as the 
coordinates of A\ is to be in magnitude and sign the determinant 


1 , XH, Xi2 


or else its negative. When the vertices undergo an odd 
permutation the orientation of tf 2 and likewise the sign 
of the area are changed. The plane is thus essentially 
oriented by means of a definite oriented tf 2 , its indicatrix, 
and then the procedure is freed from the special cr s chosen 
in a manner that will be taken up for any S n . The indicatrix 
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as here defined need not be identified for the present with 
the indicatrix of No. 37. 

45. We will first recall certain well known properties of 
the collineations of S n . Let the equations of a collineation be 


(38) i/i = 2 a ij Xj + ciio . 

It is convenient to introduce the variable of homogeneity 
x 0 = 1 for all points of S n . The equations of the collineation 
then assume the form 

(39) Vi = 2 &ij x j\ «oo = 1; «o; = 0, j > 0, 

the range for both i, j being now from 0 to n. The deter¬ 
minants of the a’s in both (38), (39) are equal and 4 1 0. 
Let their common value be A and when we write a let it 
be understood that it is the matrix of the coefficients in (39). 

The collineation is said to be direct when ^>0, inverse 
when 4<0. The product (successive effect) of two colline¬ 
ations whose determinants are A, A' is a collineation whose 
determinant is A A'. The product is therefore direct if the 
two are of the same type, inverse otherwise. 

If we make a transformation of coordinates with b as the 
matrix of the coefficients in the equations of the trans¬ 
formation in the form (39), the collineation (39) considered 
will have new equations of the same t} r pe with bab~ l in place 
of a, but A = |a| = \bab~ l \ will be unchanged. Hence 
the type of a collineation is invariant under transformation 
of coordinates. 

46: Let now o n = A 0 A 1 • • • A n be a simplex of S n , with Xij 
as the homogeneous coordinates of A\ The determinant 




1 j xn , 




changes its sign with every odd permutation of the vertices. 
Therefore the orientation of o n is uniquely determined by the 
sign of \x\. We designate S n associated with any a n by -\-S n> 
associated with its opposite by — S n . The simplex is an 
indicatrix of the space. 
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To free the procedure from the special choice of indicatrix 
we make use of the collineation that carries indicatrices into 
one another. Let </ n = B° B l • • • B n with y i} as the homo¬ 
geneous coordinates of B { and let us look for a collineation (39) 
transforming a n into a' n with vertices in the order named, 
that is, with A 1 going into B\ We must have 

I/O = Ujk Xik , 

or in matrix form 

y = x a’. 

Since \x\ 4 0, * _1 exists, hence 

a = x ~ l y, A = |y| |jr|. 

Thus the collineation exists, is unique and direct when |jf|, \y\ 
are of the same sign, inverse otherwise. 

The rest is now obvious: We consider a n and oh (with 
vertices named in the order stated) as orienting S n alike or 
oppositely, according as the collineation transforming them 
into one another, with each vertex of the one going into 
the vertex of same order of the other, is direct or inverse. 
Analytically the decision rests upon whether \x\, \y\ are of 
the same or of opposite sign. It does not matter whether 
we consider the collineation carrying over o n into a'n or its 
inverse. 

It is evident that what we have said of the orientation 
of an S n can be applied to convex regions of S n . Thus we 
can orient such a region 91* by associating with it an oriented 
simplex a n lying in it. If a n and a' n are two oriented simplexes 
lying in $R n , it is always possible to find a collineation of S n 
taking a n into ah. If this collineation is direct we shall say 
that the orientations of a n and a,[ are concordant and that 
each determines the same orientation for 9* n . Thus there 
are possible only two distinct orientations of 9L, which will 
be designated by 4-91* and —91*. 

In practise one often has to compare indicatrices with 
a common vertex. We can then compare them as regards 
collineations leaving that vertex invariant, and since the 
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choice of axes is immaterial, let A 0 = B° be the common 
vertex and also the origin of coordinates. Then the two 
determinants whose signs are to be compared are 




/y» . . I 

.L,j , 




or the determinant of the non-homogeneous coordinates of the 
faces opposite to the common vertex. 

An excellent and much more complete treatment of the 
orientation of Euclidean or projective spaces is given in 
Veblen-Young, Projective Geometry, vol. II, Chap. 2. 

47. In order to correlate the orientation by means of colline- 


ations with the orientation of circuits we need two lemmas. 

Lemma I. A collineation T of S n leaving an S n —\ invariant 
induces also a collineation T' on that S„— 1 . T and 1 are 
of same or opposite types accordingly as T does or does not 
permute the two regions in which S n is decomposed by S n -i • 
We may assume that S n -\ has for equation x n = 0. Then 
if (38) are the equations of T we have a„j = 0, j<n . The 
points of S n - i undergo a collineation T' whose equations 
are the first (n — 1) of (38). The ratio of the determinants 
of T and T' is a nn - The regions in question are permuted 
when and only when a n n< 0, that is, when T, T' are of 
opposite types. This proves Lemma 1. 

Lemma II. Two indicatric.es tf n , c,[ with a common face ff n _i 
bat no common points are concordant when and only when 
they are oppositely related to oVi-i. 

We take c r n = (7 n _ a A n , <*h = <*n- i B n . The assumption 
is that are on opposite sides of the S n - 1 of (T n _i. 

Let T be the collineation turning them into one another, 
vertex for vertex, and leaving <r n _i invariant. Since T permutes 
the two regions separated by S n -1 and leaves S n -\ invariant, 
it is inverse for S n by Lemma I. Thus which bears to 
o'n—i. the same relation as is not concordant with the 
latter as indicatrix of S n \ hence —<r n ', oppositely related 
to a n —i, is concordant with tf n , which proves Lemma II. 

48. That the orientation of a space by means of collineations 
and of a circuit by incidence properties of its cells, overlap 
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whenever the field of application is the same, is completely 
established by the 

Theorem. Let K n be a complex composed of simplexes in S n , 
L a subcomplex of it . If K n — L is a connected region of S n , 
then K n is an orientable simple n-circuit mod L . 

Let E n be any n-cell of K n — L . If K n — L contains 
other points than those of E n it must contain points of the 
boundary of E n , since K n — L is connected, and these points 
must include an (n — l)-cell incident with E n and another 
n-cell of K n L, since K n — L is a region of S n . Hence 
the points of K n — L are all on the boundaries of a set of 
n-cells of K n — L so situated that each (n — l)-cell of K n —L 
is on the boundary of exactly two n-cells (since K n is In S n , 
not more than two n-cells can be incident with an (n — 1)- 
cell) and the set of n- and (n — lj-cells is connected in the 
sense of No. 35. Hence also, the sum of the n-cells of K n — L 
is an n-cycle mod (Z, 2). By the proposition of No.35, K n —L 
is an n-circuit modi. 

Let us orient every n-cell of K n — L concordantly with 
its S n . If E n , E' n , are two of them with a common boun¬ 
dary E n - 1 , we can choose concordant indicatrices Ao n ~i , and 

r\Ba n -i of S n (v = ± 1), with A(ZE n , B(ZE', * n -i(ZEn-L 

Then Ao n -i y rjB<y n -i are indicatrices of the n-cells. By 
Lemma II of No. 47 , rj = — 1, since E n and En are oppositely 
related to oVi-i and hence to E n -\ itself. Therefore E n -\ 
does not appear in the boundary of E n , which shows 
that K n is a cycle mod L. Therefore it is an orientable 
circuit mod L and the theorem is completely proved. 

The desired correlation between the orientations of K n — L 
by means of collineations and by incidence relations is estab¬ 
lished in the course of the proof of the theorem. 


§ 7. Convex Complexes and their Subdivision. Invariance 
of the Homology Characters under Subdivision 


49. Up to this point we have studied properties of indi¬ 
vidual complexes. No attempt has been made to relate 
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different complexes. In this section we shall consider a class 
of related complexes, those which can be shown to represent 
homeomorphic point sets by means of a restricted type of 
subdivision , roughly speaking, that is, by cutting up the cells 
of the given complexes into smaller cells. The two com¬ 
plexes shown by the heavy lines of the accompanying figures, 
for example, are different representations of the tiiangle. 
One mode of demonstrating their equivalence is to subdivide 
them by the dotted lines. The two complexes are then 
identical in structure and hence (No. 9) represent homeo¬ 
morphic point sets. We might also demonstrate this equi¬ 
valence by subdividing the first figure as indicated and then 



combining the triangles at the base to form the original 
complex of the second figure. 

In this example the operations which we have performed 
can be expressed in terms of the introduction or suppression 
of a finite number of cells and bounding relations. The only 
geometric properties of the cells which are explicitly used 
are those of orientation and bounding and these can be ex¬ 
pressed by a purely formal notation subject to operations of 
arithmetic: addition, subtraction and multiplication. Such 
a treatment may be termed 'purely combinatorial. A careful 
examination of the chapter up to this point would show that 
all intrinsic properties of cells and complexes which have been 
developed so far have been expressed in this formal manner. 
Thus, in spite of the fact that our definitions have assigned 
to cells and complexes properties, such as continuity, infinite 
divisibility and the like, which belong to their Euclidean 
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whenever the field of application is the same, is completely 
established by the 

Theorem. Let K n be a complex composed of simplexes in S n , 
L a subcomplex of it . If K n — L is a connected region of S n , 
then K n is an orientable simple n-circuit mod L . 

Let E n be any n-cell of K n — L. If K n — L contains 
other points than those of E n it must contain points of the 
boundary of E n , since K n — L is connected, and these points 
must include an (n — l)-cell incident with E n and another 
n-cell of K n L, since K n — L is a region of S n . Hence 

the points of K n L are all on the boundaries of a set of 

n-cells of K n — L so situated that each (n —l)-cell of K n —L 
is on the boundary of exactly two n-cells (since K n is In S n , 

not more than two n-cells can be incident with an (n — 1)- 

cell) and the set of n - and (n — lj-cells is connected in the 
sense of No. 35. Hence also, the sum of the n-cells of K n — L 

is an n-cycle mod (L, 2). By the proposition of No.35, K n —L 
is an n-circuit modi. 

Let us orient every n-cell of K n — L concordantly with 
its S n . If E n , E ' n , are two of them with a common boun¬ 
dary E n — i, we can choose concordant indicatrices Aa n -\ % and 
rjBa n .i of S n (v = ± 1), with ACIEn, B CL En y <r*-iClE n -i. 
Then A a n -\, yBo n -\ are indicatrices of the n-cells. By 
Lemma II of No. 47, y — — 1, since E n and En are oppositely 
related to <r n -i and hence to E n -i itself. Therefore E n -i 
does not appear in the boundary of ^E n} which shows 
that K n is a cycle mod L . Therefore it is an orientable 
circuit mod L and the theorem is completely proved. 

The desired correlation between the orientations of K n —L 
by means of collineations and by incidence relations is estab¬ 
lished in the course of the proof of the theorem. 

§ 7. Convex Complexes and their Subdivision. Invariance 
of the Homology Characters under Subdivision 

49. Up to this point we have studied properties of indi¬ 
vidual complexes. No attempt has been made to relate 
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the convex polyhedral regions of U n are the convex polyhedral 
cells of K n . As in the case of the corresponding simplicial 
configurations, we shall use with respect to l\ n the terminology 
which, strictly speaking, belongs to homeomorphic configurations 
on JJ n . Thus we may speak of cutting K n bv an S p (p' n ), 
by which we shall mean that we have cut II n by an S p and 
have then transferred the properties of this intersection in 
its relation to II n to the homeomorphic configuration on h n 
in its relation to K n . 

Evidently the convex polyhedral O-cell and 1-cell are no more 
general than the simplicial types. The interior ot a regular 
polyhedron in three-space is a simple example of a convex 
polyhedral 3-cell, and its boundary is a convex 2-complex. 

52. A convex polyhedral yy-cell is oriented by associating 
with it an oriented ^-simplex lying in it. Since it was shown 
in No. 46 that there are only two distinct orientations of 
a convex region, we shall distinguish these by + E p and E p . 
We can determine whether a cell E p is positively or negatively 
related to an E p - 1 on its boundary as follows: Orient E p by 
means of a a p having a face <y p -i in E p - 1 , and E p ~ 1 by means 

of a p _i, Then E p is positively or neyatively related to E p -\ 

according as a p is positively or negatively related to a p —\. 

53. The terminology of §§ 1,2 can now be applied verbatim 
to convex polyhedral cells. Also the first three properties of 
No. 15 hold. In place of property IV, however, we must 
prove that 

The houndary of a convex polyhedral p-cell is an absolute 
(p — 1 )-cycle. 

Let E l p -i and E p - 1 be two cells on the boundary of an 
oriented E p \ let them have in common a boundary E p - 2 ; 
and let these cells be so oriented that E p is positively related 

i •) 

to Ep-i and to E p -\. 

Let a p _2 be any oriented simplex on E p - 2 which serves as 
its indicatrix. Let P l and P 2 be points of E p —\ and of E p -\ , 
respectively. P 1 and cr ; ,_ 2 determine a o p -i which may be 
oriented so as to serve as an indicatrix of E]>-\ . Let o p _ x 
be the oriented simplex similarly determined by P 2 and (r p _ 2 . 
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Finally, let P be a point of E p and let a p and a 2 be con- 
cordantly oriented simplexes determined by x and P and 
by <*l_ x and P, respectively, either of them serving as 
indicatrix for E p . These two simplexes have in common 
a face a p _ lf determined by P and tr p _ 2 ; orient <r p _i so that 
it is positively related to <F. Orient E p - 2 so that a p l 
is positively related to o p _ 2 . Since E p is convex, c 1 and 
°p lie on opposite sides of Hence by Lemma^I of 

No. 47, 0-2 i s negatively related to o p _ v By hypothesis, cr 2 is 
positively related to By the proof of IV in No. *5, 

a p -1 and a p -1 similarly related to a p _ 2 , so that <r 2 _ x is 

positively related to By hypothesis, <rj is positively 

related to o p _ 1 and to Again, by the proof of IV in 

No. 15, cr p _ x and are oppositely related to <r , so that 
i * s negatively related to <7p_ 2 . Regarding these now as 
indicatrices of the respective cells, Ep-i and Ep-i are seen 
to be oppositely related to E p - 2 . Hence E p -»E$-i+E}-i 

H * E p -2 H \-Ep -2 H-, so that E p -2 does not 

appear in the boundary of E p . Similarly with regard to 
any (]) 2)-cell which is on the boundary of exactly two 
C V 1 )-cel!s of the boundary of E r . Well known theorems 
of Euclidean geometry assure us that this is the case for 

every (p 2)-cell on the boundary of E p . (Compare No. 55 
below.) 

Property V of No. 15 now follows as before from II and 
this form of IV. From then on everything which has been 
proved of simplicial cells and complexes depends on those 
properties which we have just proved to hold for the more 
general type. Throughout the remainder of this chapter it 
will be understood that all complexes may be convex. 

54. A complex K\ will be said to be a convex subdivision of 
a convex complex K n if (1) every cell of K\ is a convex 
polyhedral cell lying wholly in some cell of K n \ (2) every 
p-cell of K n is an exact sum of cells of Kh of dimensions <^. 

The definition imposes certain restrictions on the intuitive 
idea of cutting up the cells of K n . For example, it is necessary 
to extend the process to the boundary of the cell; e. g. if 
a <r 2 is divided in half by a straight segment the endpoints 
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of the segment must appear as zero-cells on the boundary, 
which in turn will generally divide the one-cells of the boundary 
of <x 2 into new one-cells. Again, it is necessary that new 
cells introduced into a given cell leave the remainder expressed 
as a set of cells; the introduction of a zero-cell into the 
interior of a two-cell does not constitute a subdivision of 
the two-cell since a two-cell minus an interior point is no 
longer a two-cell. 

If K' is a subdivision of K and L is a subcomplex of K , 
it is at once evident that a certain subcomplex L' of K' is 
a subdivision of L. We shall speak of IJ as the subdivision 
induced on L by K'. 

55. We have noted (No. 37) that an w-cell is an orientable 
n-circuit mod its bounding sphere, and that this sphere is 
an absolute (n — l)-circuit. This property is invariant under 
convex subdivision, i. e. 

If K n is a convex subdivision of a convex polyhedral n-cell, 
E n j with K n —i as the induced subdivision of its boundary 
sphere , then K n is a simple orientable n-circuit mod K n - 1 
and K n —i is a simple absolute orientable (n — \)-circuit. 

The part concerning K n has already been established in 
No. 48. Regarding K n -i it can be shown as there that it 
is a simple absolute circuit having the property that its ( n —2)- 
cells are incident with two (n — l)-cells. In fact, if we remove 
from K n - 1 all cells with a given vertex A, the rest can be 
projected from A into a convex complex whose cells are on 
a certain S n - 1 , and then the incidence properties follow as 
in No. 48. There remains the question of orientability. Here 
it is advantageous for the sequel to look a little more closely 
into the matter. 

Let En- 1 be the boundary cells of E n with 

E n IJi E n — i. 

This means that there exists on E n a positive indicatrix 
Aa n -i such that ^ <r n -1 is an indicatrix of the convex cell 
En —i (No. 52). 
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Designate by El! 1 , E^-i the n- and (n— lj-cells oiK n — K, 

a __ Title i i ii a _ __ 


n—1 


and by E' n L , the cells of ^ n _ a on The cells E$-i are 

oriented arbitrarily but E* and eLU are to be oriented con- 
cordantly with E n and E\-i. This implies that when E’„ h 
is incident with En-i there is an indicatrix Bok-i of E,„ 
concordant with A o n —i above, which is likewise an indicatrix 
of En , and such that is an indicatrix of Eh~i. It 

follows that Elji. i figures in F(Eh h ) with the coefficient 
Since among the cells E'n the only two incident with a given 
En -1 are oppositely related to it, we have finally 


2e» 


2 r,i En-x . 

tjc 


The right hand side is then an absolute cycle. Since it is 
merely the sum of the cells of K n -\ suitably oriented, the 
latter is an orientable circuit, thus proving our theorem. 

The result also follows directly by No. 53 and the results 
at the end of No. 48. 

Application. Let K n be any convex complex and let us 
subdivide it into another convex complex K,[. If E' p is any 
cell of K t [ on E p of K n , we agree to orient it concordantly 
with E p . If Ep is on a cell of more than p dimensions of K n 

we orient it in arbitrary manner. Designate now by El the 

• • . 

cells of K n and by Ep those of Kh on Ep. If the incidence 
relations for K n are 

Eji - 2 ’lir Ep- 1 , 

then according to what has just been established, 

2 Ep - 2 Hr Ep- , . 

j r.s 

Let then C p be any subchain of K n : 


C 


v 


^ U Ep~* £ ti 7J ir Ep-i 


i 


Ep —i. 


i.r 


We associate with C v the subchain of Kh defined by 


Cp 


2 ti Ep, 
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obtained by replacing in C p every 2 >cell by the sum of the 
^-cells of Kn that it carries, and which we define as the 
subdivision of C p induced by that of K n . We have at once 


Cp -*■ ^ ti >/ir Ep—l 


n* 

0 p — i , 


i,r,s 


where Cp -1 is the subdivision of C p -1 in the sense just defined. 
Since manifestly the subdivision of 2*tj 2 0 where 
Cp is the subdivision of Cj,, we have finally 

Theorem. The boundary of the subdivision of a chum is 
the associated subdivision of its boundary. 

Remark. We are not at liberty to conclude from this that 
the combinatorial homology characters are invariant under 
subdivision. For the subchains of Kh considered are of a very 
restricted type—they do not include, for example, the //-chains 
having //-cells on cells of K n of more than p dimensions. 

56. Certain types of convex subdivision are of especial im¬ 
portance for our purposes. Two of these depend on the 
obvious fact that the set of points obtained by joining all 
points of a given convex polyhedral E v lying in an S p to 
a point P external to S p by straight line segments, forms 
a convex polyhedral E P+ 1 bounded by the cells of E v plus 
cells of dimension <;/+ 1 determined in a similar manner 
by P and the cells of the boundary of E p . 

In a complex K a cell E p , together with all cells E p + q 
(q = 1,2, •. •, n — p) of K incident with E p , constitute the 
star of E p . The boundary of the star consists of all those 
cells of K which are faces of cells 
of the star but are not in the star. 

57. Elementary subdivision. 

Let .4 be any point of any cell E p 
of a complex K . Draw segments 
on the star of E p joining the 



Fig. 8. 




point to all points of the boundary of the star. The seg- 
whose end-points are on a given E r of the boundary 
have for sum a convex E r+1 . Every point of the star 
(except A) belongs to exactly one E r+1 , and A plus the sum 
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of the £V+i’s coincides with the star. The result of replacing 
in K the star of E p by A-\-~X E r +i is called an elementary 
subdivision of K (Alexander, [19]). In the simple 2-complex 
represented by the solid lines of the accompanying figure, 
the dotted lines indicate a typical elementary subdivision. 

58. Regular subdivision. Let the cells of K be so 
ordered that no one precedes a cell of higher dimension, say 
El, • • - , E“", E\_ j, • • •, E“°. Form K\ the elementary sub¬ 
division of K using the star of E l n . The closed cells 

o ^ 

E~ n > • ••, E 0 ° are left intact by this operation. We can then 




Fig. 9. 

form Kn, the elementary subdivision of K l using the star 
of El. The closed cells i?,'!, ••• are still intact. Proceeding 
in this way, using in turn the stars of E^> • • • , E“°, we finally 
reach a complex K' called the first derived complex of K. 
The operation of obtaining K' from K is called regular sub¬ 
division (Poincare [3], Veblen [5]). The result of two succes¬ 
sive applications of regular subdivision, i. e. the derived com¬ 
plex of the derived complex, will be called the second derived 
complex-of K , etc. By “the derived complex” we shall 

generally understand the first derived. 

It is clear that K' is independent of the order of the cells 
of a given dimension. The accompanying figures show the 
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results on a particular 2 -complex of all subdivisions using 
stars with centers of dimension two and one, successively. 
Stars whose centers are zero-cells add nothing in this case. 

Regular subdivision can also be defined inductively as follows: 
( 1 ) The regular subdivision of a K 0 is K 0 itself. (2) The 
regular subdivision of K p is the complex obtained by intro¬ 
ducing new vertices P l into the corresponding cells E p and 
replacing (a) the cells of K p of dimension <p (which form 
a complex K p - 1 ) by their regular subdivision K p - 1 , (b) the 
cells E p by the cells determined (as in No. 57) by joining P l 
to all cells of K p -\ on the boundary of E p (for every p-ce\\ 
of K p ). The two procedures are easily seen to be equi¬ 
valent. 

One result of regular subdivision is that if reduces any 
convex complex to a simplicial one in one step . Also, successive 
regular subdivisions of a complex are composed of smaller 
and smaller cells; in fact we can, by choosing our new ver¬ 
tices properly (say as the centers of gravity of their con¬ 
taining cells), obtain a regular subdivision for which the 
maximum diameter of its cells is as small as we please. 

59. Subdivision by section. The fundamental operation 
is that of replacing the given complex K by the one resulting 
from the cutting of a single closed 79 -cell E p of K by an S p -\ 
of its S p which meets the cell E p . 

The effect of the operation on K is to replace E p by two 
new p-cells, and a new (p — l)-cell, which together make 
up E p ] and similarly to replace every #-cell ( 0 <#<^) on 
the boundary of the E p which is cut by S p - 1 , by a new 
{q — l)-cell and two new tf-cells, which together make up the 
original ^-cell. Let us suppose that K' has been derived 
from K in this manner. We can obviously perform a similar 
operation on any cell of K' which was also a cell of K\ 
furthermore, if we take the section of a ^-cell of K which 
has been affected by a previous section, this can be expressed 
as the result of sections on the various cells of K' which 
make up the original _p-cell. The result of any finite suc¬ 
cession of sections of cells of K, together with the resulting 
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sections of new cells in the manner just explained, we shall 
call a subdivision of K by section . 

The properties of the Euclidean prototypes of the con¬ 
figurations involved in these operations are evidently sufficient 
to establish the following properties of subdivision by section: 
(1) K' is convex. (2) The final K' is independent of the 
order in which the operations of section take place. (3) If 
K' is the result of the section of a single E p of K r it may 
be expressed as the result of sections performed on cells of 
dimension <p (all lying on the boundary of E p ) together 
with the replacement of E p by two new i>cells and a new 
( p — l)-cell. 

60. Theorem. The homoloyy characters of a convex complex 
are unaltered by section . 

It follows from property (3) of the last paragraph in No. 59, 
that everything reduces down to showing that when any ^-cell 
is replaced by two new p-cells with a common {p — l)-face, all 
cells being convex, the homology characters are unchanged. 
In this reduced form this proposition is due to Tietze [1]. 

We may assume that E p is the altered cell and call E p , 
E p ' the two that take its place oriented concordantly with 
it, E p -\ their common face. Let K be the initial complex, 
K' the altered complex. The (p — 2)-faces of E p —i are cells 


of K and so are the (r;—l)-faces of E p and E p other than E p — i. 


We label these faces respectively Ep- 2 , • • •, Ep- 2 , Ep -1 Ep - 1 > 

E ?+ }, ■ ■ •, E r ,. The (» — 2)-faces exist only when p > 1. 

v — 1 7 7 V —1 1 


p — 1 7 7 —p - 

but otherwise the lower case p — 1 is treated like the rest. 


To find the variation of the homology characters, if there 
is any, we shall examine the incidence matrices. The only 

incidence matrices to be modified are , n p ~ l , n p ~ 2 - L et 
... be the corresponding K’ matrices. We designate the 
ranks of tf, by o;, Qi, the numbers of f-cells of K and K 
by ui, cci The four types of boundary relations shall be 
treated simultaneously, it being actually unnecessary to specify 


the particular type considered. 

(a) Comparison of rp and &>. If the fundamental boun- 

dary relations for K are 


I. COMBINATORIAL THEORY OF COMPLEXES 


69 


those for K' are 


Ep+i 


Z’iB&P 


Ep+i J /Fi (Ep + Ep) + T iv> Ep + • • •. 

Hence is obtained from r] p by mere repetition of the first 
column. Therefore q' v = q p and the invariant factors of 
y\ p and $ p are the same. 

(b) Comparison of r\ p ~ l and 5**” 1 . The cell Ep is related 
to Ep- 1 , i ft, like E p itself and similarly for Ej>' and the 
other faces of E p , while both E p and Ep are oppositely 
related to E v - 1 . Hence we can so orient E p -1 that 




1 


h v ~ l 

hi 

0 


0 iff 1 


0 n? 




• • 


0 


0 

Y)P 1 


J]P 1 
1 22 


which is equivalent to a matrix 


1 


0 


//f - 1 
1 r 


0 


0 




Hence the invariant factors of _1 that are 
as for if- 1 and = $„_! +1. 

(c) Comparison of i\ p ~ 2 and $ p ~ 2 . 
fundamental boundary relation for the ( p - 
for E p -1 or 

Ep—i -> -F {Ep- 1). 


> 1 are the same 

The only new 
-l)-cells is that 


But from the form of follows 


K-»Er- 1 + lfr l & p _ i+-0. 

Hence 

^ ^p-i) = - tfr 1 F{El_ x ) - ... 

where we have to write at the end mod L, in the 
appropriate cases. Therefore the new fundamental boundary 
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relation is a consequence of the old. Hence again q ' p -2 = q p -2 
and the invariant factors of ij p ~ 2 and C^ -2 are the same. 

We are already able to conclude that the torsion 
coefficients, absolute or mod L, are unchanged. Since also 

= a*+l, a'p -1 = (Xp—i + 1, 

formulas (21) and (33) for the Betti numbers of all types 
show that they are likewise unaltered. From this follows, 
finally, by reference to No. 31, that the torsion coefficients 
mod m or mod (L, m) likewise remain the same. 

61. We shall say that K p is convex on K n (p<n) \iK p \§ 
on K n and if there exists a II n in an S r homeomorphic to 
K n such that the image of K p on TI n is a II p . 

Lemma I. If K p is a convex complex on K n there exist 
subdivisions by section Kh of K n and K p of K p such that 
K p is a subcomplex of Kh . 

Let n n on an S r be such a defining polyhedron for K n that 
the image of K p under the homeomorphism which takes K n 
into II n is a II p . Any S r - 1 of S r cutting either or both 
of I7 nj I7 py causes a subdivision by section of either or both 
of II n , TI P ; hence, of course, of K ny K p . Let { 4 SV-— 1 } be a set 
of hyperplanes of S r such that every (/-cell (q = 1, 2, • • •, n) 
of U n or n p lies on r — q independent hyperplanes of the set. 
Let the resulting sections of K n , K p be Kh, K p . From the 
mode of selection of the S r —i’s every cell of Kh arises as the 
result of the intersection of /SV-i’s which subdivide K n and 
K p alike. Hence every cell of Kh must be a cell of Kh> 

Remark. From No. 58 follows incidentally that Kh way 
be replaced by a simplicial subdivision . 

Lemma H. If Kh is a convex subdivision of K n , both 

have a common subdivision by section. 

This follows from Lemma I when K p = AT*, since K n 

coincides then with Kh- 

62. Theorem. If K n and Kh are homeomorphic convex 
complexes and there exists a homeomorphism taking one into 
the other in such a manner that the homeomorphs of the second 
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forms a convex polyhedral complex on the first, then the Betti 
and torsion numbers of K n and Kh are the same. 

Let Kn be the homeomorph of Kh on K n as in the theorem. 
By the lemma, there exists a subdivision Kh" common to K u 
and Kn. By the theorem of No. 60 the Betti and torsion 
numbers of K n and Kh', and hence of Kh, are identical with 
those of K'n . 

Corollary I. The homology characters are unaffected by 
convex, elementary or regular subdivision. 

For elementary and regular subdivision are special cases 
of convex subdivision. 

Corollary II. If K n is an n-circuit mod L and a convex 
subdivision Kh of K n induces on L the subdivision If, then Kh 
is an n-circuit mod If, and when the first circuit is simple so 
is the second. Furthermore if K n is orientable mod L so is Kh 
modi!, and if K n -> K n -i then Kh Kh -1 • 

This corollary depends upon the fact that condition (a) of 
No. 35 for the n-circuit is readily verified here, while the 

V ' 

other conditions for orientability and for n-circuits are ex¬ 
pressible in terms of the Betti numbers. The proof of the 
part concerning the simple circuit is elementary. 



CHAPTER II 


TOPOLOGICAL INVARIANCE OF THE HOMOLOGY CHARACTERS. 

GENERALIZED COMPLEXES 

In the preceding chapter there were introduced a series of 
combinatorial characters of a complex K y or of K and a sub¬ 
complex L of K. In the present chapter we shall establish 
their topological invariance, and as an incidental application 
the invariance of dimensionality and regionally (Brouwer). 
The proofs revolve essentially around certain deformation 
theorems, the first of which was proved by Alexander. Regard¬ 
ing the relative characters, it turns out that when L is a very 
general subset of K , they are topological invariants of K—L 
alone, i. e. unchanged under a transformation homeomorphic 
over K—L but not necessarily over the whole of K. 

The theory thus obtained belongs to much more general 
complexes. How general their class is we do not know as 
yet. In the study of manifolds however a type essentially 
due to Alexander appears to be the most natural. It consists 
of aggregates of circuits which behave like cells only as far 
as their homology and circuit characters are concerned, and 
it is with the study of this class of generalized complexes 
that we conclude the chapter. 

§ 1. Topological Homology Characters 

1. To establish the invariance of the homology characters 

of Ch. I we identify them with certain analogous characters 

that are invariant practically by definition. These characters 

are defined in terms of continuous single-valued images of the 
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configurations studied in Ch. I. Following Alexander [2] 
and Yeblen | 5 ] we shall call them singular configurations. 
Explicitly, if g is any configuration, in particular a complex, 

cell. etc., as considered in Ch. I, a singular g on a point set A, 

/ / 

is a continuous single-valued image G of <7 on A , a “map ’ of 
(j on A. It is essential to remember that G is not necessarily 
the homeomorph of < 7 , although homeomorph ism is not excluded. 

Examples. I. The orthogonal projection of a three-space 
figure on a plane n of the space is a singular image of the 
figure. Thus the orthogonal projection of an ordinary sphere 
is a closed circular region on rr, which is to be considered 
as a singular sphere. 

II. The Peano curve is a singular one-cell filling a square. 
To each point of a certain segment there corresponds a unique 
point of the square. There is an everywhere dense set on 
the square of which each point is the image of four points 
of the segment. Thus we see that the singular image of the 
simplest possible configuration can be extremely complicated. 
This is clearly shown by the extensive research of R. L. Moore 
[1] and his school in the United States, and the Polish school 
abroad on the subject of the singular one-cell. 

Concerning the relationship between a configuration and 
its singular image very little is known in general and none 
is needed in the sequel. Some relationship assuredly exists 
as the following properties indicate. They are given solely 
to show what sort of restriction one may expect and also 
to elucidate further the notion of singular configuration. 

(a) The singular image of a closed set on a compact space 
is a closed set. 


(b) If g is closed and admits the Borel covering property 
so does G. 

(c) The singular image of a connected set is connected. 

2. A i 7 n -i may be considered as a singular o n with coincident 
vertices. A homeomorph of o n -i may then also be considered 
as a singular closed n-cell. We shall call it briefly a degenerate 
simplicial cell. It is interesting to observe that if we write 
down formally the boundary of <r n _ t - as if it were a true a n , 
the non-singular <r,i-i’s, if any are present, cancel. They can 
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occur only as a matter of fact when i = 1. Such a degenerate <r n 

can be symbolically represented by ±AAo n -2 and its boundary 

is i (A<f n —2 Ao n _ 2 ) plus degenerate cells, so that the latter 
alone remain. 

3. Consider an ordinary simplicial chain 

c = y't o' 

p " c p 

with [e j q \ as the set of its cells. Let the complex coincident 

with have for image on A a singular complex with 
the singular cells E J q . We write the symbolic sum 

(1) C P =Z U Ep, 

omitting all E’s which are degenerate simplicial p-cel/s . This 
symbol associated with the set {Eft is called a singular 
2 )-chain on A. The points on the cells are the points of 
the chain which we name by its symbol: C p . 

Let the boundary relation for the cells e 1 and for c be 

p p 

6 P ^ ij C p— 1 ’ ( p 2 * 7 (j C p -1 ~ $ ( r j) ) 7 ij = 2 U Vij • 

Then we write down in full analogy 

o 

Fp Vu Ep-i> 

and define the boundary F(C P ) of C p as the chain 

F{C V ) = % Tjj Ep-i 


with the symbolic boundary relations 

Cp —> tjj Ep— 1 , Cp —■* F(C P ). 

It follows from No. 2 that if Ep is a degenerate simplicial cell 
the sum of its boundary cells is zero, so that 

F{C P ) = 2 U F(Ep), 


( 2 ) 
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the coefficients U actually present being the same as in (1). 
The definition of the p- cycle follows as in Oh. I, No. 14. 

4. Let B be any other configuration which may or maj 
not meet .4, and let AB be closed in A. Suppose that C p 
has cells on B and if so let us omit them. We then have 
chains, cycles, boundaries, mod B. Similarly for the chains, cy¬ 
cles, boundaries mod m or ( B . m). 

For any one of these categories the linear properties of 

Ch.I, No. 15 are verified and follow from the fact that they 
hold for the entities whose singular images they are. In 
fact the terminology loc. cit. can be extended automatically. 

The totality of all chains, cycles , boundaries oj any particular 
type (absolute , niodB, etc.) constitutes a class which is topologically 

definite for the pair A, B. For let .4' be a homeomorph of A, 
with B' a set whose intersection with A' is the image of the 
intersection of .4 with B . If, for example, the chain V e p 
has for image on A the cycle I p mod B it will have likewise 
for image on A the transform T p of E p under the homeomorphism 
between .4 and A and F p is a cycle mod B\ Similarly for the 
other cases. 

Eveny one of the above classes is a modulus. Again if C p is 
a singular chain on A, image of the non-singular chain c* 9 
then ^ U Cp is a chain on .4, image of Uc p . Furthermore 
from (2) follows 

F(£ U C p ) = £ ti F(C P ) = the image of £ tiF(c p ). 


Hence the boundary relations are again linearly combined 
like the chains themselves. It follows that the cycles and 
the bounding cycles constitute moduli. Similarly for the re¬ 
lations mod B , mod m or mod (B, m). 

Conclusion : The boundary relations of various types are homeo- 
morphically invariant. 

Let us define the cycle-moduli and the corresponding zero- 
moduli formally as in Ch. I but in terms of chains on A mod B , 
mod m or mod(i?, m). The associated moduli on A and A 
will correspond to one another term for term. It follows 
that their homology characters are topological invariants. 
We call these numbers the topological Betti and torsion numbers 
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of A , or of A mod B , mod m, or mod ( B , ra), generically: 
topological homology characters . The same homologies, etc. 
written for the subchains of a complex are extended to the 
chains on A . 

5. The ^-circuit can also be defined in an invariant manner. 

.4 is an ^-circuit modi? if the following conditions hold: 
(a) l\ n {A, B, 2) = 1. It implies that every n-cycle is 
homologous to a single one, F n , mod ( B , 2). (b) Every point 

°f -4 — B is on any cycle /?»mod(5, 2). This implies that 
no subset of .4 — B has the same properties, (c) Every 
(n + 0-th Betti number is zero. The circuit is then orientable 
when li n (^4; 7?) = 1, in which case every n-cycle mod B ~ 
a multiple of a unique r n% The orientation is then possible 
in two ways. The analogy with the case of complexes is 
complete. 

Example: The n- cell is an orientable n-circuit mod its 
boundary, whether the latter is a complex or not. (See § 5.) 

6 . The geometric significance of what precedes may be 
brought out as follows: suppose that C p -\ = F(C P ). Given 
Cp-i, usually C p will not be unique. For example if C p -1 
is a circumference in 5 S , any cone with it as a base will 
be a suitable C p . By considering an improper image of the 
configuration on a plane, we see that the same observation 
holds for a circumference in the plane. What matters chiefly 
is then merely whether A carries some C p -+C p - 1 . 

After we have introduced deformation in the next section 
we shall be able to give a much more intuitive interpretation 
of homology. 

§ 2. Deformations. The Poincare Group 

7. Let there be given a configuration a in some S n - 1 , 
itself immersed in an S n . Impress upon S n -i a parallel 
translation carrying it into Sn- 1 , and a into a', denoting by b 
the cylinder locus of a. Suppose now that we have on a point 
set G a singular image B of the cylinder b , with A and A' 
as the corresponding singular images of a and a . We may 
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think of it as defining a singular translation of A into A', 
over G . We will say that .1 and A' are homotopicfdhj deform¬ 
able, or simply deformable, into one another, over G. The 
singular translation of .4 into A ' just described is called 
a homotopic deformation , or homotopy , or simply deformation. 

Let p be any point of a, p the point of a' into which 
it is translated. Let P, P', PP' be the images of the 
points p, p and the segment pp. The 1-cell PP' is the 
path of P. When all these paths are of diameters <£, we 

have what is called an ^-deformation (Brouwer). 

\ / 

If the position of a at each stage of the parallel translation 
is homeomorphic to its image on G, we have an isotopic 
deformation , or simply isotopy. 

Examples: G is a plane, .4 a circle. A' a figure 8 curve. 
There is a homotopic deformation of .1 into A' On 
the other hand, if two circles are similarly oriented there is 
an isotopic deformation of one into the other. 

The terms “homotopy", ‘‘isotopy" were introduced by 
Dehn-Heegaard [21. 

8 . Now let II u be a simplicial polyhedron whose faces a 1 
are cells of a K n and let its containing space S q -1 be itself 
immersed in an S q . We impress upon a parallel trans¬ 
lation bringing it into S'-i f S q - U with 77* as the image 
of II n . 

Let A 0 A 1 A* • • • be the vertices of If and B° B l B 2 • • • 

those of W into which they go. The locus of o p = A°A ] • •. A p 

is a convex (p -f O-cell .i°.4 l • •. A* B° ... B p . I say that 

this closed convex cell is the sum of all closed simplexes 

B° B [ ... IP A 1 A 111 • • • A 1 '. The statement being obvious for 

P = 0, let us grant it for p — 1. If p i s any point of 

the cell, its projection from B° onto the boundary is on a p , 

or else on the locus of the face A 1 ... A p since these are 

the only faces of the (p + l)-cell of which B" is not a vertex. 

In the first case PdB°a P9 in the second according to 

what is assumed, the projection of P is on a closed simplex 

B l ... B l A l . •. Ap = of Therefore P is on B° <s’ p which is 
again of the announced type. 
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We will define the oriented simplicial components of the 
convex cell by 


Vk 


(—l ) 1 '- 1 B°B 1 ■ • ■ B‘ A* •.. Ap. 


The sequence of cells <x^ +1 is such that any two consecutive 
cells have a single p-face in common and are oppositely 
related to it. Therefore 2 a p +i is merely a normal orientation 
of the convex cell locus of o p . We call that chain the de¬ 
formation cell, of c p . The set of all cells <r^ +1 plus 

the cells of TJ, , and /7„' is an {n + l)-polyhedron $ fJ n , the 
deformation polyhedron of TI n . Similarly if we have the 
subchain of ll n 


C 


p 


2 


Xi Gp, 


its deformation chain is by definition the (^+l)-chain 




2 


Xi $ Op . 


We pass now to the boundary relations for the deformation 
chains. Taking again one cell, say a p — A°A l ■ ■. A? = A°o p -i 
and the notations being as before we find: 

(a) When a^ +1 is not one of the end cells, its boundary 
consists of cells such as (—1) <_1 B 1 ... B l A 1 • Ap, plus two 
cells that do not appear in the boundary of ©oj, (namely 
the two that do not have both A i and B 1 as vertices), (b) In 
addition F(a° + f) and F(<tp) contribute to F(1>a p ) the 
respective cells — a p and o„. Therefore 


Hence 

(3) 


-»• o'p — o p — $)F(o p ). 

®C P -+C,; — C P — ®F(C P ). 


In particular let C p be a cycle mod L, a subcomplex of n n . 
Then <&F{C P ) C ®L. Hence 

(4) DC p -*Cp — C p mod ©£. 

As a special case L — 0, the chain is an absolute cycle and 
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The analogy with the cylinder and its two bases is quite com¬ 
plete. We can identify one of the bases, G\, with a one- 
cycle, and the other CV, with that cycle displaced along the 
generators. is the lateral surface decomposed into the 

cells of a two-circuit and we have the relation (5) between 
them, as we should expect. 

9. All this is now to be translated in terms of singular 
configurations on the set A . Suppose that we have on A 
configurations which are the singular images of those just 
considered. Then the images of 2) C p , etc. are the singular 
deformation complexes, chains, etc. for the images of C p , 
etc.; and we have a homotopic deformation over A from 
the image of C p to that of Cp. In short we extend to the 
singular behavior on A the terminology that goes with the 
associated non-singular situation. 

Designating now the images themselves by C ; >, 2 )C P , C p , 
etc., relations (3), (4), (5) continue to hold according to our 
conventions. In particular if F{C p )CZBCiA , and if F{C P ) 
is deformed over £, i. e. if 2) F (C p ) d B , we shall have 
from ( 3 ) 

2 )C P ^C P — C p mod B on A , 
or 

(6) C p ~ C p mod B on A. 

In particular if C p is an absolute cycle 

(7) Cp ~ Cp on A. 

Similarly of course mod w, or mod (B,m). We have then 
the important 

Theorem. When a cycle mod B or mod (B, m) is homotopic- 
ally deformed over A, while its boundary remains on B {is homo - 
topically deformed on B), it remains homologous to itself mod B 
or mod ( B , m) on A. When an absolute cycle , or a cycle mod m , 
is deformed over A it remains likewise homologous to itself or 
to itself modm, on A. 

10. A very simple and quite useful operation, T, on a chain 
C v is equivalent to a deformation. Let r p _ x = F{C P ) be 
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deformed over A into r' p _ x with $ (r) -> r' p _ x — r p _ x as the 
deformation chain. T consists in replacing C p by Cp+ ©(/’) 
or T-C p = C p + 2)(r). 

To show that T is a deformation we first assume C p sim- 
plicial, polyhedral and in S n , and the deformation of r 
a translation in S„. Let C' p be the sum of the cells of C P 
with a vertex on r, and set G p - X = F(C )— J\ Replacing 
if need be C by a suitable subdivision (the second derived), 
we may so choose the chain that: (a) G ^ 0 and does not 
meet r ; (b) through every point /t of C' not on G nor on r, 
there passes a unique segment MfiM' with M on G, M' on r. 
The construction is exactly the same as will be found in 



No. 21, in connection with the so-called “normal’' neighbor¬ 
hoods. In the sense of No. 21, C is the closure of the C- 
neighborhood of r. 

Let now M' be carried by the translation in S n into M" 
on r' . We define a deformation of C p as follows: Every 
point /n of MM' goes over into the point v of the broken 
line MM'M" dividing its length in the same ratio as ^ 
divides MM'\ points not on the segments remain fixed. 
The effect on r is again to carry it over into r' , and as 
for C p , it is turned into a (singular) chain having C p -\- ®(-H 
for subdivision, which proves our assertion in the present 
instance. 

If we consider chains on A, there is no formal change in 
the treatment, the paths and cells being merely singular, 
hence the final result is the same. 
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11. At the end of the preceding section we asserted that 
deformations would yield a very good intuitive interpretation 
of homology. It rests on the 

Theorem. In order that B p ~ 0, on A in any one of the four 
senses of the homoloyy . it is necessary and sufficient that by addimj 
to it a sum of p-cells identically zero, or each taken m times in the 
modular case , or also cells on B in the relative cases, it may be 
expressed as mi algebraic sum of cycles, each of which is deform¬ 
able over A into a point, or into a point counted zero times when 
p = 0. 

This theorem gives a sharp intuitive content to the con¬ 
cept of homology. 

When the condition is fulfilled we have a whose cells 
must be taken zero times according to our conventions for 
the chains on A . Therefore ( 7 ) gives ~ 0 . 

I), ~ 0 , say mod B, 


A Z) C 




U B p +\ -*■ ^ ti F(Ep+\) — /' p , mod B. 


Now F(Ep +l ) can be deformed into a point on E ‘, + ,, lienee 

tlie chain \ ti I is a sum of cycles each deformable 

into a point on .4. But at worst it differs from /), by a sum 

of cells identically zero or by cells on B, or by m times some 

chain in the modular case. This completes the proof of the 
theorem. 

In the light of the preceding theorem it is plain that the 
operation on chains that primarily matters in the homology 
theory is what we may call homological deformation: homotopic 
deformation combined with the addition at any time of a sum 
of ^-cells 0, or 0 mod m, or else on B, as the case 
may be. We have thus four types of homological deformations 
A\hieh may be distinguished when need be by the terms- abso¬ 
lute, mod m, mod B, or mod (B, m). The above theorem 
can then be stated more briefly: In order that 1' ~ 0 it is 
necessary and sufficient that it he homologically deformable (in 

!lJn °!= f 86 mt ° “ S£t ° f P ° ints ’ cach talcen zero 
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12. The Poincar6 group of a set. This group introduced 
by Poincare [2,7] depends in an essential manner upon homotopy. 
It may be said to mark the place where homological defor¬ 
mations become inadequate. 

We start with a set A which we take to be arc-wise connected: 
any two points can be joined by an arc on A. Let P be 
a fixed point of A. The elements of the group G are the 
oriented arcs with end points coincident with P, singular arcs 
being allowed. The product dy of two elements d, y of G, 
consists of the oriented arc obtained by describing y followed 
by <5. The identity consists of the elements that may be 



shrunk into P over .4 by a homotopy leaving the end points 
fixed. Every element y has an inverse y~ l , which corre¬ 
sponds to the same arc with its orientation reversed. There¬ 
fore the aggregate G is a group. If P is replaced by any 
other point Q of A, G is merely replaced by a similar group 
G' , that is by a group abstractly identical with G. It is 
that abstract group which is the Poincard group of A. This 

group is a topological invariant of A. 

In the simplest cases: cells, spheres, Euclidean spaces, G 
is the identity. For the anchor ring G is a commutative 
infinite group generated by two independent elements /, d. 
For the surface of the two-sided disk with p holes Clifford s 
normal form for a two dimensional orientable manifold of 
genus p — the group is infinite and generated by 2 p operations 
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Yi, $i, i — 1, 2, •••, p, (Riemann’s retrosections), between 
which there is essentially a unique relation 

n n yT 1 dT 1 = l. 

When p — 1, or the anchor ring, this reduces to yd = dy, 
so that G is commutative, as asserted. 

"\\ ith G we may abstractly associate a new group G 0 
whose elements correspond term for term to those of G, 
satisfy all the similar identical relations and in addition are 
commutative. G 0 is nothing more nor less than the group 
whose elements are the one-cycles of A, the product of two 
elements being the sum of the corresponding cycles, the identity 
the cycles ~0 on .4. In short, if homotopy is replaced by 
homological deformation G reduces to G 0 . To sense the 
difference let us take on the Clifford disk of genus p > 1 
the element y x <5i y x l dr 1 . It is not an identical element of 
G although it represents an identical element of G 0 . And 
in fact it cannot be shrunk into P as demanded for the 
identity of G, but can evidently be shrunk into it by a homo- 
logical deformation, since it consists of pairs of opposite arcs. 

It is clear then that G is a more accurate character of A 
than G u . One of the aims of Poincare was in fact to use G 
in order to discriminate between manifolds with the same 
group G n , i. e. more generally with the same homology 
characters. He did obtain [7] a three-manifold M s with the 
homology characters of the sphere but whose G is not the 
identity, so that M 3 is not an H a . However since then 
Alexander [4] has shown by an example that two three-mani¬ 
folds may have the same homology characters and the same 
Poincare group without being homeomorphic. 

Recently the Poincare group has been the object of highly 
interesting investigations, notably in connection with the 
theory of knots by Alexander [10, 20, 23] and Reidemeister 
[0,6], and with the isolation of fixed points of certain surface 
transformations by Nielsen [1, 2, 3] and other manifolds by 
Hopf [ 5 ]. The group appears also in disguise in Morse’s in¬ 
vestigations [1, 2] on geodesics of open and dosed surfaces. 
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§ 3. The Fundamental Deformation Theorem 

for Complexes 

13. The theorem which we have in view forms the con¬ 
necting link between the combinatorial and topological numbers 
of a complex. It was first proved for manifolds by Alex¬ 
ander [2], then extended to complexes by Veblen 15]. 

The general idea of the theorem is intuitively simple enough 
and will be made clear by an example. Suppose that we 
have on a K 2 (Fig. 12) a singular K x represented by the 
dotted lines of the figure, its vertices being the points enclosed 
in small circles. Then our theorem asserts essentially that 
a certain subdivision of it can be deformed into a subcomplex 



of K *, a statement whose truth seems fairly obvious in the 
example given. For we have only to project the points of K\ 
onto the boundaries of the 2-cells on which they lie Irom 
suitably chosen points interior to the 2-cells, such as the 
point A of the figure, and then “smooth out the resulting 
deformation of K x on the 0- and 1-cells of /C 2 , introducing 
new vertices where necessary, so that each 1-cell of the final 
deformation of AT, covers exactly one 1-cell of K*. Of course 
the points A must not lie on K x . But in the fact that Ai 
may very well fill the whole of a 2-cell of K 2 , as shown b} 
Peano curves, for example, lies a real difficulty which rendeis 

the proof not wholly elementary. 

14. As before we designate the basic complex by K, its 

dimension being n, while L is a subcomplex of K. 
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Before proceeding with our proof we shall make a few 
preliminary remarks regarding a singular K r , (p §g n) on K. 
Let Up be the polyhedron of which it is the image. A sub¬ 
division Up of Up will have for image a subdivision K' v of K p . 
By repeated subdivision //,, can be reduced to a new simplicial 
polyhedron whose cells are as small as we please. We shall 
call mesh of K the maximum diameter of its cells. Since 
each subdivision of II P has for image a subdivision of K p 
and since the correspondence between the two is continuous, 

7 

we can find a K' v whose mesh is less than any preassigned f. 

Any point P of ///, is on a definite cell E q of ll' v whose 
image E' q is a cell of K p carrying the image P' of P. The 
point P had definite barycentric coordinates relative to E q . 
These are also taken as the barycentric coordinates of P' 
with respect to E' q . Since P' may belong to several cells 

of Kp it may have several sets of barycentric coordinates, 
one set for each of the cells. 

It is convenient to define a particular type of one-valued 
continuous transformation of a simplex g p (A 0 , A 1 , .... A p ) 
into a simplex a q (B°,B\ • ••, B q ), pfq. Let each vertex 
of g v correspond to a single vertex of a q , in such a way 
that each vertex B s is the correspondent of at least one 
vertex A r . The coordinates x 0 , x p of a point P of a p 
may be regarded as a set of weights with sum unity, each 
attached to the corresponding vertex, as x r to A r , and so 
selected that P is the center of gravity of the resulting 
system. If now we attach to each vertex B s of a q all 
weights formerly belonging to those vertices A r which 
correspond ^to B s , the resulting system of weights on the 
vertices of o q will form the barycentric coordinates of a single 
point Q of a q . The transformation of d p into g q thus defined 
for each point of a p is evidently single-valued and continuous. 
We slia11 call it a barycentric transformation (Brouwer [3]). 
The p +1 weights attached to the q+ 1 vertices of a q may be 
regarded as singular barycentric coordinates of a q when p > q. 

A barycentric transformation of a p into a q evidently deter¬ 
mines a barycentric transformation of any face of ^ into 
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the face of a q determined by the correspondence of vertices. 
Hence we may extend the transformation to simplicial com¬ 
plexes and define a barycentric transformation (or deformation) 
of a simplicial complex K as one in which each cell of K is 
transformed barycentrically. Note that any continuous trans¬ 
formation of K which is defined by means of a barycentric 
deformation of each closed cell is a barycentric deformation. 

15. The Fundamental Deformation Theorem. Every chain 

or complex on K has a subdivision homotopically deformable 
over K into a subcomplex or subchain of K in such manner 
that no point leaves the closure of the cell of K that carries it. 

The proof being identical for chains and complexes we will 
take a K p . We shall show by induction on n that a K p whose 
mesh is less than a certain c lias the required property. 
Since every K p possesses a subdivision whose mesh < e this 
proves the theorem. As it is obvious for n = 0, we can 
assume that it holds for the dimension n — 1 , in particular 
for the complex K n - 1 obtained from K by the removal of 
its n-cells, the suitable value of e being e . 

Select a point P l on the cell Eh of K and on that cell 
draw a sphere Hh-i of center P\ Let G be a point set 
exterior to all the spheres and G' its rectilinear projection 
from the P’s onto K n -\. The points on K n - i remain fixed 
and those on Eh are projected from P l alone onto the boundary 
of the cell. For a given diameter ? of G , the diameter of 
G' has an upper bound r/ which tends to zero with s. 
Hence 5 can be so chosen that //O'. We take e less 

than i, £ and K n - 1 ). 

Let then K p be the sum of all closed cells of K v which 
meet K n - i. Under the circumstances no point P l is on K p . 
Hence the cells of K p have well defined projections on K n -\ 
and these projections have for sum a complex of mesh e . 
This complex is by assumption barycentrically deformable 
into a subcomplex K p of K n - 1 in such manner that its points 

do not leave their carrying closed cells of K n - 1 . 

Each cell of K p — K py in particular each vertex of it, is 
on a unique n-cell of K . Displace each such vertex into 
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some vertex of that n- cell. Now if E q is any cell of K v 
lying say on Eh , each of its vertices, whether in K p — 
in Kh, lies on E l n . The deformation of K' }) into K 


A7>, 


r- r 


tlie displacement of the vertices of K p — K p 


p 

P or 

7 plus 
has established 


a displacement of each vertex of E q into a vertex of E n . 
Hence we can deform the cell E q barycentrically over E n into 
the face of E n determined by the displacement of vertices. 

\\ hatever then the cell E q of K p we have established 
a barycentric correspondence between its points and those 
of a certain cell of K, which is a true or a degenerate o q . 
The point pairs P, Q, associated by the correspondence are 
always on a closed cell of K and hence the segment EQ is 
uniquely determined. The set of all these segments determines 
a deformation complex 2 )K P for a deformation of K p into 
a subcomplex of K. This proves the theorem. 

Remarks. 1. If K p has a subcomplex K q in common 
with K we may choose the barycentric deformation such as 
to leave K q invariant. All that is necessary is to carry out 
the subdivision of K v in such a manner as to leave K q un¬ 
touched. The restriction as to the diameter of the cells 
is to be applied to the cells having no cell of K q for a 

face, while if a cell lias such a cell for a face, its points 
must not be farther than q from it. Similarly for C p in 
place of K p . 

II. It is important to bear in mind that the dimension p 
of K p or C p has been in no sense restricted. It may for 
example very well exceed the dimension of IC. 


§ 4. Invariance of the Homology Characters 

16. Let C p be a non singular chain and C p a subdivision 
of it. A translation of every vertex of C' p to one of the 
vertices of the cell of C p that carries it defines, as in the 
proof of the deformation theorem, a barycentric deformation 2) 
of Cp into a subchain C p of Cp. I say that C p = C p . This 
being true for p = 0 we can assume it for p — 1 and prove 
it for p. Furthermore due to the linearity of the chain 
symbols and the fact that every ^-cell of C p is deformed 
into a multiple (possibly zero times) of the carrying ^-cell of C p , 
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it is sufficient to prove that the property in question holds 
for C p = E p a single p- cell. 

This being the case, F(C P ) is on F(E P ) and remains on 
it throughout 2). Also since the property holds on F(E P ), 
F{C P ) — F(E P ). But C p = t(Ep). Hence F(C P ) = tF(E p ), 
and therefore t = 1, which proves our assertion. 

Since the behavior on a singular chain is the singular 
picture of the behavior on the ordinary chain, and since 
F{C P ) d F(C P ) throughout 2) we have the 

Theorem. A eyrie of any one of oar types is homologous 
on itself to its own subdivisions , homology being understood i)i 
each case in the appropriate sense. 

17. Combining this with the deformation theorem we 
have the 

Theorem. The combinatorial and topological homology 
characters of the same type are equal. 

The deformation theorem implies that any p -cycle T py of 
one of our four types, has a subdivision deformable into 
a subcycle T p of the same type, the boundary on L remaining 
on L. Hence by that theorem, the one just proved and 
the theorem of No. 9, F p ~ T p in the appropriate sense. 

Let several cycles r p be thus reduced to subcycles r p and 
suppose that 

ti il ~ 0 modi or (L, m). 

We shall also have 

2 ti T p ~ 0 mod L or (i, m). 

Therefore 

mod L or ( L,m ). 

From the deformation theorem applied to C p +\ it follows that 
C p +1 may be replaced by a subchain with the same boundary, 
i. e. we may assume it to be a subchain. Therefore the 
homology between the cycles r' may be taken in the com¬ 
binatorial sense, i. e. as in Ch. I. 

Conclusion. Let homologies between cycles be understood 
in the topological sense, those between subcycles in the 
combinatorial sense. Then there is a one-to-one homology- 
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preserving correspondence between the families of homologous 
cycles of each of the two kinds. This proves our theorem. 
An immediate consequence is the 

Fundamental Invariance Theorem. The combinatorial 

homology characters of a complex are topological invariants . 

Corollary. The topological homology characters of a complex 
are finite. 

Incidentally we have proved the very useful 

Theorem. If a subchain of K is ~0 in one of the four 

IS »' %S 

possible senses of the homology (absolute , mod L . etc.), it bounds 
in the same sense a subchain of K. 

In regard to the invariance proofs see Alexander [2, 19), 
Yeblcn [5]. The proof given here is essentially Yeblen’s and 
closely related to Alexander's first proof. A second proof by 
Alexander is based upon a condition for the homeomorphism 
of two complexes and will be recalled in Ch. 6, § 3. 

18. The invariance of the combinatorial w-circuit. properties 
is again obtained by identifying them with the corresponding 
topological properties (No. 5). 

Suppose then that K is a combinatorial ^-circuit modi. 
The problem is to show that it is also a topological ^-circuit. 
The Betti number and base conditions are satisfied bv what 
precedes. We have a unique cycle /’„ mod(£, 2), subchain 
of K, and we merely have to show that if r,[ ~ /'„ mod (L, 2) 
then every point of K — L is also on 

Suppose that there exists a point P of K—L not on r,[. 
We may replace complexes and chains by subdivisions of 
arbitrarily small mesh. In particular let the mesh for the 
subdivision K' of K be less than d{P, /'/,). Then a suitable 
subdivision of /'/, will have no point on at least one E n of K' 
and yet come under the deformation theorem. In the linear 
expression for the corresponding reduced subcycle P* of K' 
the cell E n will not appear at all, hence K' is not an ^-circuit. 
As the n-circuit has been shown to be invariant under sub¬ 
division we have here a contradiction. Hence every point 

of K L is 011 r n and the combinatorial n-circuit is also 
a topological one. 
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The invariance of combinatorial orientability depends only 
upon the Betti-numbers and therefore follows from No. 17. 
For the same reason it coincides with topological orientability. 

§ 5. Invariance under Partial Homeomorphism 

19. We have already observed that it is a priori probable 
that the characters of A mod A are not so much topological 
invariants of the pair of sets .4, A as of their difference 
A — B . We propose to substantiate this for the following 
very general case: A — B is open, A — B a complex. 
L = A — B — (.4 — B) is locally connected , an important 
property to be defined below, introduced by Alexander. 

The term “partial homeomorphism” refers to the fact that 
we are considering a homeomorphic transformation, not of the 
whole of AT into, say AT', but of its open subset A"—A into 
a similar subset, K' — A', of K\ 

20. We first consider certain properties of neighborhoods. 

Let A be a compact metric space and A, C , closed subsets 

of it. If d(ByC) = 0, the sets meet one another. For the 
set of all pairs of points of which one is on A, the other 
on C is also closed. Therefore there exists an actual pair 
whose points are at a distance apart less than any *>0, 
and therefore coincide. 

It follows that if N is a neighborhood of A, d(B , A — N)> 0. 
For otherwise A and A — N, both closed, would meet and so 
would N and A — N, which is absurd. 

The number d(P , A — A T ), P a point on the boundary of A, 
has a maximum € actually reached for some P since the 
boundary of A is closed. It is called the width of the neighbor¬ 
hood N. The distances between points of A and points of 
A — N are therefore included between two positive numbers. 

21. Let A be a closed set on the complex AT, N the set 
of all cells of K whose closures meet A. The complement 
X—N of N is the set of all closed cells which do not 
meet A. It is therefore a complex and in particular a closed 
subset of AT. It follows that N is open and as NZDL it 
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is a neighborhood of L on K. This type of neighborhood, 
which recurs frequently in the sequel, shall be called the 
K-)icighborhood of L. If K' is a simplicial subdivision of if 
whose mesh is r t , the AT'-neighborhood of L is of width O/. 

When L is a subcomplex of K , its /v-neighborhood, X L y 
consists of all cells of K having vertices in common with L . 
There are now two possibilities: 

(a) Whenever a cell has all its vertices on L , it is a cell 
of L. The neighborhood X L will then be called normal. 
In that case if E n is anv cell of .V L — L we have E 




Oq Op — q—\ 


with o q on L , (fp-q-i on K—L and <7 < p. A normal neigh¬ 
borhood has the following noteworthy and very useful property: 
Through every point R of E p there passes a unique segment 
PQ with P on a q and Q on It is the segment that 

project* R on L. 

(b) There are cells of N L — L with all their vertices on L. 
Then the first derived K' of K will be as in (a), and the 
associated neighborhood X' L will be normal. 

In short either K or its first derived will yield a normal 
neighborhood with its convenient system of projecting lines. 
That is quite satisfactory in practise for in general all that 
is needed is a convenient K ^neighborhood, where K° is 
some subdivision of K. 

Incidentally we can consider a convex K as falling under (b). 

22. In deriving the results of the present section it is not 
necessary to restrict L to a non-singular complex on K. The 
proofs hold indeed just as readily when L is allowed to be 
an arbitrary closed subset of K having local connectedness. 
A compact metric set 9t is locally connected whenever 
for every e there is an // such that every sphere H p on 9 t 
whose diameter < r/ bounds a cell E p + 1 equally on 91, whose 
diameter < *, where both H and E are allowed to be singular. 

For p = 0 local connectedness was first introduced by Pia 
Nalli. One might impose connectedness for all values p < q, 
thus obtaining local q-connectedness . The different orders of 
local connectedness are indepeyident in the following sense. 
Given any finite set of integers r, s, t all positive or 
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zero, it is possible to construct a closed point set in St fi 

having local connectedness of all orders lower than the small ~ 
est r, s , •••, t and no local connectedness of any of 
the latter orders. a 


The following proof is by A. B. Brown. If we can show 
how to construct a closed point set having all orders of 
local connectedness except some assigned one, say q, the 
required point set may be had by taking the sum of point 
sets for which this integer is r, s , • ••, f, and which do not 
meet one another. If q = 0 a set of isolated points having 
a single limit point, plus that limit point, may be taken. 
For q > 0, we take two line segments L and If with end 
points PA and PA ', making an angle of two degrees in 
and choose some S tI +i in St+ 1 , containing L and L '. 
Mark the sequence of points IP — A, B 2 , B : \ •••, each 
half way from its predecessor on L towards P. Correspon- 
ding to IP is taken the (/-sphere If in S q +\ with center at 
IP and tangent to If No two of the spheres W have a 
point in common. The required point set consists of L' and 
the spheres H! r 

Remark. Local connectedness of any one of the above types 
ts a topologically invariantive property. 

23. Theorem. Every complex is locally connected. 

Given K and e >0, subdivide the complex into K f of mesh 
d <L h e. There exists an // <T 2 d < e such that any subset of K 
whose diameter < is on the star of some vertex of K'. 
For otherwise, whatever «, there would exist pairs of points 
on two closed cells without a common vertex, yet not more 
than a apart. Since K is closed, we could find a limiting 
pair consisting of two coincident points on two closed cells 
without a common vertex, -which is absurd. 


If d (H p ) < rj , H p is carried by the star of some vertex A 
of A. The segments from A to H p generate an E P +i on the 
star, hence of diameter <2 d<*, bounded by H P1 which 
proves the theorem. It is scarcely necessary to point out 
that tj ^ €. 

24. The Extended Deformation Theorem. Let L be a subset 
of K , both being locally connected and closed. Then for 


a See Addenda. 
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every e there exists an /, such that any singular K p on K whose 
points are not farther than >/ from L is e-deformable onto 
L on K. 

For p = 0 this is a direct consequence of the Bond 

Theorem and tlie local connectedness of K. Grant it for tho 
dimension p —1 and for a certain e'O; let /j be the >/ 
of the theorem corresponding to that dimension. Let also 

K v -\ be the complex left on removing the ^-cells from K p . 

We will assume the points of K p -\ within a distance f from 
L so that it becomes ^'-deformable into K p _i on L over K . 

Let K p be any cell of K p , H p -\ its boundary sphere. 
D ) its deformation complex, associated with the de¬ 


formation of J\ p ~\ (§ 2). That deformation turns it into 
a sphere Hp— i, subcomplex of K' p -\. 

Now d(H') tends to zero with t' and with the mesh of 
J\ p -i or, if we wish, with £, the mesh of K p . We can re¬ 
place K p by a subdivision of mesh as small as we please, 
i. e. dispose of the magnitude of £. Since is locally con¬ 
nected, we can so choose e ' and £ that H p —\ bounds on L 
an E p whose diameter < £ assigned, and that furthermore 
this be the case for all spheres analogous to H p -\. 

Now E p -f E p + $ is a singular H p image of the boundary 
of the deformation complex of an E p , and d{H p ) tends 
to zero with f S, C. Since K is locally connnected we 
can so choose these three quantities that H p bounds on K 
a cell Gp-H whose diameter <£, and that, furthermore, this 
he the case for all spheres analogous to H p . The set of all 
cells G plus the deformation complex for K p -i constitutes 
a deformation complex for K p into A^'-i plus the sum of all 
cells Ep on L and the corresponding deformation of K p onto 
A is 6. Our construction has resulted in assigning an upper 
bound to t . \\e choose as tj the corresponding f . When 

the points of K p are not farther than this r ( from L the 

preceding construction can be carried through. The theorem 
is therefore proved. 

25. Remarks. I. When AT is a complex, rj can be chosen 
independent of For designate the // of the theorem by 
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n 0 , p)* We will take for fixed rj the least of the numbers \e 
and ^ v (£ e , q), 0 < q n. By the fundamental deformation 
theorem any K p whatever is ^/-deformable into a subcomplex K q 
of a subdivision of K. If the points of K p are not farther 
than rj from L , those of K q will be not farther than ?(£*, q) 
from L . Hence K q will be ^-deformable onto L and K p 
^-deformable onto L. 

II. K p may be replaced everywhere by a C^. 

III. If K p or C p have cells on L they may be kept fixed 
throughout the deformation. 

IV. If C p is a cycle modi or mod(L, m) behaving as in 
the theorem, it is ~Omodi or mod(i, m) on K . 

V. An equivalent form of the theorem is as follows: For 
every N' L there exists N L d N ,L such that every K p d N is 
deformable onto L over N '. 

This theorem which we first proved in [14], may be con¬ 
sidered as an extension of Alexander’s deformation theorem 
for manifolds [2], to whose proof it is also very closely related. 
Alexander’s theorem for complexes is obtained if we take for L 
what is left when the u-cells of K are removed. The special 
property of manifolds utilized by Alexander, that every point Q 
has an w-cell for neighborhood, is replaced by the local 
connectedness of K. 

26. Our deformation theorem will enable us to replace the 
study of cycles mod L by that of cycles mod some K. In 
order to carry out this idea take three neighborhoods 
NCZ N' CZ N" of L such that A T , iV' and A 7 ', N" are related 
like N f N' in the modified statement of the theorem. Let 
now F p be any p-cycle mod L . We associate with it a ^-cycle 
mod N f say A p , not meeting L , obtained by removing from r P9 
or from some subdivision of it, a j^-chain on N' whose boundary 
is on N. We obtain, for example, a A p by subdividing I v into 
a cycle of mesh <d(L , K — N ) and removing the cells 
whose closure meets L . Other modes of obtaining a A p are 

however by no means excluded. 

It follows from the deformation theorem that any A p mod A 7 , 
not meeting L , is associated with some r^modi. For F(A P ) 
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is deformable onto A on A 7 ' and its deformation complex plus A p 
constitutes precisely a A ;) modA. 

We have the following basic properties: 

(a) If A p is associated with T p then V h is associa ted 
with V f h r'p. 

(b) The following homologies are equivalent 

f ? ~Omodi, A p ~ 0 mod X'. 

We may replace T p by the subdivision of which A p is part, 
hence assume r p = A p -\-c p , C p dX'. If then C p ^ -> r p 
we have C p +i -»• A p mod N', hence the second homology is 
a consequence of the first. 

When the second holds there exists a C p + 1 -» A p -f- C p , C p d A 7 '. 
Hence T p -j- C p — C p ~ 0. But a chain ~ 0 is a cycle. Hence 
F(C P — C p ) = F(T p ) Cf L, or C p — C' p is a cycle mod L on X'. 
By the corollary of the deformation theorem as modified in 
No. 25 and applied to the pair of neighborhoods A 7 ', A 7 ", 
C P — C p ~ 0 mod L. Therefore also r p ~ 0 mod L. 

27. Let note K he once more an n-complex. We can choose 
for one of our neighborhoods sets whose closures are sub¬ 
complexes of a subdivision A" of K. Hence there exists a base 
for the jj-cycles mod N consisting in fact of subchains of A'. 
As a consequence for pi> n, A p ~ 0. From any cycle of 
that base we may remove the.cells whose closure meets L 
and then rve have a base {A p }, h = 1, 2, r, whose 
elements are of the type of the A p considered above. Let 
T p be the T p associated with A p . Then given any T p and 
the associated A p we have 

A P ~ £ th Ap mod X, hence mod A 7 '. 

Therefore by (a) and (b) combined 

T p ~ ^ th Tp mod L. 

Hence the set {/'£} is a base for the p-cycles mod A. It is 
clear that mod A or mod A 7 , ... can be replaced throughout 
by mod (A, m ) or mod (A 7 , m) .. •. Therefore we have proved 
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Theorem. When K is a complex and L a locally connected subset 
of K there exists a base for all cycles mod L or mod(L,m). 
Hence there exist torsion coefficients and all homoloyy characters 
mod L or mod(L, m) are finite. For any dimension > n there 
are no torsion coefficients and the Betti numbers are zero. 

28. It is now a simple matter to establish invariance under 
partial homeomorphism, whether K is a complex or otherwise. 

Let then St, 2, be a pair analogous to K , L with St — 2 the 
homeomorph of K —/> under a transformation T . The image 
of K — X Ij is a closed subset of St, which does not meet 2. 
Its complement 9t 2 fj 2 and is open, hence it is a neighborhood 
of 2. In other words to X Ij corresponds = St — T(K —iY 7y ). 
Conversely, given 9i 2 , X L = K — T~ l — 9i c ) is a neigh¬ 
borhood of L on K. In short, the complements of the 
neighborhoods are transformed into one another. It is also 

on K correspond to 9J, S JJ' on St then 
9i' and conversely. 


clear that if X, X 

X CZ y' implies 9t _ 

Let now X, jY' be related as in No. 26. Then we are not 
assured that s )i , 9i' will be so related on St. However, there 
exists an S JJ* related to 9J' like X to X'. Let its image on 
K (in a transparent sense) be X*. Then iV-iV*, are 

again neighborhoods, images of one another, and respectively 
related to ^\ T/ , s Ji' in the desired manner. In other words, 
given X', we can always choose X related to it as in No. 26, 
such that their images S )L, s Ji will be similarly related on St. 

It follows that we can find a triple X , X', A" such as in 
No. 26, whose images s Ji, 9t', S JL' are similarly related. Once 
this is acquired, the correspondence between the chains A P 
on K with their images on St, is one-one with the. homo¬ 
logies mod X' and mod ")l f corresponding to one another. 
The bases and their fundamental homologies must then likewise 
correspond to one another. Hence the homology eharacteis 

are the same. 

29. We still have to consider the n-circuit and orientability. 
If the Betti number conditions for one or the other properties 
are verified as regards one of the two sets A L, St > 
they are as regards the other. "We merely have to show 
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that if every w-cycle mod (A, 2) on K carries every point 
of K —A the same holds for Si and 2. This however follows 
at once from the fact that the n-cycles on the two sets 
correspond to one another in such manner that except for 
neighborhoods of A, 2 as narrow as we please, they are 
homeomorphic to one another under T. Summing up then 


we have 

Theorem. Let K,L , Si. 2, be locally connected and closed 
and let A— L and Si — 2 be homeomorphic. Then their 
homoloyy characters and their circuit properties are the same. 

Remark. W hen K is an orientable ^-circuit mod L we 
have a base cycle T n for all the w-cycles mod L (not merely 
mod (A, 2)). In place of T n we may also take — T' n and 
to orient K mod L is equivalent to choosing one of the 
two opposite cycles. The choice is topologically invariant 
in this sense: If r,[ is any other base cycle then + A,' or 
/ 'n ~ r n mod A. Of the two opposite cycles ± A,' we 
must choose the only one for which the homology is true 
and it is unique. 


§ 6. Invariance of Dimensionality, Regionality and 

the Simple Circuit 

30. In this section we have gathered some invariantive 
properties of which the most striking are those pertaining 
to spatial regions due to Brouwer. One of our purposes in 
taking them up here is to show their intimate connection 
with the invariance of the homology characters. 

Theorem I. The dimension n of K is the hiylxest integer 
such that there exist locally connected mbsets A of K for 

which R n {K ; A) 4 0. 

The notations being as in § 5, any A P can be reduced to 
J,, mod A 7 ' and subchain of a subdivision of K . When 
P>n y Ap is a degenerate p-cycle, hence ~ 0. Therefore 
Hp{K\ A) = 0 for p>n. On the other hand let E n be an 
n ~cell of AT, and let A = K—E n . We have here = l, 
Qn = 0, these numbers being as in Ch. I, No. 27, hence 
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JR n (K; L) = 1 and in fact R n (K\ L, m) — 1 whatever L . 
This proves the theorem. 

Theorem II. The dimension n of K is a topological 
invariant. 

This follows from Theorem I plus the fact that the L’s 
have topologically invariant character. 

31. As a preliminary to the proof of an important lemma 
we shall make certain simple observations. Let C p be a non¬ 
singular chain on our usual ^-complex K. Since C p and 
F{C P ) coincide with complexes we can take them as our 
pair K, L of § 5. The analogues X 1 ', X'* of the neighbor¬ 
hoods figuring in V of No. 25 may then be taken as neighbor¬ 
hoods on our present fundamental complex K and not merely 
on C , for it is only the width of X that matters. 

Observe next that in the equivalence of homologies in 
No. 26 it is actually immaterial whether A meets L or not. 
Since ~ 0 mod X is stronger than mod X' , we have this 
result: There exists an X F on K such that if a cycle mod F 


on C , is ~ 0 mod N, it is also ~ 0 mod F. 

We shall designate by T * a barycentric ^-deformation 
b} r means of which we reduce a chain or complex on 
K to a subchain or subcomplex of a subdivision whose 

mesh is ?. 


Lemma I. For every non singular C p on K there exists 

an such that T* C p ^ 0 when £ <C y • 

Let X be the neighborhood of F(C P ) on K considered 

above and the width of iV r . We take rj < e and < the rj 
of No. 24 corresponding to e and to L = C p . Suppose that 
T$C P = 0 for f <07 and call D p +i the deformation chain 
of C p under T. Since its points are not farther than rj from 
C p it can be ^-deformed into D'p+i on C p without displacing 
any point of its subchain Cj, (No. 25). The associated 
deformations impressed upon F never make it leave N. 
Hence D'p+i-» — C p mod X, C p ~0 modX, hence mod F on 
ts elf which is impossible since it would have to bound a proper 
( i ? + 1 )-subchain of itself (No. 17) and none exists. This 

proves the lemma. 
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32. Corollaries. I. For every non-singular K p on X there 
exists an t\ such that no T*K P , $<rj, is a complex of less 
than p dimensions. 

For if this were untrue the lemma would fail to apply 
to the C p sum of the p-cells of K p . 

IF -1 non-singular C p or L p cannot he on K p when j)^>n. 

For every 7 1 * C p = 0 and every 7’ ; K p is of dimension 

<p. 

F1F A non-smgulai cell cannot he on one oj lower dimension. 

Foi if Ep E n , E p carries a K p , which is a closed 

-P'Cell, on a K n which is a closed ?i-cell, and this is impossible 
when p>n. 

Remark. Lemma I and Corollary I are special cases of 
a very general theorem on the deformation of closed sets 
due to Alexandroff [10], his proof being quite unlike ours. 

33. Invariance of Dimensionality. Theorem. When two 

spatial regions 91, 91', arc liomeomorphic their dimensions are 
the same. Brouwer [6]. 

Let 91 CZ S n , 9t' CZS n -. We may assume 91 and 9C bounded, 
since in any case they have homeomorphic subsets that are 
bounded regions. Then S„ ZD «„ Z) 91. Hence there is an 
«-cell on 91', i. e. on S n - and therefore on. some oy of Sw . 
Hence n' ^n. Similarly n' <[ n, hence n = n. 

We see thus that Brouwer’s theorem is a quite rapid 
corollary of the deformation theorems. 

34. Lemma II. The situation being as in Lemma 1 , let E p he 
a cell of C p , N a neighborhood of E p on K. There exists 
an ij such that 7’’ C p , has p-cells on N when J<Ciy. 

The proof is exactly as in Lemma I, with F(C P ) replaced 

by Cp — tE p , where t is the coefficient of E„ in C„ and 
n<d(E, K—N). P ’ 

Corollary. Lemma II holds with E p replaced by any non¬ 
boundary point Q of C p . 

Subdivide C p into C p with Q as a vertex, and with a w-cell 

having Q for vertex lying on Nf The corollary follows then 
by applying Lemma II to that p-cell. 

35. Theorem. If E n C Ef E n is an open set on E’. 
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We may assume that Eh is a a n , and that F(E n ) is an 
(n — 1)-sphere, since every point of E n is on an n-cell which 
is on E n and whose boundary is such a sphere. Taking any 
point Q on E n , we choose as iV^the interior of a Euclidean sphere 
of center Q and radius <L\d{Q, F(E n ))- Subdivide into K 
whose mesh ? is as small as we please and in any case less 
than the radius of N, and then reduce E n by an appropriate T 
to a subchain C n of K. From the last Corollary we learn 
that for suitably small ?, C» will have n-cells on X. Let 
one of them be E\ . On the other hand, due to the choice 
of ?. F(C„) does not meet X. Let E» be any other cell 
of Cn on N. We can join two points of Eh and E n by an 
arc l on N crossing only n- and (» — l)-cells of K. Since 
every — l)-cell thus crossed is a non-boundary cell of C n 
and is incident with two n-cells of K to which it is oppo¬ 
sitely related, if one of the n-cells appears in C» so does 
the other. Consequently all n-cells thus crossed belong 
to C n and in particular so does El Thus every closed n-cell 
on X is a cell of C n . Hence C n carries every point of 
at a distance > 5 from the boundary of A. Since ( n "T 

every point of N is at a distance < 2 £ from E» . But A 
is fixed and £ arbitrarily small, hence NCZE n , which proves 

the 36 th lNVARlANCE OF REGIONALLY. THEOREM. If 3d » « re 0 tuH 

of S n and 3d' its homeomorph on S u , then 3d is liceiase a 

renion of Sh- Brouwer [8,11]. 

This is an immediate corollary of the preceding theorem. 

Since 3d' is the homeomorph of 3d, there is a bounded non-singular 

E n on 3d' through any point Q of 3d'. As ,n^J 
is an open set on Sh- As it is on 3d an ZD Q, 

the REM e A 0 RK em A number of proofs of Brouwer’s theorems are 

in existence besides his own. We may mention those f of 
Lebesgue [2] noteworthy owing to their impo ^ 

dimensionality theory, Alexandci [ ], P proofs for 

Kuratowski-Masurkiewicz [1]. Regarding 

n = 2, see Kerekjartd [10]. 
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37. Invariance of the Simple Circuit. Theorem. JfK—L, 

K' - L' are partial homeomorphs and one of them is a simple 
circuit , so is the other . 

We designate the image on K' — L' of any configuration 
of K—L by accenting its symbol. Let G be the sum of 
all cells of K—L whose dimensions < n — 1 and E,f x any 
(n l)-cell of K' — L' . We already know that K '— IJ is 


a circuit (No. 29) and it remains to be shown that E,[- x is 
incident with two n-cells of K' — L'. 

In the first place E^ X (\ZG', else E n _ x (ZG, which con¬ 
tradicts No. 32 Corollary II. Let then Q' be a point of En-i 
not on G . Q is on an n-cell on K — L which is an N®. 
hor when it is on an n-cell of the circuit that is obvious. 

hen it is not on such a cell, it is on an E n - X and that 
En-i plus the two incident n-cells form a configuration liomeo- 

P ne, , of same structure on S n . But 31 is 

a convex polyhedral region of S„, hence an n-cell, and so is 
the configuration on K — L. 

Passing then to K' — L', Q' is on an n-cell, on K' — L' 
which is an for K’ — L'. It follows that every n-cell 
through Q' on N® is likewise a neighborhood for Q' (No. 35). 
But if E n - 1 , the cell of A" — L' that carries Q', is incident with 
more than two n-cells of K' — L', N<? carries an E n on 
only two of the n-cells otK' — L' just mentioned and hence 
assuredly nof a neighborhood of Q'. It follows that En- X 
m incident with only two n-cells of K' — L'. 

38. Invariant properties of cells and spheres. We 

list here a number of properties of cells and spheres which 

are rapid consequences of some of the theorems in this and the 
preceding section. 

P The dimension n of E n or H n is a topological invariant. 

for we can take as representative of two homeomorphic 

«, E n , simplexes o, l} o n ', Since these are resions of 
spaces S n , S n ', we must have n = n '. 

As for H n , the theorem follows from the similar one for K n . 

. Every H n ? s an absolute orientable simple circuit without 
torsion coefficients whose Betti numbers are 
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Bp (H n ) 


0 for p ^ 0, n , 
1 for p = 0, n. 


For F(a n ) has these properties and since they are invariant 
they also belong to H n . 

III. Let E n = K — L, where K, L are as in § 5. Then E n 
is an absolute orientable circuit mod L without torsion co¬ 
efficientsthe Betti numbers being 


Bp ( En .; L) 


0 for p < n, 
1 for p = n . 


For these properties are invariant and belong to a n . 


§ 7. Extension of Boundary Kelations 

39. Let if be a circuit mod its subcomplex K n -i and 
Kn-i a circuit mod its subcomplex L . Denote by r ny T n -\ 
cycles of K mod K n -i and of K n -i mod L which form bases 
for their types. 

F(r n ) is an (n — l)-cycle whose (n — l)-cells are all cells 
of K n - 1 . We can write 

F(r n ) = Cn-l + Cn-i 


where C n -1 is a subchain of iT ;l -iand C ' n -1 is a subchain of L. 
Since F(T n ) has no boundary, F(C n - i ) = — F(Ch- 1 ). Hence 
C n -1 is a cycle modi. But every such cycle, subchain of 
K n - i, is a multiple of F n _! modL. We may assume that I n - 1 
has no (n — l)-cell on L since these cells may be neglected. 

Then C n -i = ijF n -i. Finally 

r n -+r] F n _i mod L. 


For 


integer r\ has an important property of invariance. 

let us break up the point set K into the cells of a new 
complex K* in such manner that the various complexes and 
chains become individually similar elements designated by the 
same letters starred. Thus K n - 1 has its point set decomposed 
into the cells of a new complex K*-\, etc. We assume r n , n -\ 



II. INVARIANCE OF HOMOLOGY CHARACTERS 


103 


oriented like the associated 11011 -starred 
with No. 29. We shall have 


chains in accordance 






mod K„- 1 , 



I n —1 




> 1 — 1 




f'n —i mod L . 


mod L, 


Let us subdivide the starred complexes so as to make it 

possible to apply the deformation theorem, then deform them 

into subcomplexes ol A. Denote the new complexes by the 

same symbols as the old. The above relations will continue 

to hold. This time r, ly subchain of K, being homologous 

to^Tj mod A/j-i, coincides with that cycle and similarly for 
r n -i and r n _ i. Therefore 

r n -+ yy* r mod L. 

Since the coefficient of every cell of /Vi, and hence that of 
Ci-i itself, in sucli a boundary relation is unique, ij* = y, 
Therefore, rj- depends not so much upon the complexes 
K, K»-x, L as upon their total configuration. 

40. What we have just brought out can be extended at 

once to the decomposition of AVi into q circuits mod L, 

say AVi, ..., AVi. If r,\_ x is a base cycle for AVi we 
find 

r a -*■ £ m r ,\,-1 mod L, 

the tj's being invariant in the same sense as above. 

A decomposition such as the above is always possible; for 
example, by taking as K 1 's the closed (n —l)-cells of AVi . 

41. The most interesting case is when AT—AVi and the 
sets AVi L are all cells. A\ e designate the corresponding 
cycles by E„ , Eh-i. Each is a single circuit mod its boundary! 
thus E n consists of a sum of <r„’s two and only two of them 
incident with any non-boundary a n _ x and similarly for the 
cells En-i. The boundary relations now take the usual form 

E n -* ^ i]i Eh—i 

with the important modification, however, that the v 's need 
not be ± 1 or 0, but may assume arbitrary integral values. 
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Furthermore rji may well be zero even when Eh- 1 is on the 
boundary of E n . 

Example. Consider the customary decomposition of the 
anchor ring into a rectangular surface with coincident oppo¬ 
site sides. We have here an E 2 , the surface of the rectangle, 
and a pair of one-cells, E}, E{, on its boundary. However 
each one-cell appears in F(E 2 ) twice, with opposite orienta¬ 
tions, hence 

E 2 -> 0 

that is = rj 2 = 0. 

If two of the opposite sides of the initial rectangle are 
matched in such manner as to have a non-orientable Mobius 
strip we shall have 

E 2 -*El + E{+2E? 

where E'i is the cell with which the two sides coincide, 
and El y Ely are the free sides of the rectangle, or borders 
of the strip with one point out. 

Let K be the actual homeomorph of a <r„, with K n -\ =H ,,-i 
as the homeomorph of the boundary sphere, and K — K n -\ = E n 
as the oriented cell. We have here 







Since rj 
or 


± 1 for the simplex, its value is the same here, 



i E n — 


When the sign is +, cell and sphere are positively related, 
they are negatively related otherwise. If Ehj-i are the cells 
of a decomposition of H n -1 and 


we have 



V 




IJi En —1 y 




En-^^TJi Eh-i 



and E n , Eh -1 are positively or negatively related accordingly 
as rii — +1 or —1. Here of course the cells Eh-i need 

not be simplexes. 
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§ 8. Combinatorial Complexes 

42. The preceding- results point to the possibility of extending 
the scope of our combinatorial machinery. To return again 
to the anchor ring, when our initial rectangle is turned into 
the ring we have a system consisting of the cells J? 0 , E\, E \, Ab, 
with the boundary relations 


A’u -> 0, E\ -> 0, E\ 0, E> 0, 

whose simplicity is striking. It would be adequate in every 
way were we assured that all homology relations on the ring 
are reducible to homology relations between subchains of the 
above four cells. In short what is wanted is some analogue 
of Alexander's deformation theorem for the system. Further¬ 
more the generalized aggregate of cells should be susceptible 
of simplicial subdivision, since we can make but little progress 
otherwise. 

What is the broadest class of cell alar aggregates haring these 
properties? No answer can be provided to the question at 
the present time. The best that we are able to do, and this 
covers all practical needs at the present stage of development 
of the science, is to provide a degree of generality sufficient 
for a well rounded out theory of manifolds. 

4,5. Combinatorial elements (Alexander). Our first 
move is to extend the notions of cell and sphere. To allow 
the boundary relations of § 7 free play the new elements 
must be circuits. But that is not sufficient and would not 
enable us, for example, to get a suitable extended deformation 
theorem for chains on the complex. The correct hint is found 
in a far reaching remark made to us several years ago (1924) 
by Alexander and followed up recently with considerable 
success by van Ivampen [3]. Another important point in 
this connection is that given a simplicial K we can ascertain 
by a purely combinatorial (finite) procedure whether it 
possesses the homology characters of cells or spheres. On 
the contrary to determine whether it is a true cell or sphere 
is a transcendental and as yet unsolved problem. In the 
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whole of combinatorial topology scarcely any other properties 
of cells and spheres were used or needed than the values of 
their homology characters. As an illustration we may refer 
to the developments of § 7. This indicates that we may go 
far without having occasion to call upon the deeper properties 
of cells or spheres. Thus since the whole structure deals 
exclusively with homology and circuit characters, homotopy 
and isotopy are in the nature of luxuries, and homological 
deformations amply sufficient. This suggests the following 
definitions: 

Combinatorial n-ccll. For n = 0 it consists of a single point. 
For ft > 0 it is a relative simplicial circuit K—L whose 
homology characters mod L are as for the ft-simplex. It has 
no torsion coefficients mod L and 


R P L) = 


\ 0 for p 4= n, 

I 1 for p = ft. 


This implies in particular that K—L is an orientable circuit, 
but not, for example, that it is a simple circuit. 

Combinatorial n-sphere. For ft = 0 it consists of two points. 
For ft>0 it is a simplicial absolute circuit K, with the 
homology characters of the ft-sphere. There are no torsion 
coefficients and 


RpVn 


f 0 for p 4 0 , ft, 
1 1 for p = 0, n. 


The implication here also is that K is an absolute orientable 
circuit, not necessarily simple. 

Ordinary cells and spheres are also combinatorial, and con¬ 
versely, for ft <3. Poinare [7], however, has given an example 
of a combinatorial which is not an ordinary sphere and 
from this we can construct any number of others (No. 48). 

Since the homology characters and circuit properties are 
both subdivision and topological invariants, combinatorial cells 
and spheres are configurations invariant topologically and 
under mere subdivision. 
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Combinatorial n-complex. An aggregate K of a finite number 
of non intersecting combinatorial cells of various dimensions 
up to and including n , such that: (a) The closure of any 
A'-cell of the set consists of that cell plus cells of the set 
whose dimension <Ar; (b) K possesses a simplicial subdivision. 

In other words K is merely an ordinary simplicial complex 
whose simplexes have been regrouped into new aggregates, 
the combinatorial cells of K. Observe that (a) implies that 
the boundary of every cell of K is a sum of cells of K. 

Combinatorial chains. The definition is as usual except that 
the cells are now combinatorial. Let C p be a combinatorial 
2 >-subchain of K , E l p the 7 >-cells of the latter, K' a simplicial 
subdivision of A", E p the cells of the subdivision induced by 

it on Ej). The cell E p , oriented, stands as in No. 41 for 

• • 

a certain chain £xtj E p and 

Cp — ^ >ji E p 


stands for the chain £ yi XijE$ = C' p . The chain C p is the 
simplicial subdivision induced on C), by K'. 

It is scarcely necessary to point out that combinatorial 
complexes include all types previously examined. 

We may also introduce combinatorial elements mod m, mod L 
or mod (L, m), i. e. as above except with homology characters 
mod >n, etc. In particular the elements mod 2 are sufficient 
in every question where orientation may be disregarded. 

44. The formal extension of the homology theory on the 
combinatorial side is based on § 7. To prove the topological 
invariance of the new combinatorial characters we need 
a deformation theorem. In its statement there will occur 


a new operation on C p , that of cell annexion, which is merely 
the inverse of subdivision. More precisely C p is said to be 
derived from Cj, by cell annexion whenever C p is a subdivision 

of C p . This is, for example, the case for the chains so 
designated in the preceding number. 

45. Deformation Theorem for Combinatorial Complexes. 

Every chain on K is reducible to a subchain oj K by the 
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combined operations of subdivision , cell annexion , homological 

deformation . Throughout the deformation no point leaves its 
closed, cell on K. 

The theorem being obvious for a K 0 , and for a C 0 on K ni 
we will prove it by induction. Let us assume it proved 
for K n —i, i = 1 , 2, •••, n , and all and also proved for 
A n and C p -i, i = 1, 2, • ••,/>. The induction will be com¬ 
plete if we can prove it for K n and C p . 

a) p<Cn. Let A„-i denote the complex composed of all 
cells of An of dimensionality lower than n . Now F(C P ) can 
be deformed onto h n —\, by hypothesis, since the dimensionality 
°f W,' i s ^ ess than /?. It has been proved that the chain 
obtained by adding the deformation chain of F{C P ) to C p can 
be obtained by deforming C p on the sum (No. 10). The 
boundary of the new C p will then be on K n -i. To save 
notation let us suppose that F(C P ) is on K n - 1 . 

P>y assumption C p and K n have simplicial subdivisions. 
Hence by the deformation theorem for simplicial complexes, 


C P can be deformed into a subchain C P of a subdivision Kh 
of K ny in such a manner that F{C P ) remains on K n - 1 . 

Let V be the point-set boundary of a given w-cell Eh 
°f Kn, C p the chain obtained by removing from C p the terms 
corresponding to cells not on Eh . Then C l p is a cycle modA i 
since F{C P ) is on K n —\. Therefore 


C l 

c p 




• .. — • 

0 modZ/ on Eh, 


as follows from the definition of combinatorial cell. Hence 
there exists a simplicial chain l) l p on IJ such that 



on 



# 

It has been proved that under these circumstances C l p can 
be deformed homologically into the chain D l p (No. 11). 

Now this process, applied to every n-cell of K n , will con¬ 
vert C p into a simplicial chain on K n -i. This chain can be 
deformed into a subchain of K n -\, by hypothesis of the in- 
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duction, for (n—1)- complexes. Therefore we have reduced 
C p to a subchain of K n . 

b) p > n. The reduction to a subchain of K n is as before, 
hence for p > ?*, C p is reduced to zero. When p = n we 
find this time that Ch is a multiple of the unique fundamental 
cycle on E\. As it is precisely that cycle which we de- 
signate by Eh (No. 41), we have 

Ch ~ t t Eh mod L. 


But since V is of dimension < n 7 and Ch is a subchain of 

• • 

the simplicial subdivision induced by Kh on Eh « Ch coincides 
with tiE n and Ch with 2*UEh, so that the initial chain has 
been reduced to a subchain of K n , even for p = n . 

In the reduction to a subchain of Kh no point leaves its 
closed cell on Kh, hence a fortiori not its closed cell on 
K n itself. The subsequent operations involve only defor¬ 
mations on K, i_i or else on the cells Eh, both of the proper 
type. Therefore the deformations never displace any point 
from its closed cell on K n and the proof of the theorem is 
complete. 

From this theorem follows at once as before the invariance 
of the various combinatorial homology characters computed as if 
one were dealing with ordinary cells. 

46. Further properties of combinatorial elements. 
In the sequel the only combinatorial cells encountered will have 
combinatorial spheres, of one dimension less, for boundaries. 
A simple property of such cells is that in their definition absolute 
invariants may replace relative invariants except that now 


^o(K) — 1, R n (K) = 0. The circuit conditions are of course as 
before. For let r r be an absolute cycle with r ^ 0. Under our 
definition r r ~ r' r ’-Cl H n -i for r\n . If r < n— 1, r’ T ~ 0 on H n ~i , 
hence r r ~ 0 on E n . Forr = n— 1, r; = tH n -i = tF(E n ) ~0. 
Since E n is a circuit mod L every n-cycle on it ~ a multiple of 
a chain whose boundary is H n -1 =|= 0. The reduced chain can 
only be an absolute cycle if it is = 0, hence the initial absolute 
n-cycle ~ 0. Thus r r ~ 0 for every r >0, the case r >n 
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being automatically disposed of, since we are on an n-complex, 
so that the absolute homology characters are zero for r ={= 0. 

Conversely let every absolute r r ~ 0 on E n for every 
r + 0- If is a cycle mod H n - X and y r -i = F(A r ), we 
have for r ^ n, y r -i ~ 0 on H n - 1 . This is true even when 
7 I = for y r -1 will be of type £ U A 1 , where the A's 
aie points and ^ U = 0. If A is a fixed point on the sphere 
and V- an arc whose end points are A, A\ 

H tip ^2 tiiAi—A) = 2 U A‘ ~ 0 on H n -i . 

Thus for every r * 0 or n, H„-x ZDCr-> Yr- 1 and —CV -> 0. 
This absolute cycle of dimension ^0 is by assumption ~ 0 
on E n , hence A r (\ ~ 0 on E n , A r ~ 0 mod H n —i and 
the relative numbers mentioned in the first definition are 
actually zero except that R n L) = 1 from the orientable 

circuit conditions. This proves the equivalence of the two 
definitions. 

47. The joins of complexes. There exists a noteworthy 
procedure for deriving new cells and spheres from given cells 
or spheres. A\ e consider it at length as it occurs frequently 
later. Thus from Poincare’s combinatorial sphere (No. 43) we 
shall be able to deduce other combinatorial elements that 
are not homeomorphic to ordinary elements. 

Let first K , K' be two simplicial complexes, for the present 
identified with their representations in some S n and so chosen 
that segments with end points on K and K' do not meet unless 
they coincide. If A, A' are two configurations on K, K' any 
homeomorph of the locus of all closed segments PP', PCZA, 
P'CIA', will be called the join of A , A' and designated by 
(A, A'). Thus from two configurations we obtain a third by 
a very simple construction first utilized in topology by Poin¬ 
care [4J, later also by Newman [1]. There is a close relationship 
with the products of configurations studied at length in Ch. V. 

The join (<r*, rrJ) of two closed oriented simplexes <L, 0j, 
is the closed (i -f -j + l)-simplex that we have previously 
designated by <r z oj. If a iy oj are oriented as written the same 
is to be true by definition for their join. 
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The join of two subchains of A", K'\ 

Cp ~ 2 X i > Cq =£ \Jj Oq J 

is defined as the (p + ? + l)-chain 

(Cp, Cl) = ^ Xi yj (aj , of) . 

It is easy to verify that when p and q are both >0 

(8) (« P , a,j) -> (-F(<t,,), ff 9 ') + (—l) p+1 (o>, F«)). 

From this follows: 

(9) (Cp, Cq)^> (F(C p ), d) + (—l)P+ l (C p , FiPD). 

These boundary relations hold even for p or q zero pro¬ 
vided that we make the conventions 

( F (<* o), Oq) = <Jq\ (<f p , F ((Jo)) = <*p. 

In other words if A is a point 

/g/x | (F{Cp) } -4) + ( — 1) />+1 C py 

lU, C') - Cl-(A, F(CD). 

48. The joins of closed cells or spheres. We will 
show that they are closed cells or spheres. More precisely let 
for the present H p stand for a combinatorial sphere, E p for 
a combinatorial cell whose boundary is an Hp- 1 . Then 
symbolically 

(10) (Hp, Eq) = (Ep, Hq) = (E p , Eq) 

, (Hp, Hq ) : = Hp+q+i . 

The proof will rest on the following 

Theorem. Let {//!}, {!'£*) be the minimum bases for the 

* . o complexes K, K’ without torsion coefficients. 

The cycles rtf) , h k — r — 1, constitute a minimum base 
for the r-cycles of (K, K') mod (K+ A"). 

The proof of this proposition is word for word the same 
as that of an important similar theorem treated in Ch. V 
Nos. 11, 13, with (9) taking the place of formula (6) of Ch. Y 
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in the proof. There is then no necessity for giving it ex¬ 
plicitly here. 

The application to (10) is immediate. It will be sufficient 
to consider one of the joins, say (H p , Hq ). The minimum 
bases for the relative cycles of all dimensions will be com¬ 
posed of the cycles ( H p , Hq), (A, Hq), (H p , A'), (A, A'), 
where A, A' are vertices of H p , Hq. Of these chains (H p , Hq) 
is an absolute cycle, and the others are not. An absolute 
cycle r r , r> 0, of ( H , H') will be a linear combination of 
the above chains plus subchains of H and H\ Now we 
have by (9') 

(H p , A')^(-iy^H P ^ 0; {A,Hi)-+H' q ~ 0. 

If we compute F(r r ) by means of (9) or (9'), express the 
fact that it is =0, and make use uf the preceding homo¬ 
logies, we find 

r = p + q + 1 1 1 ~ t(H p , H q ). 

Hence the multiples of the absolute cycle (H p , Hq) are the 
only non-bounding cycles of dimension ^0. Since (H p , H q ) 
is connected, its R 0 = 1. Therefore the homology characters 
of (H p , Hq) are as for an H p + q +i . By construction it is 
the sum of its closed (p + q + l)-cells, hence it is an absolute 

circuit and therefore a sphere. 

49. There remains the question of boundaries. Referring 
to (9) or else directly we find that, orientations disregarded: 

I. When Eq has for boundary an Hq— i, the cell ( H p , E q ) 

has for boundary the sphere ( H p , Hq -\). 

II. When E p , Eq have for boundaries H p - 1 , Hq- 1 , that 

of their join is 

(11) (Hp—\, Eq) + {E p , Hq—l ) = Hp+q, 

a symbolic relation analogous to (10) and of interest foi its 
own sake. The left hand side consists of two combinatorial 
cells with a common boundary sphere. To prove (11) it is 
therefore sufficient to show that if E r , E; are combinatorial 
cells with a common boundary combinatorial sphere H r -i, 
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Er + E; + Hr 



a combinatorial sphere. The fundamental 
for H r are those of H r ~\ plus 


incidence relations 



^ 0 on it- 


Hence H r —u the only cycle of dimension >0, 
self, is ~0 on H r . In addition H r possesses a unique base 
subcycle E r — E,' of the -maximum dimension. Hence its 
homology characters are those of the sphere. As condition (a) 
of Ch. I No. 35 for the circuit, is immediately verified, H r is 
a sphere, and lienee both (11) and (12) are proved. This 
also completes the proof of (10). 

Remark. It is possible to invert in a sense the result just 
proved when one of the joined elements is a point A. Namely 
if (A, K) is a closed E Jt ±i whose boundary is AN K is an H p . 
For if a is a generic cell of K , the incidence relations for 
the cells (A, a) of the join are the same as for the cells a 
°f K. Referring then to the definitions of combinatorial cells 
and spheres the required result follows. 

It is scarcely necessary to point out that all these proofs 
are greatly simplified when one of the elements joined is an 
ordinary cell or sphere. 

50. Normal cells and complexes. The new complexes 

that we have introduced are actually too general for the theory 

of manifolds. In that theory no advance can be made unless K 
• 

is susceptible of being regularly subdivided—a property which, 
so far as we know, combinatorial complexes do not necessarily 

possess. 


The minimal type that manifolds demand is the combinatorial 
normal complex , alone considered in the sequel. It is a com¬ 
binatorial K such that every one of its cells is the join of 
a point and a sphere. Cells of that type are said to be 
no) ma ^ They are essentially clusters of simplexes with 
a com mon vertex. K has a simplicial first derived K' ob¬ 
tained directly by the second construction of Ch. 1 No. 58 
which may be applied here without modification. 
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By simplicial subdivision of K we shall always understand 
a simplicial subdivision of its first derived K'. 

In the future we simplify the language by omitting, so far 
as possible, the word “combinatorial” for cells, complexes, 
manifolds, chains. 

51. An interesting type of ordinary complex belongs to the 
class just introduced. It is the type considered exclusively 
by Veblen in his Colloquium Lectures [5] and defined as 
a closed aggregate of non-intersecting cells whose boundaries 
are spheres (an H p -\ for ^-cells). Thus simplicial subdivision 
is not imposed a priori . It can be proved at once however 
that such a K possesses a simplicial regular subdivision K '. 
The construction of K' is carried out by induction as 
for the simplicial type (Ch. I, No. 58). The only difference 
is that the rays drawn, say on E py from the new vertex on it, 
to the points of its boundary H p - 1 , are images of segments 
on the basic <s p corresponding to E p under the definition of K. 
It follows that K is a special type of combinatorial complex. 

We can attach to a polyhedral image of K' a straightness 
and a metric for K . A segment is then uniquely determined 
whenever its end points are on the same closed simplex of K . 

Another interesting property which follows from the existence 
of K' , is that K is uniquely determined when the incidences 
of its cells are specified— or if we prefer, when its boundary 
matrices mod 2 are known. For then those of K' are uniquely 
determined, hence if two K's have the same structure, so have 
their K n s, the latter are homeomorphic (Ch. I, No. 9) and so 

are the given complexes. 



CHAPTER III 


MANIFOLDS AND THEIR DUALITY THEOREMS 


The complexes which have been considered in the two 
preceding chapters were not specialized in any manner. If we 
take however, say a polyhedral region SR of S„ and decompose 
it into simplexes so as to obtain a K n , we find that the stars 
of all cells of K interior to 91 are themselves cells. A similar 
observation holds for Riemann surfaces and their generali¬ 
zations (in certain important cases). This suggests that com¬ 
plexes, or parts of complexes, whose structures are more or less 
of the above type, deserve special attention. They are the 

manifolds (absolute or relative) to which we largely confine 
our attention henceforth. 

Hie present Chapter is strictly combinatorial in scope, and 

the true topological questions raised will be taken up in 

hapter \ II. We first make a thorough study of the general 

theory of manifolds, then take up their duality theory. This 

is a live question and it may not be amiss to recall its present 

status (1929). There were at first in existence three unrelated 
groups of relations: 

(a) Poincare’s formulas for the non-modular homologv 
characters of absolute manifolds (manifolds without boundary) 

, and then ' m °dular extensions by Veblen-Alexander [221 
and Alexander [19]. L J 

(b) Alexander’s duality relation [8] between the Betti 
numbers mod2 of LdH n and those of H n -L. 

(c) A duality relation for characters similar to the Betti 
numbers but referring to the dependence between the cycles 

a manifold and those of its boundary, Lefschetz [Ilf 
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Various extensions have been given in recent years by 
Alexandroff [6, 7, 8, 10], Pontrjagin [1], Frankl [1], van 
Kampen [1], Morse [4], Lefschetz [12, 14]. In particular, we 
established the important fact that the two apparently un¬ 
related relations of types (a), (b) for Betti numbers are 
actually both special cases of a third between absolute and 
relative invariants. We continue and carry here to com¬ 
pletion this work of unification leading to very comprehensive 
duality theorems. For Betti numbers and the more general 
characters mentioned in (c) we have now two basic duality re¬ 
lations, (71, (20), of which all known duality relations are special 
cases: groups (a), (b) fall both under (7), group (c) under (20). 

In method we cleave as nearly as possible to the scheme 
used by Poincare, Veblen and Alexander for proving 
relations (a). The chief weapon is a generalized dual complex 
recently introduced by ourselves [15] and likewise considered 
by W. A. Mayer [1]. 

Following Alexander, and more recently van Kampen [3], 
we have combinatorial cells and spheres throughout, which 
alone makes it possible to prove the topological invariance 
of manifolds (van Kampen [3]). Except for that all our 
results will hold for ordinary cells and spheres; the passage 
from one type to the other requires but minor modifications 

in some proofs. 

§ 1. The Structure of the Stars of a Normal Complex 

1. Taking a normal n-eomplex K (Ch. II, No. 50), let us first 
point out a simple but most useful property of its cells: 1J the 
star of E p includes an E q it includes cells of all intermediary 
dimensions from p+1 up to q. This is true for n = 1, suppose 
that it holds for n — 1. Remove the n-cells from K, leaving 
a K n - 1 . The only case to be considered is that of an L p 
of K n - 1 , with p<.n — 1, on the boundary H n -1 of an 
of K. Our affirmation will evidently follow if we show tha 

E p is on the boundary of some E n -\ of H n - 1 > hence o 
But that is a consequence of the fact that H n -1 is an a so 
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lute (n l)-circuit, lienee all its points are on the sum of 

its closed (n — l)-cells. 

2. The first derived complex A" of A will play a most 

important part in the sequel. It is a simplicial complex with a 

single vertex on each cell of A (Ch.ll. No. 50). The cell being 

designated generically by E p , we shall denote the vertex of 

K on it by .4/’. In the rare cases where there are several 

ji-cells, E p , i = 1,2,-.., we can designate the corresponding 
As by A'?. 

Iiom the fact that A is normal plus an elementary induction 
based on the second construction given for K’ in Ch. I. No. 58. 

we find, that the cells of A' are represented without omission 
or duplication by all symbols Ap A« ■■■ A r , p <q ... < suc h 

that the carrier cells E„. E q , • • •, E r are mutually incident. 

The last one, E r , carries the cell of A' corresponding to 
the above symbol. 

3. From the cell symbol it follows that if a cell of A" 
has just one vertex on E p , that vertex can only be .4/' and 
the cell symbol must be of type A>‘■.. A', hence in particular 
its dimension <r—p. There exists such a cell for every 
sequence E p , E q , •••, E r of mutually incident cells with E 
as its first member. From No. 1, we learn in fact that there 
always exists a sequence E p , E p+1 ,..., Er for any cell E r 
of the star of E p . Therefore if is the maximum 
dimension o any cell of the star, n~p is that of any cell 

- • • • A of A with the sole vertex Ap on E p , and this 

maximum is actually reached. The sum of all these cells 
is an open subcomplex of A' meeting E p at a single point, 
nch must be Ap. This open (tt—^- subcomplex is called 
>amierse complex of E p and designated by Tv{E p ), or Tv(E ) h - 

is taken. The sum of the cells of Tv which do not have A p 
oi veitex is a K n - P _ x called the linked complex of E and 
designated by Lk(E p ) or Lk(E p ) K . Tke clojre of iftrans 

Wh C en m I* theJ T ° fAP md thc ™mpl ex lS 

A, L A and Tv are changed but their structure is not. 
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Hence their topological characteristics depend solely upon 
the star of E p , 

The case of most importance is when Lk is a sphere 
and Tv a cell. We return to it later. 

The situation is clarified by examining what happens 
for example when K consists of a set of era’s of S 3 having 
a common edge PQ of which they constitute a complete 
neighborhood (closed) relatively to S 3 . It is then easily 
verified that Lk is a simple closed polygonal line surrounding 
PQ , i. e. linking the line PQ , while Tv is a polyhedral 
2-cell meeting PQ at a single point, or.2-cell transverse to 
the one-cell PQ, This justifies also the terms “linked, 
transverse” applied to the complexes. 

4. When K is simplicial and no two of its simplexes have 
the same vertices , it is not necessary to have recourse to the 
derived complex K '. Let in fact E q be a cell of the star 
of E p and E q - V -1 its face opposite E p , The two sets of 
vertices A q , A q ~ p ~ l y of K' are in one-to-one correspondence. 
Let A q • • • A 8 be a cell of K' determined by the vertices on 
the mutually incident cells E q , •••, E s of the star E p . Then the 
cells E q - p -u •••, Es- P -i , opposite to E p on them, constitute 
a mutually incident set. Therefore A q ~ p ~ x • • • A s ~ p ~ l is a cell 
of K' of the same dimension as A q •• • A 3 , Hence the sub¬ 
complex of K' whose vertices are the points A q ~~ p ~ l has the 
same structure as the one whose vertices are the points A q , 
i. e. as the linked complex. It is however merely a regular 
subdivision of the subcomplex Kn-p-i of K , sum of the 
cells E q - p -i, or maximal subcomplex of the closed star 
of E p having no vertex in common with E p , 

There is an interesting application of what we have just 
found to the case when K is not simplicial. The first 
derived K' is then of the type just considered. Let E p be 
a cell of K' on an E p of K, hence a cell of type A 0 A 1 ---Ap. 
If we form the complex Kn-p -1 with respect to E p and K , 
we find that it is exactly the linked complex of E p relatively 
to K, By the preceding paragraph the first derived complex 
of Kn-p -1 has the same structure as the linked complex 
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of Ep relative to K', or: The linked, complex of E' p relatively 
to K' has the same structure as a Jirst derived complex of 
the linked complex of E v relatively to K. 

Returning to the simplicial case, we can prove, exactly 
as above, that the transverse complex has the structure of 
a subdivision of the maximal subcomplex of the closed star 
having just one given vertex in common with E p . 

The same results can be obtained by a more geometric 
procedure. If P is any point of Lk{E p ) there is a unique 
<T y , + i on K with P as vertex and E p as its face. The nota¬ 
tions being as above, if P is on E q , the space of the simplex 
meets E, t - V - 1 , hence K*- p -i, at a unique point P' . The 
correspondence between P and P' is precisely a hoineo- 
morphism between Lk and The join of a fixed 

vertex of E p and K* generates the above substitute for the 
closure of the transverse complex, their homeomorphism being 
obvious. 

§ 2. Definition of Manifolds and their General Properties 

5. In the definitions to follow E, H stand for combina¬ 
torial cells and spheres, K is our usual combinatorial normal 
w-complex while L is a subcomplex of K. As we are solely 
concerned with K — L we shall assume that K = K—L , 
i. e. that L has no cells that are not cells of K — L, a 
convention to which we adhere throughout the present section. 
Another useful convention will be to introduce configurations 
of dimension —1: K- lt H _i etc. They all stand for the 
null set. Their purpose is to simplif}’ the recurrence in the 
definitions. We may say, for example, if E n is a cell of K, 
Pk(E n ) is a K—i or an H- 1 . The part here played by the 
null set is wholly analogous to that which it plays in the 
definition of dimensionality by Urysohn-Menger. Another 
instance of the same thing occurs later (Ch. IV, § 5). 

The generic notation for an n-manifold will be M n . 

Definitions. I. According to our conventions an absolute 

i/-i is merely the null set. K—L is an M n whenever for 
every cell E p of K—L: 
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(a) The boundary sphere of E p is an absolute M v -\. 

(b) Llx(E p ) is an H n - P -i- 

The M n is open or relative when L\ 0, absolute when 
L = 0. In the first case L is its boundary . 

II. E p is a reyular cell of K whenever all cells of its star 
(and hence E p itself) satisfy both conditions (a), (b). 

III. The boundary L of the open manifold K —A is reyular 
whenever all its cells satisfy (a) and 

(c) LIc(Ep) = E n -p—\ -|- H n —p —2 

where // consists of all closed (n — p — 2)-simplexes of Lk(E p ) 
incident with a single (w— p —l)-simplex of Lk{E p ). 

IV. A cell Ep is semi-reyular whenever it satisfies (a) and 
(c) and so do some cells of its star, the rest being regular. 
The star consists then of regular and semi-regular cells, 
among the latter being E p and among the former the w-cells. 

According to Ch. II, Nos. 48, 49, (b) is equivalent to 

(b') Tv{E p ) is an (n — /;)-ce 11 whose boundary is a sphere. 

It may likewise be shown by considerations analogous to 
those of Ch. II, No. 49 that (c) ist equivalent to 

(c) Tv(Ep) = En-p+En - P -1 where E n - P -1 is on the 
boundary of E„ _ v and consists of all ( n — p — l)-simplexes 
of E n -p incident with a single (n — />)-simplex of E n - P an( l 
having no vertex on E p . 

r riie (n— 7 >) - cell attached to every regular E p by virtue 
of (b') is the dual of E p and designated by En-p • These 
dual cells are of the greatest importance for the sequel. 

Referring to No. 3 we see that the regular and semi¬ 
regular cell properties are properties of the stars of A A 

independent of the choice of K'. 

A further classification of manifolds is possible by speci¬ 
fying that the cells and spheres in the definition are to he 
understood mod w or mod (A, m). We then have manifolds mod 
m or mod (A, m). In particular, whenever no questions of 
orientation arise , cells and spheres may be understood mod 2. 

6. The absolute M l consists of a finite number of non-inter¬ 
secting one-spheres (Jordan curves), the relative JA of a certain 
number of one-cells (Jordan* arcs). The sum of their end 
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points is then L. For n = 0,1, 2, there is no difference 
between modular or non-modular manifolds. The absolute 
(orientable) lf 2 is merely the homeomorph of a Riemann sur¬ 
face. A more interesting and practical example is that of 
a or a convex polyhedral E n+1 . We will prove the 

Theorem. The convex polyhedral cell E n +1 is an open M„+i 
icith its houndary H„ as regular manifold boundary. H„ itself 
is an absolute M n . 

The proof, elementary for a a. is somewhat more compli- 
cated for the general convex polyhedral cell. Let E v be one 
of its faces, k>n— P +i a subspace of the iS*/j- l i of E n .], meeting 
E,, at a single point A 1 ’. We can construct the first derived 
A ' of E„ K with A p as a vertex and with its vertices on the 
cells of the star of E p all on S n - P +i. In particular, the 
\eitex A on En+i itself will also be on <S„_y, + i. As a conse¬ 
quence, the linked and transverse complexes of E v relatively 
to E n+ , or H n will be the same as those of A p relatively to 
their sections by k> n — P +\. These sections form a convex E„— P ii 
and its boundary, with A p as a vertex. Therefore we have 
reduced the situation to one of same type but with p 0. 

To simplify matters we will then simply go back to the 
initial situation with E p replaced by E 0 = A. Now if Hi, 
is the first derived of H„ induced by A", Tv(A)„ is merely 
the star of A relatively to H,[, and Lk(A)„ is the boun¬ 
dary of Tv. Project Tv + Lk from A’ i+1 onto an S„ meeting 
the straight line A n h. 4 at the single point A. The pro¬ 
jection of the sum is the closed star of a vertex of a I\ n 
covering a region of ,S’„. Such a closed star is readily shown 
to be a normal E„. Hence the projection of Lk is a sphere 

and so is Lie itself, since its structure is the same as that 
of its projection. 

Going back to the initial cell E„ it follows that Lk(E p )„ 

j,™. H ’! p -' and L] <( E »)L n+l , the join of Lk(E p ) n and 

! en a normal celL Since the cells are all convex, 
they fulfill condition (a). According to what precedes, every 

ceil of H n is then regular for H n , semi-regular for E n [ 
llns proves the theorem. 
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Corollary. For a simplicial or convex K—L the mani¬ 
fold conditions are reduced to (b), (the linked complexes are 
all spheres). 

This makes it tempting to limit the whole theory to the 
simplicial or convex types. Unfortunately, as we have already 
observed, the duals of such complexes are not even convex 
in general. 

7. Various definitions of manifolds have been given equivalent 
to demanding that the stars be ordinary cells (Poincare [2), 
Brouwer [7], Lefschetz [5,6]), but there is as yet no proof of 
the topological invariance of such manifolds. Veblen [6] 
defines an absolute manifold by the invariant requirement 
that every point possess a neighborhood which is an w-cell. 
However no way is known of reducing this condition to a 
property depending upon the mutual relations of the cells. All 
these difficulties disappear when, following Alexander and more 
recently van Kampen [3], we base the definitions, as above, 
on the combinatorial elements. In particular topological invari¬ 
ance of the combinatorial manifolds has been proved by van 
Kampen [3]. 

In what may be called the strict combinatorial theory, 
i. e. with cells and spheres derived from a, F(o), by a series 
of elementary subdivisions or their inverses, the definition of 
manifolds assumes an exceptionally simple form, as shown 
recently b} r Alexander [21]. For in that theory regularity has 
to be imposed on the vertices alone and follows then for the 
other cells. 

8. Elementary properties of regular or semi-regular 
cells. From the relation between the star of E p and L lc (E p ) 
plus the properties of the joins of cells and spheres (Ch. II, 


Nos. 48, 49) we find: 



When E p is 


J regular 
I semi-regular 


its star is an 


E n 

E n plus an 


En—i of its boundary and the boundary of E n 'is an H n —\* 

Sine e*Lk(E p ), p<n, is a K n - P -i the highest dimension 

of the cells incident with E p is n , that is its star includes 


an 72-cell. Therefore 
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II. When K defines an absolute J/„, it is the sum of its closed 
71-cells. Similarly for the open M n the sum being then K — L. 

When E n -\ is regular Lk is a zero-sphere, i. e. two points, 
each corresponding to an incident n-cell. When it is semi- 
regular the complex is a zero-cell or one point and there is 
just one incident u-cell. 

Let now p<C n —1, with E p regular or semi-regular. A^y 

— p —2 of Lk has a symbol A pJrl . • • A q ~ l A qJrl . •. A n , the 

cells E p , Ep+ 1 , • •. being mutually incident. If q<n, E q -1 is 

a cell of the boundary of E q + 1 which is an absolute M q ; 

hence, by the property just brought out, E q -i is a face of 

two cells E' q , Eq of that M q . If the vertices A' q , A” 9 of K' 

on the two cells are inserted in the right place in the symbol 

of Gn-p- 2 we have two o^-p-Ts of Lk incident with it. If 

q = n there may or may not be two cells Ef E n ' incident 

with E n —i, and Lk is an absolute circuit when and only 

when the first circumstance always occurs, that is, when 

and only when every E n - i of the star of E p is regular. 
Therefore, 

in. A regular (n— 1 )-cell is incident with two n-cells, and when 
E p is regular all the incident (n—1 )-cells have that property. 

IV. A semi-regular (n-l)-cell is incident with a single n-cell. 
Alien E p ,p< n — 1, is semi-regular it is a face of such an 
(n —1 )-cell, and conversely. 

A. 11 henevei all cells of A arc regular or semi-regular, 
the sum of the semi-regular cells is a subcomplex L of K, 
and K L is an J/„ with the regular boundary L. 

V lien Lk{E p ) = E n - p -i -\-H n - p ~ 2 , a cell plus a sphere 

(its boundary), the (»— p— 2)-cells on H are characterized 

by being incident with a single (n— p— l)-cell of Lk (No. 5c). 

Any one of them is then necessarily of type A? +1 ■.. A n ~ 1 

with E n -i a cell of the star of E p and on the boundary of 

a single n-cell of K. Hence H is the sum of the closed 

(n p — 2)-cells of the linked complex that are on L itself 
H is therefore Lk(E p ) L , hence: 

\I. Alien K defines an M n with regular boundary, the latter 
is an absolute M n — 1 . 
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When E p is regular or semi-regular its boundary H p -\ is 
an Mp- 1 . Hence if E q is a face of E p , Llc(E q )H is an H p - q -o. 
It follows that Lk(E q ) P ; which is the join of H p - q - 2 and 
the vertex of K' on E p , is a normal E p - q -i . Therefore 
E q is semi-regular for E p . Since E p is regular for E p we have 
VII. A regular or semi-regular E p is an M p having its 
boundary sphere for regular boundarg. 


9. Invariance under subdivision. (Combinatorial 
invariance.) Theorem. If E p ofK is regular or semi-regular 
so is any cell of a simplicial subdivision of K which is on E p , 
relatively to its complex. 

The only simplicial subdivisions of a normal K that we 
undertake to consider are its first derived K r or simplicial sub¬ 
divisions of K '. Therefore we have to consider the effect of 
passing from K to K', then from K' to any simplicial sub¬ 
division, or which is the same from a simplicial K to any 
simplicial subdivision. 

Since an n-simplex of a K n is regular and since for an Mi 
the theorem is obvious we may operate by double induction 
on p and n . We assume then the theorem correct up to 
n — 1, and also for n with cells of dimension > p, where 

p<n, and prove it for p and n. 

Let first Ep of K' be on the regular cell E p oiK. Since 
L h ( Ep) k’ has the structure of a regular subdivision of 
L1c(E p )k , and since the conditions for spheres are invariant 
under subdivision, Lk(E'p) k' is a sphere like the other linked 
complex. Moreover if E p is a face of E q . E q must be on L r , 
ry>2), of E p . Hence E q is regular by the hypotheses of 
the induction so that Ej,, which is a a p , fulfills all conditions 


for regularity. 

10. We will now consider a cell E q , q<p, of K' on E P , 
and use induction on q. We assume then that for dimen¬ 
sions >q (and <p) the cells are regular. We have then 

E q — A r A rJrl • • • A s A 1 • • • A p , where E r , * • E P are mutu_ 
ally incident. In the sequence r, • • - , p, there may be several 
gaps: we have explicitly indicated one between s and t. 
The star of E q is the sum of the closed w-cells: 
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(.4° • • •) A r A r + l . .. A 3 (A 84 - 1 • • • A*- 1 ) A f ... A** U* +1 • • • A n ), 


the parentheses being tilled with vertices in all possible ways, 
such that the n+l cells of K corresponding to the total 
set are all mutually incident. Then Lk(Eq) a" has the structure 
of a simplicial subdivision of the sum of all closed (n—q — 1)- 
simplexes obtained by writing down all vertices in parentheses. 
Let Kn-p-i be that sum. It is obtained as follows: (a) Con¬ 
struct the complex K i sum of all simplexes obtained by filling 
in the i -th parenthesis, for example all simplexes (A s+} ••• .T _1 ). 
(b) Take the join (K 1 , K 2 ) then the join of th at complex 
and K 3 etc. To show that the ultimate complex, and hence 
that LkiE^K’ is a sphere it is sufficient to show that every 

KJ 

K' is a sphere. As for the last it is merely Lk(E p ) K , which 
is a sphere since E p is a regular cell of V. Consider now 
any K‘, for example the sum of all cells (A s+1 • • . A' -1 ). 
Let H t -i be the boundary sphere of Et, or rather the com¬ 
plex into which it is decomposed by the cells of K on it. 
Then K i is the homeoniorph of Lk(E s )H,_ I (its substitute in 
the sense of No. 4 for a simplicial complex). Since H t -1 is 
an Mt-i, K l is a sphere. 

We have then shown that Lk(E,;) K - is a sphere. Now 
if E; of K' is a cell of the star of E‘, it is on E p or else 
on some cell of the star of E p . Hence by the various hypo¬ 
theses governing our induction, E; is regular. It follows as 
before that E,, is regular. 

11. To complete the proof we have to establish invariance 
when we pass from any simplicial K to any simplicial 
subdivision A °. Actually we shall prove the same result for 
the case where K, K " are convex. 

Lot A" of K° be on E p of K. The star of E° relatively 
to A" is made up of cells that are on those of the star 
of E p relatively to K, i. e. of cells that are subdivisions of 
tegular cells of A. Since the cells of K° are convex, referrin 
to No. 6 we find that we merely have to show that Lk{E°) K c 
is an Now we have shown (Ch. I, No. 61) that K 

and K a have a common subdivision by section A' 1 , obtained 


cr 

to 
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by successive sections of cells one at a time. We shall then com¬ 
pare K 1 with K and K°, and this will yield the required result. 

Let us first assume that K l is obtained from K by section 
of the single cell E p . The operation consists in introducing 
a new convex Ep- 1 on E p , whose faces are faces of E p \ 
Ep- 1 disconnects E p into two new convex cells Ep, Ep and E p 
is replaced by E p -f- E p + E p -i . The first derived AT' 1 of 
K 1 is to have the same vertices as K' on all cells common 


to K and K\ The effect on the linked complexes is as 
follows: (a) For the cells common to K and K 1 , Lie is either 
unchanged, or if it is, the new Lie has the same structure 
as the old (for cells that are faces of E p but not of E p - 1 ), 
or else a subdivision having the structure of a subdivision 
of the old (for the faces of Ep- 1 ). (/?) Since the stars of 

E p , Ep as to K { and of E p as to K coincide except for 
the ^-cells themselves, their Lie s are the same. (y) As 


for Ep- 1 , if A\ A" are the new vertices of K ,l on Ep, 


Ep we verify directly, with Lie = Lk(E P ), 


Lk{Ep- x ) *. 


(A', Lk) + U”, Lk), 


the two terms at the right having only Lk as common 
subcomplex. In particular if E p is regular it follows from 
Ch. II, Nos. 48, 49, that Lk (E' p -\)k i is an H n - P . 

Let now K 1 be the same as before, and E p regular. As 
we take repeated sections it follows from («), (/$), O') that 
only spheres appear among the Lk’s of the cells on L P . 
Hence the Lie's of the cells of K l on E p are all spheres. 

Compare now K° with K l . The cell Eq being as before 
a cell of K° on E p , the repeated application of («), (/$) as 
between A" 0 and its sections, shows that the Lk of some 
( 7 -cell of K l on Eq, and hence on E p , will have the structure 
of a subdivision of Lk (Eq ). Hence by the above, the lattei 
is a sphere. This completes the proof of our theorem for 

regularity. 

The treatment of semi-regular cells differs from the preceding 
merely in insignificant details and need not be taken up here, 
the more so since it has no application in the sequel. 
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Remark. From this point on wherever convenient we 

shall be free to replace K by any simplicial subdivision, or 

which is the same, to assume that it is already simplicial. 

It will be observed that as much follows already from in- 

%/ 

variance under regular subdivision, without the discussion of 
the present number. 

12. Orientation. It follows from No. 8, II and III, that 
when M = K—L is connected it is a simple circuit. When M 
consists of g>l connected sets the subcomplex of K corre¬ 
sponding to each is a simple circuit. 

M is orientaUe whenever each of the q connected subsets 
is orientable mod Z, non-orient able otherwise. It is normally 
oriented whenever each circuit has been so oriented that 
its fundamental w-cycle is ± the sum of its oriented ?*-cells, 
or (which is the same thing) in such fashion that the sum 
of the n-cells is a chain whose boundary consists only 
of cells of Z. That chain is temporarily designated also 
by M n . 

Normal orientation in the orientable case is possible in 2 q 
ways. Each mode of normally orienting M n is determined by 
assigning an indicatrix on every one of the q circuits, that 
is an oriented simplex on one cell of some simplicial sub¬ 
division of the circuit, or rather of the closure of the sum of 
its cells, which is an w-complex. This being done, we can 
determine whether any particular oriented a n on K, which is 
on a simplicial subdivision, is oriented concordantly with K, 
or oppositely to it: We simply compare its orientation with 
that of the carrying n-cell of K. 

If M n is orientable and its boundary L is regular, it is 

likewise orientable. In that case F{M n ) is merely the latter 
normally oriented. 

This follows at once from the fact that F(M„) is a chain 
without boundary, the sum of the (n —l)-cells of L each 
taken with a coefficient ± 1. 

13. The duals of the regular or semi-regular cells. 

Let the cell Ep of K be regular. We have seen (No. 5) that 
Tv(E p ) = E n -. p , a combinatorial cell, the dual of E v . E*- P is 
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the sum of all simplexes A* A* ■ ■ ■ A*, such that E p , E q , ■■■, E s 
are mutually incident cells of K. The boundary of E*- p is a 
sphere—the linked complex Lle(E p ). 

Let a = A* ••• A* be an arbitrary cell of Lie. It is 
uniquely determined by the mutually incident cells E p ,E q ..-,E s , 
and conversely <r determines that set uniquely. Therefore 
Lh is the sum of cells such as a. On the other hand <x is 
also a component of the uniquely determined dual cell E*- q 
of E q , and all components a of such dual cells are cells of Lie. 
Therefore Lie is the sum of the duals of the cells of the star 
°f E p ^ Ep). The components of any two such duals are 
distinct hence no two of them meet. Their sum is closed, 
since it is the complex Lie. Therefore the E*- q s are the 
cells of a complex LJc*(E p ). Since each cell of the latter 
is an exact sum of cells of Lie (such as a), it has Lie as 
subdivision. This subdivision is in fact regular, for Lie has 
one and only one vertex on each cell of Lie*. The boundary 
of E n — q is Lie ( Eq) , i. e. an (n — q — l)-spliere. Therefore 
each closed cell of the new complex is the join of a point 
and a sphere and hence that new complex is normal. 

The situation is essentially the same when E p is semi¬ 
regular. The closed dual Tv = (i n - p is not a cell however 
but the join of a point with a cell and its boundary sphere, 
hence S is the sum of two cells E,[l p and En- P -i, where 
the first is on K—L and the second on L . If E„ is regular 
E n -q is again a cell on the linked complex, but the linked 
complex is the sum of these cells plus the cells E'*, E 
corresponding to the semi-regular cells of the star of E p . 
There results once more an Lk* whose regular subdivision 
is Lk. 


14. Theorem I. The linked complex of a l ?e & u / a? \ E p is 

47 ' semi-regular' 


\ absolute M n — P —i 

\M n - P -i with regular boundary 


| and this property is equivalent 

with condition \ ^\ of No. 5 for \ ie T l j ai l ce n Sf as applied 

• cl 47 I semi-regular) 

to the cells of the star of E p other than E p itself. 
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Theorem II. Invariance under the inverse of subdivision 


(celt annexion): E„ is ! )C ^ l \ a) [ whenever the cells of a 

1 semi-reqular J 

7 , 1 reqular 

division on its star are at! » ' , , 7 

' regular or semi - rei/u/ar with some 

of the latter type. on E p itself. 

These two propositions will be proved simultaneously. Their 
verification both for n = 1 and that of Th. I for p n — 1 
is trivial. We assume then that both hold for dimensions 
<. n, also that Th. 1 holds for n and (/-cells (q ;> p) and prove 
them for n and p . 

If K is replaced by its first derived K\ and Ej, is a cell 
of K' on E p , Lk (Ep)jc has the structure of a first derived 
of Lli(Ep)K* Since we may assume ji < n , to prove Th. I, 
under the hypotheses of the induction for Th. II, we may 
replace the second linked complex by the first. In essence 
this means that to establish Th. 1 we may take K simplicial. 

Under the circumstances the cells of K' that are on Lie (Ep) 
and meet E*- fJ of Ur (the complex thus designated in No. 13) 
at a single point, necessarily A'K are all of type A r ••• A 3 AI the 
cells Ep, E r , •••, E s , E q being mutually incident. The sum of 
the cells A' ••• .I s is the linked complex of the face Ep of 
the simplex E q relatively to its boundary H q -\ and therefore 
they constitute a (q — p — 2)-sphere. But the sum in question 
is also the linked complex of E,*— fJ relatively to Lie*. Hence 
the linked complexes of the cells of Lk* relative to Lk* are all 
spheres. The boundaries of these cells have for regular sub¬ 
divisions the complexes Lk(E q ) k, where E q is a cell of the star 

ot 2^, (here \ A’ y jand hence they are absolute manifolds under the 

hypotheses of the induction. Thus all conditions for regularity 
«u e fulfilled and Lk is an absolute AI n —p—\* Conversely when 
that is the case, and since Th. 11 holds for Lk under the 
hypotheses of the induction, Lk * is also an absolute M n ,. 

1 herefore the boundaries of its cells are spheres, and as they 
are the linked complexes of the cells of the star of E Jt , 
condition (b) of No. 5 is fulfilled for that star. This completes 
the proof of Th. I for regular cells. 


I 


sub - 
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15. Regarding Th. II we first take for subdivision of K 
its first derived K' and p = n . Let A n be a vertex of K' 
on E n of K . Then Lk(A n )K’ has for structure that of a first 
derived of the complex into which K' decomposes F(E n ). 
Since A n must be regular that linked complex is an absolute 
M n -i by Th. I, and therefore under the hypotheses of the 
induction this is also true for F(E n ), hence, by II of No. 5, 
E n is regular. When we pass from a subdivision of K' back 
to K' in case p = n, the preceding result holds a priori 
since K' is simplicial. Therefore Th. II is proved for p = n 
and regularity. 

Let us now take p <?i and suppose that Th. II (for regular¬ 
ity) has been proved for all cells of dimension >p. Then 
under our hypotheses all cells of the star of E p are regular. 
We take again K' as the subdivision. If Ep is a cell of K' 
on E v , Ll{(Ep)K' has the structure of a first derived of 
Lk(Ep)K. Hence the latter, like the former, is an (n — p —D- 
sphere, so that condition lb, of No. 5 for regularity is verified. 

Let now E’ n -p = Ap A p +* • • • A n be a cell of K f , component 
of the dual of E p . The rj-cells of its star are of type 
(A 0 • • • Ap~ 1 )A p • • • A n , where the parenthesis represents a 
component of F(E P ). Hence F(E P ) has for first derived a 
complex whose structure is the same as for Lk{Eh- P )K’• Since 
Eh- P is on the star of E p , it is a regular cell of K' . There¬ 
fore the linked complex just named is an absolute manifold. 
From our hypothesis follows then that F(E P ) is also an 
absolute manifold. Thus la of No. 5 is likewise fulfilled 

and E p is regular. 

We have thus proved Th. II for regularity when we pass 
from K' to K. Let now K° be another simplicial subdivision 
of K. Since it is also a subdivision of K', it is sufficient 
to prove our theorem for annexion from K° to K , hence 
for annexion from any simplicial subdivision K° of a simplicial 
K back to K. Under the hypotheses of the induction all 
that is necessary is to show that Lk (E p ) is a sphere. But 
as an incident result in No. 11, we have shown that if 
E p of K° is on E p , Lk(E p ) K o and Lk(E p ) K have subdivisions 
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whose structure is the same. Since the first is a sphere 
this is likewise the case for the second. This completes 
the proof of Th. II for regularity. 

The modifications for semi-regularity are again wholly 
secondary and need not be taken up separately. 

Combining the theorem of No. 9 and Th. II of the present 
number we have: 

Theorem III. In order that K—L he a manifold it is 
necessary and sufficient that some subdivision of it he a manifold. 

An alternative definition of manifolds. The preceding result 
suggests the following procedure for defining the manifold 
K — L : Introduce regular cells for a simplicial K by means 
of the conditions of No. 5, of which la is naturally satisfied. 
There follows the definition of the manifold for the simplicial 
case. When K—L is not simplicial, it is to be an M by 
definition whenever K'—L is an M(K' = the first derived 
of K as usual). 

16. The dual complex. Let E p be a cell of the mani¬ 
fold K — L. Any cell E q of its star is regular and has 
boundary points not on L. Since L is a closed set E q has 
points not on it, and since L is an exact sum of cells of K, 
E q is a cell of K — L. Thus the total star of E p is on K — L. 

Since E v and all cells of its star are regular they all have 
duals which are cells, and since E*— P (the dual cell of E p ) 
is on the star, it is also on K — L . Furthermore 



En- P 


+ En—jy —i, 


where the last complex is the sum of the duals of the cells 
of the star ^ E p . 

Consider the sum K * of all duals of cells of K— L. It 
has the following properties: 

(a) No two of its cells meet. For let them be E*- P and 
En- q , q p. They are respectively on the stars of E p and E q of 
K. Hence they can meet only if E q belongs to the star of E p . 
But in that case E n — q belongs to E(En— p ) and hence does 
not meet E*- P itself. 
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(b) Every cell of F(E*- P ) is a cell of K *. For that bound¬ 
ary is precisely K*- P - 1 , the sum of the duals of the cells 
of the star of E v other than E p . 

(c) The boundary of every cell of K* is a sphere which is 
an absolute manifold. For the first derived of K*- P - 1 is 
Lh(E p ), which is both a sphere and an absolute manifold 
since E p is regular. It follows that K n - P -1 is likewise a sphere 
and also an absolute manifold (No. 14, Th. II). 



Since En- P is the join of a point and its boundary sphere, 
it is normal. Hence the preceding properties imply 
(d) K* is a dosed normal complex. 

This closed complex is called the dual of the open com¬ 
plex K—L. Fig. 13 illustrates the case n = 2, with the 

perimeter of the polygon as L. 

Thus the duality relationship takes place here between 

the open complex K—L and the ordinary or dosed com¬ 
plex K*. Exception must be made of course when L 0 
and K is an absolute M n . Then both are closed and K* 
becomes Poincare’s dual, [3], which he called “polyfcdre 
rdciproque”. The derivation of the duality relations and 
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a good part of the intersection theory to be taken up in 
Ch. IV rest on the properties of dual complexes. 

17. The justification of the term “dual" is found in a certain 
symmetry between K —A and K * relatively to K'. For 
any vertex, A ip , of K —A is the unique vertex of K' on the 
cell En-p of AT*. Designate it then by A* 1 '"~ J> . As a result 
each cell of K' on K* will have a new symbol consisting 
of A*'s in the reverse order from that of the corresponding A/s. 
Now a component cell of the cell E p of K—L was of 
type A r • • • A p . Its new symbol will be A* ,l_p • • • A* n ~ r . 
This shows clearly that E p is the dual of its dual E,*- p 
relatively to K'. Titus the cells of K—L and K * are one 
another's duals relatively to AT'. The cells of the latter 
complex whose sum is K* are the cells of a first derived 
complex A''* of A"*. The symmetrical relationship is thus 
made apparent. 

18. The neighborhood of L when K—L is a manifold. 
Let X be the A"'-neighborhood of A. It follows from the 
properties of the cells of K' that if one of them has all its 
vertices on A it is on A. Therefore K is a normal neigh¬ 
borhood (Ch. II, No. 21). We denote its boundary by CD, and 
as we shall see, X and O are in a remarkable relation to 
K—L and K *. 

Any cell of A r * is a sum of cells of K' of type <r = A** ••• A f/ , 
where if E 

cells, they are all cells of K—L. d being on the star of E p? 
is then wholly on K—L . Conversely if a is on K—L, 
a is a component of a Tv{E p ) where E p is a cell of K—L 
and hence regular. Therefore Tv = E*- p , and hence <r is 
a component of the cell E,f p of A*. Therefore K — K* 
consists of all cells of K' with a vertex on A. or K — 7C* = X. 

Let now a be a cell of <b . It must be a face of a cell 
of K' with a single vertex on L. Let A r be that vertex, 
AY the corresponding cell of K. E r must be a cell of A, since 
its point A r is on A. It is also incident with the cells E p ,..., E q . 
Since E p is not on A, E r can only be a boundary cell 
of E p , r < p , and the cell of which a is a face, is A r A? •.. A g . 


,>,•••, AY are the associated mutually incident 
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This implies that E PJ to whose dual E *- p , the cell a belongs, 
has a vertex on L . Thus a is a cell of K ', component of 
the dual of a cell of K—L having a vertex on L . Con¬ 
versely if a is of this nature, and if A 0 is a vertex of E p 
on £, is a face of the cell A 0 A v . • • A q of K' having the 
single vertex A 0 on L and a as its opposite face. Hence 
o belongs to O. 

Combining our results we have: 

Theorem. The K r -neighborhood of L coincides with K — K*. 
Its boundary is the sum of the duals of the cells of K—L 
that have at least one vertex on L. 

Remark. Since the manifold conditions are invariant under 
subdivision, when we consider neighborhoods we are free to 
replace at any time K by a subdivision. We shall take 
advantage of this by assuming wherever need be that K 
is simplicial and that the if-neighborhood of L is normal. 

19. Theorem. When K *— O is not vacuous it is an M n • 

The assumption K * — O 4 1 0 is equivalent to assuming that 

K has at least one vertex not on L. This being granted 
we take a maximal connected subset of K—L having at 
least one vertex and all that is necessary is to show that 
the part of K * on that subset behaves as asserted. Practi¬ 
cally this means that we merely need to prove the theorem 
under the additional restrictions that K—L is connected 
and has at least one vertex. 

Let K'* = K'—N = the first derived of K* induced by K’. 
By Th. II of No. 14 it is sufficient to show that K'* is an 
M n with the boundary O . 

Now if E p is a cell of K'* — O so is every cell Eq of its 
star. For it cannot be a cell of since O is closed and 
with Eg every cell of its boundary, hence also E P1 must be 
a cell of O . Since K'—L is a manifold E p is a regular cell 
of K'. As a consequence of the preceding property how¬ 
ever it is likewise a regular cell of K'*. This proves our 

theorem. 

20. Suppose now that K is simplicial and that the AT-neighbor- 
hood of L is normal. Then it is possible to proceed a step 
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further. For let < I >* be the subcomplex of A* coincident 
with 0 , or the decomposition of the point-set (I) into a sum of 
cells of K *. I say that now A"* has 0* for regular boundary. 
For let En-ji be a cell of 0*, E p its dual, A p the vertex of 
K' on it. E p is a simplex of K—L with some, but not all of 
its vertices on L. Hence E p = a q (jp_ q - x , where a q has no 
vertices on L and G p - q -\ is on L. Let H p - x be the boundary 
of E p as decomposed into cells by K’ . It is the first derived 
of the sum of the faces of E p . The complex L1<(EZ- p )k* 
is merely the sum of the cells of H that have no vertex on 
Gp-q-i. The structure of Lk is actually independent of the 
choice of vertices of A' on E p . Let us choose those not 
on <Sq or a p - q -\, on one and the same S p - x of the space of E p . 
Then Lk is merely one half of the section of H by that 
space, which is manifestly the homeomorph of a closed hemi¬ 
sphere of Sp y that is, a closed E p -i with a sphere as boundary. 
Since we already know that F(E*) is a manifold and a sphere, 
the result just obtained together with an elementary recurrence 
is sufficient to show that E*-p is semi-regular and proves our 
assertion. 

§ 3. Duality Relations for the Homology Characters 

21. In the present section we propose to derive certain 
duality formulas for an orientable manifold K—L. The 
treatment will apply directly to the characters mod m, the 
cells and spheres being then likewise taken mod m. To simplify 
notations we omit all mention of modm, and write hence- 
forth in general R P (K), R p (K\ L) for R p (K- m) or 
R P (K; L,m) as well. In addition when m = 2 all orientability 
conditions may be omitted both as regards K—L and the 
cells or spheres. All formulas to be derived will hold in this very 
general sense. In some special cases we shall have occasion 
to deal with Betti numbers mod 2; the corresponding relations 
and statements will hold only for that special modulus. 

22. A fundamental matrix equation. The duality 
relations will follow quite readily from a fundamental relation, 
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to be established presently, between the incidence matrices 
of K— L and of its dual K*. 

We take K—L normally oriented by means of its decom¬ 
position into n-simplexes by the first derived K'. This orients 
in a definite way the-w-cells of K — L . The cells of dimension 
< n are oriented in arbitrary fashion. We shall assign 
orientations to the dual cells and then the required matrix 
equation will follow as a result of comparing the incidence 
relations. 

Let E p be a cell of K —Z,, E*- P its dual, the latter 
oriented in some as yet unspecified way. Let a p = .4° A 1 • • • A p ~ l A p 
= o p -iA p be a (simplicial) cell of K' on E p , and a n - P 
— A p A p + l • • • A n = A p <r n -p-i, a (simplicial) cell of K f 
on E*-p . The vertices A°,---,A n are those of a cell <s n 
= (Tp-i AP (f n -p-i, of K' on a cell E n of K—L . 

Since E py E *- P , E n are orientable circuits they can be 
normally oriented by means of their subdivisions by K\ 
Assume this done in such a way that these orientations are 
concordant with the given orientations. Then we may write 
A P <fp, An-p<*n-p, An <*n as indicatrices of E p , E n - P , E n (and 
hence of K —L), respectively. The chief point in introducing 
the A 's (= ± 1) is that they enable us to take care at one 
stroke of the exceptional cases — 0 or n, the formulation 
being thus completely general. 

We propose to show that the product of the A 's obtained 
as above from a given E p , is independent of the choice of 
the cells (f p , G n -p, In other words, for a given cell E p of 
K — L , the number Ap An-p An depends solely on the orientations 
of E v and its dual. 

23. Consider first the effect of changing a p , if it is possible 
(i. e. if 0), and leaving (.r n - P fixed. Since E p is an 
open M p and a circuit, it is a simple circuit. It follows that 
any two p -cells a p , of K' on E p are the end cells of a Poin- 
care-chain consisting of p- and (p — l)-cells of K' on E p (Ch. I, 
No. 41). Therefore we merely have to prove that the product 
A p An-p An is unchanged on passing from a ^p-cell of the 
Poincare-chain to one that follows it, i. e. from any <f p to a <s p 
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having a <t p _i, but no interior points, in common with it. Since 
we deal with a normally oriented simple circuit the two cells, 
when oriented as indicatrices of E py are oppositely related 
to their common (p — l)-face. Let A q , be the sole 

vertex of a p that is not also a vertex of a We have then. 


saw the two indicatrices 


$p <y p 

a/ / 

ftp &]> 


ft p A 0 A 1 ... A q ~ l A q A q + l ... A» y 
ft p A° A } ... A q ~ l A' q A q+1 ... A p , 


and therefore by the remark just made ft' p = — ft p . 

Now the two simplexeso' /) (T n _ ;; _ 1 and (T p a n - p -\ are ^-simplexes 
of the manifold K' — L having a common ( n — l)-face. Since 
they belong to the same connected subset of K' — L y when 
oriented as indicatrices of K' — L, they must be oppositely 
related to that face. Therefore, ft' n being the analogue of ft n 
for the second simplex, we have as above ft' n = — ft n - Finally 
our operation does not alter ft n - P , i.e. fth- p = ft n - P - Therefore 


ftp ftn—p ftn 


ftp ftn—p 



In the same way we can show that this number is in¬ 
dependent of the choice of a n - p , and hence of a p and a n _ p . 
Any change in a n can be expressed as the result of changes 
in o p , so that the proof is complete. 

24. The number ft p ft n - p ft n — ± 1 is what we shall designate 
later (Ch. IV) as the Kronecker index of E p and E*- P . We 
leave aside for the present all questions pertaining to it, 
contenting ourselves with the little that we need for the 
immediate sequel. Since this number is fixed any two ft's will 
determine the third. Granting that K— L and E p , given con¬ 
figurations, are oriented ad libitum , we have assigned values 
for ft n and ft p . The value of the product will change with the 

• • j|c ^ 

orientation of E n - P , and conversely, when the product is 

known, an indicatrix is determined for the cell which is thus 

oriented. We fix the orientation of E*^ p by imposing the 
condition 

■ ^ ftp ftn—p ftn = 1 . 
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We have thus assigned a definite orientation to all dual cells. 

25. When p = 0 or v it is convenient to impose the furthei 
condition that whichever of the cells E PJ E*- P is an n- cell 
shall be oriented concordantly with the orientation of K — L. 
In the first case we then have both E*- P and E n oriented 
by fi n A 0 A 1 •• • A n so that fi 0 = fin fin-o = fin = 1 , i. e. every 
vertex of K is taken with a plus sign. In like manner the 
case p = n yields the result that the vertices of K * must 
be taken with the plus sign. 

In the preceding treatment the orientability of K—L has 
played a vital role . For it demands that the star of E p be 
orientable. Hence in order to be able to apply it through¬ 
out K — L the cells must be normally orientable. 

In the non-orientable case there remains merely the obvious 
statement that E p and E*- P intersect at a single point. 

26. We have seen (No. 16) that the cells on the boundary of 
En- P are the duals of the cells of the star of E P (^E P ). There¬ 
fore the incidence relations of K * are completely determined if 
we know what they are for a pair E n - P , E n - P -i, duals of 
two incident cells E p , E p + 1 of K — L. 

Let then E p appear in the boundary of E p + 1 with the 
coefficient rj = ± 1 or zero. From what we have just said 
En- P —i will appear in that of E*- P with the coefficient ± tj 
and our present problem is to determine the choice of sign. 
In so doing we need only consider the case where E p and 
E p + 1 are incident. The answer is obtained by comparing in- 
dicatrices which is most easily done by means of a table. Setting 

a p _ 1 = A°A 1 --- Ap~\ (r n _p _ 2 = A*+* • • • A n 

we have: 


Cells 

Indicatrices 

Ep+i 

E p 

K—L 

77t* 

■t^n — P — 1 

E n — P 

fip+i ffp-i A* 1 A p+1 

(— 1)P+'i fip+i op-i AP 

fin Op-1 AP A p+1 ffn-p- 2 

fi P +l fin AP-^ 1 &n—p— 2 

(— 1 )P+ l TJ fi p + 1 fin AP AP+ 1 <*n - P ^2 
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The orientations of the dual cells are obtained by the rule ( 1 ) 
of No. 24. The last column shows that in the expression 
for the boundary of E n -v we must affect E n ~ p -i with the 
sign (—1 ) p+ 1 * 7 , since 

^ fip+ 1 fin A 7> AP'*' 1 G n —p— 2 — T] fip+1 fin -dd'" 7 * 1 C*h— p—2 + * * • • 


27. Let Ap (/ = 1, 2, •••, « p ) be the set of jp-cells of 

^2 i 

K — L and denote by E n - V the dual of E v . Let the incidence 
relations for the (p + 1 )- and ^-cells of K — L be 

& p ^2v%EJ mod L. 


We infer from our discussion that the (absolute) incidence 
relations for the (n — 7 ;)- and ( n ——1 )-cells of A"*, the 

dual of K — L , are 

# 


lj n-v 


(-D "+ 1 2 Vf< E'ip-r- 


Therefore if t]*i designates the incidence matrix for the 
(5 + 1)- and g-cells of K* we have the fundamental matrix 
equation 

(2) = (_1)P+1(7JP)'. 


28. Duality relations for absolute manifolds. Let K 

define an absolute M n , that is, let L be vacuous so that K* 
coincides as a point-set with K. Both are then merely dif¬ 
ferent defining complexes of the same manifold. Hence their 
combinatorial Betti and torsion numbers are the same. Denote 
by Q P , q*, the ranks of if, i\*p and by a p , a* , the numbers 
of p-cells of the respective complexes. Then (Ch. I, No. 27): 

R P {M) = a p — Q p _! — Q p -^ R„_ p (M) = — Q*-p-i — Q*-p. 

But in view of the matrix equation (2), q p = q* _, and we 

know that a p = a*_ p , a fact also implied by (2). Hence 

(3) R P W = R n - P (M). 

From the same matrix equation follows for the torsion co- 
efficients 

(4) of (M) = e n i~ P ~\M)-, 
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for t]P and rf n p 1 have the same invariant factors. We 
have therefore (Poincare [2. 3, 4], Veblen-Alexander [22], 
Veblen [5]) : 

Duality Theorem for an Absolute M n : The Betti numbers 
are the same for p and n — p, and likewise the torsion co¬ 
efficients for p and n—p — 1. 

Corollary. The Eider-Poincare characteristic of an absolute 
Mzn+i is zero. (Poincare [2]). 

29. Fundamental duality relations for the homo¬ 
logy characters of open manifolds. We return to our 
manifold K — L with L subcomplex of AT, and consider a closed 
subcomplex A 1 of A, setting L 2 = L — A 1 = an open sub¬ 
complex of L . The duality relations that we shall derive 
will be between the characters of K — A A mod L 2 and of 
K — L 2 mod A 1 . As we shall see they include all duality 
relations between the homology characters as special cases . For 
the present we are dealing exclusively with the characters 
of “polyhedral” configurations. The extension to the general 
case will be found in Ch. VII, § 3. 

We have just stated that we have polyhedral configurations 
throughout, whereas at the outset we appear to have restricted 
the discussion to K and its subcomplexes. The two statements 
are easily reconciled: The situation is in no wise affected 
when K is arbitrarily subdivided, nor are the characters that 
we shall consider, changed. When the L' s are polyhedral, 
we can find a subdivision K° of K such that the Id s have 
subdivisions induced by K° related as above, and all that is 
necessary is to replace K by K°. 

We take advantage of the possibility of passing from K 
to K° , and choose for K° a simplicial complex such that the 
associated neighborhoods of L and L 1 are normal. From now 
on we write K for'AT 0 , and A, A 1 , L 2 for the subcomplexes of K 0 
coincident with them. It means, practically, that we assume K 
simplicial, the A’s subcomplexes of AT, and the AT-neighbor- 

hoods N, N 1 , of A, A 1 , normal. 

30. Let O be the sum of the duals of all cells of A l — A. 

If E p is any cell of N l — A so is every cell of its star. But 
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the duals of the cells of the star 4 E p are the boundary cells of 
E * , the dual of E v . Hence when A* is a cell of ® so is 

?l J) * 

every cell of F(E *). Therefore ® is a closed subcomplex 
of K *, the dual of A" — A. 

By construction then the cells of A*— ® and those of 
K — L — N 1 are the duals of one another. Let $ be the 
sum of the cells of L (or A 2 ) that have no vertices on A 1 and 
let — K — A" 1 . Both ^ and are closed complexes, ^ is 
a subcomplex of $ and 8, — 5 = E—L — A' 1 . 

Now the cells of the open complexes St — J and K* — <1* 
are the duals of one another. Furthermore when E p of A, is 
a cell of SI — 3 so is any cell E p +1 of its star. Their duals 
En-p, En-p -1 are then incident cells of K *— ® and vice versa. 
Hence the fundamental matrix equation (2) and the reasoning of 
No. 29 are applicable as between the boundary relations of SI 
mod ^ and those of K* mod ®. They yield here 

(5) E p (St ; 3) = E n -p(K *; ®), 

( 6 ) 3 ) = e n r v ~ l (K* ■ 0 ). 

31. Let C p be any chain on K — L l . Since N 1 is regular 
we can draw the usual projecting segments through all 
points of iV 1 — L l and by sliding the points of C p on X' along 
them, we deform C p into a chain C p on Si. Since the 
projecting segments of points on any cell of K are on that 
cell, the deformation leaves on L~ all points of C p that it 
may carry. We then take Cj, and by means of the fundamental 
deformation theorem for simplicial complexes, applied to Si, 
we reduce C p to a subchain C p . This reduction leaves like¬ 
wise on L- the points of the chain that it may carry. Thus 
on passing from C to C" the points on Ir have remained 
on L 1 . Therefore if C is a cycle of K — L' mod L 2 , C" is 
a cycle of £ mod g, since g consists of -the cells common 
to $1 and L 2 . Finally if C„ ~ 0 on K — L 1 mod L 2 , the 

same reasoning applied to the Cp +1 which it bounds mod L 2 , 

shows that C p bounds a subchain of mod g. If follows 

as in Ch. II, § 4, that the homology characters of K — L 1 

mod L 2 and if’ mod J are the same. 
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32. Designating as usual by K' the first derived of K, 
let N r be the ^'-neighborhood of L and N' 1 the sum of 
the cells of N' with vertices on L l but not on L 2 . Since 
N' is normal any C p d K — L 2 can be deformed into a sub¬ 
chain of K— iV' + A 7 ' 1 = K* + N'\ (No. 18). This de¬ 
formation is of the usual kind, along the projecting segments 
in the iT-neighborhood of g. It follows then exactly as 
above that the homology characters of K — L 2 mod L x and 
of K* + N' 1 mod L l are the same. 

But K*-\-N n = is a closed complex ZD L 1 , with N' 1 
as the ^-neighborhood of L l . Let us compare- and L l 
in the same way as K , L in Ch. II, § 5. Since N fl is normal 
the neighborhoods analogous to N, N', N ", loc. cit., can all 
be taken coincident with N' 1 . The cycles analogous to A loc. 
cit. are the cycles of K* mod (D . Therefore here the 
homology characters of K * mod <Z> and mod L l are equal. 
But the latter, as already shown, are the same as those 
of K — L 2 mod L l . Hence finally the homology characters of 
K — L 2 mod L l and of K * mod O are the same . 

33. Comparing the conclusions of the last three numbers 
we have then ultimately 

(7) R p (K — L l \ L 2 ) = R n . p (K-L 2 ; L l ), 

(8) Of (K— L x \ L*) = Of- 11 - 1 {K—U ; L l ). 

This proves the 

Fundamental Duality Theorem. Let K, L , L 1 be closed 

complexes, the last two subcomplexes of their predecessors and 
let K — L be a manifold . IfL 2 = L — L x the duality theorem 
for absolute manifolds holds between the homology characters 

of K — L 1 mod L 2 and those of K — L 2 mod L l . 

34. Important special cases. I. Let L 1 = L, L 2 = 0. 

Then we have 

(9) R P ( K—L) = Rn- P L ), 

(10) Of (K—L) = or*' 1 (JC; L). 

This shows that the duality theorem holds between the absolute 
characters of K—L and those of K mod L (L a subcomplex 

of K, K—La manifold). 
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II. For L = 0 = L l = L 2 we have an absolute manifold 
and (7), ( 8 ) reduce to (3), (4) as they should. 

III. Alexander s duality relation. The situation being as 
in I, let this time L + 0 and K = H n , a sphere. Assuming 
first n > 1 and 1 <p<n, let r p be a cycle of H mod L 
and Yp- i its boundary, so that y p -1 ~ 0 on F. 1 say now 
that the two homologies 

(11) r p ~ 0 mod L on i/, 

( 12 ) y p -1 ~ 0 on L, 

are equivalent. For when (11) holds, H d) Cp+i r p -f C p , 
C p dL. As a boundary is an absolute cycle, F(r p ) = — F(C P ) 
= y P -i, which implies (12). Conversely when (12) holds, 
Ld)C p ->— y p - 1 , r p -\-C p is an absolute cycle on H , and 
since its dimension ^ 1 , n, it is ~0 on H , which implies ( 11 ). 

Since any linear combination of F’s corresponds to the 
same linear combination of /s and conversely, with association 
of homologies ( 11 ) for one type with homologies ( 12 ) for 
the other, we have 

,-on I Bp L) = B p —i (L) 1 

( } 1 er (. H n; D = (i) J <p < n ■ 

When p = 1 <m, the y 0 ’s must be cycles ~ 0 on J?. Since 

each Yo depends upon a single point of L on H, (Ch. I No. 28) 

(14) R, (H n -, L) = R 0 (L) — 1, 

and there are no zero-divisors since L has none of dimension 
zero. On the other hand, when p = n > 1, (12) is to be 
replaced by y n —i = 0, since L is of dimension — 1. 
This merely implies however r n = tH n and conversely. This 
time then the correspondence between the y’s and r's asso¬ 
ciates a relation = 0 for the first with a relation == t H n 
for the second and conversely. Hence 


(15) 


Rn {Hn ') L) — R n —1 (£) 4 " 1 > 
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and there are no zero-divisors to be considered. We can 
use the Kronecker symbols d to combine (13), (14), (15) into 
a single formula 

(16) B p (H n ; L) = Bp-i (L) — -}■ <5^ • 

We have then in view of (9), (10) and the properties of the <Ts 
the duality relations 

(17) Bp (H n — L) = Bn-p-i (L) + 8 p0 — , 

(17') of(Hn-L) = 0?- p ~ 2 (L). 

When n = 1 the verification of (17) is immediate and 
there are no torsion coefficients, hence our formulas hold 
without exception. 

Formula (17), mod 2, is precisely Alexander’s duality relation [ 8 ]. 

Application. For p — 0, Bq{H — L ) yields the number of 
parts into which L disconnects H and we have from (17) for 
that number 

(18) B 0 ( H n - L) = Bn-1 (L) + 1. 

Remark. Alexander’s complete result holds for any L 
immersed in H and not merely for a subcomplex of H. It 
will be taken up in Ch. VII §§ 3, 4, together with the extension 
of (7). It may be pointed out incidentally that no similar 
extensions for torsion numbers (i. e. of Formula (17')) are known. 
In the passage from a subcomplex of K to a complex merely 
immersed in it, or to more general closed subsets, one seems 

to lose a certain refinement in the results. 

35. Application to spheres. Let L = H, ,-i, a com¬ 
binatorial (n — l)-sphere. Then R n -\ ( L) = R n — i (H n — i) — 1 > 
hence from (18), R 0 (H n — H n - 1 ) = 2. Therefore 

Theorem I. If H n -i is a subcomplex of an H n which is an 

M n , it disconnects it into two parts. 

This is an extension of a theorem due to Veblen [2] on 
the decomposition of space by a polyhedron. For it will be 
recalled that H n -i might have been assumed merely to be 
a polyhedral sphere on i7 n . Let F ny Fn be the two parts 
into which H n is decomposed by Hn- 1 - As we shall see, 
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they are cells. Since H n is a simple circuit, the n- and 
(n—l)-cells of E or E' have the incidence properties of the 
simple circuit. From (16) mod 2, Rn(H,r, H„- 1, 2) = 2. 
Hence E , E' can each contain only one n-circuit. Therefore 
they are simple circuits (Ch. I, No. 35). 

Let this time p >0 and let r r of No. 34 be chosen on E. 
If p < n y y p -1 ~ 0 on H n - 1 , so that H n -i _J C p y P -\. 

— C p is an absolute cycle of //,*. But as the 


Therefore F p - 

latter is a sphere, L p — C v ~ 0, /), ~ 0 mod H n -1 on E. 
Hence the Betti numbers of E mod H n —i for 0 <. p < n are 
all zero and it has no torsion coefficients. Since E is a circuit, 
it fulfills all conditions for the combinatorial n-cell; similarly 
of course for E' . Therefore 

Theorem II. The two parts into which H n - 1 disconnects H n 
are both combinatorial n-cells. 

Corollary. Let L be an absolute M n -\ which is a subcomplex 
of K disconnecting it into two parts K' — L, K ' — L . If K is 
an absolute M n , the two parts are n-manifolds with the common 
regular boundary L and conversely. 

We can take all complexes simplicial. If E p is any cell 
of K we have 


(19) 


Lk{E p ) K 


LHE p )jc + Lk(E p ) k", 


and the two Lies at the right intersect in Lk(E ]t )L . When 
K is an absolute M n and E p a cell of L, L1:{E p )k and Lk(E p )i. 
are respectively an H n - P -1 which is a simple circuit, and an 
H n — P —2 separating it. From this and Th. II follows that E p 
satisfies the condition (c) of No. 5 for semi-regularity. A ready 
consequence is that E p is semi-regular. The cells of K'—L 
for example, being manifestly regular the direct Corollary is 
proved. The converse follows from (19) and the result of 
Ch. II No. 49. 

36. A new type of invariants and their duality 
relations. Up to the present time we have always compared 
chains on a definite configuration A as regards homologies on A . 
In a number of questions, in particular, in studying manifolds 
with regular boundaries, there arises the problem of com- 
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paring the cycles of A with those of A — A. We have then 
a new type of characters by taking as the modulus TO of the 
p-cvcles, the ^-cycles of A alone, and as the corresponding 
zero-modulus TO 0 , the cycles homologous on .4 to cycles of 
A — A. Thus the absolute cycles /’/, are dependent or not 
according as we do or do not have ?.'s not all zero such that 

A z D Cp+1 - 2 h /■; + f'p, r,,d a — A. 

It will be observed that 


r„ = F(C p+l ) -2 h rj, 

and, as a boundary is an absolute cycle, r p is also such a cycle. 
Hence dependence in the new sense is equivalent to a homology 



~ on 


.4 to an absolute cycle on A— A. 


The Betti and torsion numbers should be denoted by i? y >(3D?), 
etc. Actually it will be more suggestive, if less systematic, 
to designate the Betti numbers by r y >(A), r p (A\m). How¬ 
ever, for the reasons given at the beginning of § 3, we adhere 
to our omission of m provided that m is a prime, a neces¬ 
sary restriction here. It is understood that it can be inserted 
at any time and that when m = 2 we may dispense with 
orientability. Since we have no significant theorems involving 
the torsion coefficients there is no need to assign special 
notations for them. 

It is important to bear in mind that every r is at most 
equal to the corresponding It , a fact which follows at once 
from the definition. 


Examples. I. Let y be a circle on an ordinary two-sphere H , 
and let A — H — y. It consists of two regions A', A " 
separated by /. Any two points of A f (or A") are homologous 
to one another on A' (or A"), whereas two points, one on A , 
the other on A", are not. For in the first case, the two 
points can be joined by an arc on A, in the second they 
cannot. Hence i? 0 (A) = 2. However, any point of A can 
be joined by an arc to a point of y = A — A = H A. 
Hence every point of A is ~ 0 mod 3D? on A and therefore 

r 0 (A) = 0. 



III. MANIFOLDS 


147 


II. LeWI be the interior of a torus T in ordinary space, 
so that A — .4+ T. Any 1-circuit on A is deformable into 
a point or into a multiple of the circle y, locus of the center 
of the generating circle of T. Hence every 1-circuit ~ty 
on A, and y itself ~ 0 mod T on A. Hence r, (.4) = 0. On 
the other hand it is easily verified, for example by writing 
down the incidence matrices for a suitable defining complex, 
that A\ (A) — 1, which implies y 4" 0 on A. 

Invariants of the type here defined were first introduced in 
our papers [12, 14], the Betti numbers being there designated 

by S which we have had to change, as we wish to reserve S 
for spaces. 

37. We are particularly interested in the case where K is 

a complex, L a subcomplex of K with K — L a manifold, 

and we propose to find the corresponding properties of duality. 

Let X be, as before, the A-neighborhood of L, K* the 

dual of K — L. We choose K simplicial and such that X is 

normal. Designate by e, E the cells of X — L and K—X 

respectively and by e*, E* their duals. A—A'* = X* 

a neighborhood of L wholly on X, and the boundary of A 7 * 

is O = £e*, so that E* is an arbitrary cell of K* — o. 
(No. 18.) 

Calculation of r p (K — L). The incidence matrix of the 

2 >- and (p -f l)-cells of K—L has the following schematic 
structure: 

_ E p 

ev +1 a b \\ 

...I . 

I • 

Ep- f-i 0 c 

Designate by fi p the number of p-cells of the respective 
ypes e E, and by e b p , f p , Qp the ranks of a, b, c and of 
he total matrix. From the structure of the matrix we can 
infer at once that the number of ( p + l)-subcycles of K com- 



148 


TOPOLOGY 


posed of cells E alone, is /S +1 — Q c p , this being the number of 

linearly independent combinations U E' p + 1 without boundary. 

For p the corresponding number is We must 

subtract from it the number of linearly independent subcycles 
combinations of the E's alone which are ~Omod£ on K. 

All told there are q p linearly independent relative subcycles 
~OmodL. Among them however we have q" linearly in¬ 
dependent combinations which also include e-cells. Hence 
there are q — Q p relative subcycles ~ 0 mod L and consisting 
only of E cells. But these relative cycles are actually absolute 
cycles. For their boundaries must be on L and likewise on 
the closures of the E cells, which however have no cells on L. 
We have then exactly g Jt — q" distinct subcycles ~ 0 mod L. 
Therefore 

r p (K-L) = pre¬ 

calculation of r n - p (K — L). Except for a possible change 
in sign of all terms, the incidence matrix for the ( n p)- and 

(n—p — l)-cells of K* has the structure 



* 

6n—p—l 

1 

| 

* 1 
^ I 

* 

Cji-p 

a 

0' 

: 

J^n—p 

b 

c' 


It shows that if* possesses "p + ftp — Qp distinct (n p)- 
subcycles. From this we must subtract the number of those 
~ 0 mod O on if*, since it is also the number of the cycles 

~ 0 mod L on if. 

We have, to begin with, ce jt — q* distinct cycles composed 
of e-cells alone, hence ~ 0 mod ®. Therefore there are only 
ft — p Q a cycles no linear combination of which is wit - 
out E* cells or, what is the same, is on O. From this 
we have to subtract the number of distinct cycles o t la 
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type ~ 0 mod O. For the dimension n — p- 
shows that the number is Q c jt . Therefore for n 
We conclude then 


1 our matrix 
-P is Q C p—i • 


Hence 


r n _ p {K-L) 


>> {K — L) 


o 4- Q a 
1 k p 


o ^ 

s y ,— i 


r„- p {K — L). 


This proves that the numbers r satisfy the same duality 
relation for K — L as the Betti numbers. 

Due to a certain lack of symmetry in the parts played by 
the cells e, e*, we cannot give any duality relation for the 
torsion coefficients. 

38. Further simultaneous invariants of K and L 
and the relations between them. Dropping for the 
present the condition that K — L is a manifold, consider 
the following three sets of ^-cycles of K mod L: 

(a) A set composed of cycles on K—L independent mod L. 
The maximum number of such cycles is r p (K — L). 

(b) A set consisting of true relative cycles, that is actually 
having boundaries on L, the boundaries being independent on L. 
These boundaries are independent (p — l)-cycles on L, but 
~ 0 on A. Denote by s ; ,-i(L) the maximum number of such 
cycles, or the maximum number of independent (p— lj-cycles 
of L ~ 0 on A”. 

(<•) A set consisting of t p (L) relative cycles whose boundaries 
on L are ~ 0 on it, while the cycles themselves are not only 
independent mod L, but actually independent on K mod L of 
the cycles on K L, that is of the cycles of type (a). Let C p 
be any such cycle, C p -1 its boundary on L. Then LZ3C P -*C P - x . 
Hence C p — C p = is an absolute ^-cycle on K. The con¬ 
dition that we have imposed, however, implies that the cycles 
in question are independent of the first type or: No linear 
combination of them is homologous to a cycle on K _ L. Or 

again every ayde depending upon the I" s meets L. The integer t 
is the maximum number of such r' s. 

3J. Let now {r p }, {/’**} be maximal sets for the 

three types, the last consisting of absolute cycles (see end 
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of No. 38). If r p is any cycle mod L not a cycle of K — L, 
we have as a consequence of the definition of the cycles of 
type (b): 

x F(r p ) — ^ Xi F(r p ) ~0 on I; x 4= 0 . 

Hence the left hand side bounds a chain C p on L. There¬ 
fore xT P — 2 Xi r p — C p is an absolute cycle of type (c). 
From the fact that the set of the r p ’s is maximal follows 
that there exist integers u, with u ^ 0, such that 
ux r p — u 2 xi rp — r p l depends upon the (absolute) cycles 
of AT—A mod L. And since the T'p 's constitute a maximal 
set, it depends upon them mod L. Therefore every cycle mod L 
depends upon those of our three maximal sets. Since the 
latter are independent, their total number is precisely R P (K\L). 
Hence 

(21) R p (AT; L) = (AT— L) + ( L ) + t p (L) . 

If I p is an absolute cycle it depends on the cycles of type (a), 
(c) mod L , i. e. the corresponding coefficients xi are zero. 
It means that it is homologous to a combination of cycles 
of the first and third sets plus a cycle on L . From this 
follows 

(22) Rp(K) = Rp(K;L)-s p -i(L) + R P (L)—Sp(L). 

Formulas (21) and (22) hold even for p = 0 with the con¬ 
vention 5—i = 0. 

40. Application to a separation problem. Let us 

assume that K defines a connected absolute manifold, and 
consider, for the present only boundary relations mod 2. Since 
K is an n-circuit 

Rn (AT; 2) = 1. 

Let us assume in addition that every (n — l)-cycle mod 2 
bounds on AT, so that 

Rn-i (AT; 2) = 0. 

Owing to (3) we have then 

Ri (AT; 2) = 0, 
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hence every one-cycle mod 2 bounds, or every one-cycle 
mod 2 can be shrunk into a sum of lines taken twice. 

From (9) and (21) follows 

(23) i? 0 (K — L\ 2) = R n {K- L, 2); 

(24) R n (A; L, 2) = r n (A—A; 2)+s„_i (A; 2) + t„ (A; 2). 

Since K is an ^-circuit every point of K is on every 
•n-subcycle mod 2 of it, hence r„ = 0. From our assumption 
follows that every (n — 1 )-cycle mod 2 of A is ~ 0 on K, hence 

Sji— i (A; 2 ) == Rn—\ (A; 2 ). 

Every n-cycle mod 2 meets L. hence 

A (A; 2) = R n (A; 2) = 1. 

Adding (23) and (24) we have 

(25) R 0 (A—A; 2) = A„_i. (A; 2)+l. 

But the left hand side is merely the number of separate 
parts into which A is disconnected by A. Under our as- 
sumptions the number of parts into which A disconnects A is 
equal to 1 + A t -i (A; 2). In particular when A A of dimension 
< n 1 > ^ not disconnect A. This generalizes the 

separation property described in No. 34 in connection with 
Alexander's duality relation. 

The last part of the statement follows from the fact that 

when the dimension of A is <« — 1 , its (n — l)-st Betti 
number is zero. 

41. Remarks on the numbers t„. Application to 
manifolds with a boundary. The simplest and in a sense 
the most interesting formulas are those which involve the 
fewest invariants. We are going to consider a sufficient 
condition on A in order that t,,(L) = 0. We assume that 
A is simplicial and that the A-neighborhood of A is normal 
Let a p be any cell of A and let K k - p ~i , with *• as in No. 3 
be the sum of the faces of the cells of the star of a p which are 
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opposite to (J p itself. If C q - P -1 is any subchain of K k - p -\ 
and C q its join with a p we have by Ch. II, No. 47, 

(26) Cq->(— l )** 1 (c T P , F(Cq-p _!))+ 

the cells omitted being cells not in the star of a p . 

Now if D q is any subchain of K , we may write D q = C q -\-Cq, 
where C q consists of cells of the star of a p and Cq has no cell 
in the star. Therefore C q = (<r P9 C q - V - 1 ), where C q - P -1 is 
as above. 

The chain C q - p -\ is the trace of D q on K n - P - 1 . We shall 
find traces of that type very useful in an important connection 
in Ch. IV, § 6 . We have then 

(27) D q = (o>, trace D q ) + ••• 
and therefore 

(28) Dq -* (- l)^ 1 (« p , F {trace D)) + 

The part of the boundary actually written includes all 
boundary cells that belong to the star of a p . Therefore, in 
order that F ( D q ) possess no cell in the star of o p , it ?s ne¬ 
cessary and sufficient that trace D q he a cycle. 

42. Let us now introduce the assumption 

(29) Rq-p-i (LW* P )) = 0. 

Then also 

Rq—p—l {Kn—p— l) = 0 

and therefore K n — P — i possesses a subchain C q - P -*s traceD q ,s ^ 0. 
Hence 

(30) ±(op, Cq—p) -> s(<Jp, trace D q )-\ -= sD q D q 

where D' q is a chain without cells in the star of It follows 
that sDq ~ D'q. The chain D' has no cell in common with 
the star of a v . Therefore a p is not a cell of it. Thus as 
a consequence of (29) every subchain of K to whose hmndany <s P 
does not belong is related by a homology to a subchain of which 

a p is not a cell . 
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43. Theorem. Let evert/ cell of L he on the boundary of 

some cell of dimension , ' 7 . Then f L\ 1 _ l (Ll\a 0 )—L ) 

— 0 for every vertex of L die invariant f q (L) = 0 . 

Let r q be any subcycle of K. If it has the cell <r q in 

common with A, a q is a face of a a,^ of which it is the only 
7 -face belonging to L. We may assume that a q and < 7 , y +j 
are positively related to one another. 

Let a q enter s times in the expression of T,,. Then it does 
not enter at all in that of 

r q = r q — sF(<f q + 1 ) ~ r q on K. 


This means that we can suppress step by step the 7 -cells 
common to L and T q . From No. 42 and the conditions ini - 
jiosed follows then that from successive subcycles of K, 
homologous to various multiples of A 7 , we can remove the 
vertices on 1 >. In other words, r q is dependent upon the 
subevelcs of K which do not meet L . Since everv cvcle 

* k- 

on 1\ is homologous to a subcycle of it. the result in question 
holds for every 7 -cycle, and our proposition is proved. 

44. Let the cell c v be semi-regular. . Then the 
cycles on K n - V . x are all -^0, (29) holds for q<n: with 
Lk(a I ,) replaced by Lk(a p ) — L and s = 1 throughout. Obsei 
ving that when the cells of L are: semi-regular we can replace 
A" by a subdivision witnout losing that property, and hence 
take it so that the AT-neighborhood of A is normal. Hence 

Theorem I. When L is of dimension <C n and its cells are 
all semi-regular . all carles of K whose dimension < n are 
homo/oyous to cycles on K — L. In particular all cycles of 
L are homologous to cycles of K — L. 

We can actually go farther. For let C Jt be any chain on 
K whose boundary r 1 ,_ 1 does not meet L. We can find 
a subdivision of 7v such that /' y ,-i has no points 011 the 
A"°-neighborhood of L. Reducing Cand A to subchains C°, T° 
of A° by the fundamental deformation theorem, the same 
situation prevails. The deformation of / being on K° — L 

mc have / ~ / 0 on A 0 A. Since C has no boundary cell 
on L the same reasoning as above enables us to find a sub- 
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chain C p of K°— L homologous to C p on K °. Since C p — C p 
is a cycle, F(C P ) = F(C P ) = r®, and therefore r* p ~ 0 on 
K — L. From this follows that r p ~ 0 on K — L. This 

shows that if F of K—L is ~ 0 on K, it is also ~ 0 on 
K—L. The converse is evident. Therefore we have 
Theorem II. Unde)' the same circumstances as in Th . I, the 
homology relations between the absolute cycles of K and K—L 
tv hose dimensions are n are the same. This implies that they 

have the same absolute homology characters. 

Suppose that not all cells of L are regular or semi-regular 
but only those of L — L', where IJ is a subcomplex of L. 
Observe in passing that the minimal set L! such that all cells 
L L are regular or semi-regular, is a closed complex: 
this follows at once from the definition of regularity or semi- 
regularity. In any case our whole discussion holds with L 
replaced by L — ll. Therefore 

Theorem III. Let L f be a subcomplex of L such that all cells 
°J L L are regular or semi-regular and of dimension < n. 
The homology relations between the cycles of K—L and ofK — L' 
whose dimensions are <C n, are the same and their absolute 
homology characters are equal. 

In short, in evaluating the homology characters of K — L , 
we can suppress the regular or semi-regular cells of L whose 
dimension <Cn. 

45. Application to manifolds with a regular boundary. 
A\ hen K defines an M n with the regular boundary B f the pre¬ 
ceding result holds with L = B or even merely a subcomplex 
of B. We have therefore in view of the duality relations 

(9), (10): _ _ 

Theorem I. The homology characters of M and M—B are 
equal. Furthermore 

(31) B p (M) = R n - P (M\ B), 

(32) ef{M) = er v ~ l (M\ B). 

From (31) follows: 

(33) 2(-l) p = (— l) n Z (—^\y R P {M-,B). 
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Therefore 

_Theorem II. Tne Euler-Poincare characteristics of M and 

M—B are in the ratio (—1)". 

When n is even the Euler-Poincare characteristic result can 
he obtained directly as follows: 

(a) Since B is an absolute its characteristic is zero. 

(No. 28). 

(b) In any case remembering the expression of the charac¬ 
teristic in terms of the numbers of cells: 

Char M = Char B + Cliar M—B. 


Combining the two when n is even, the required result follows. 

In a previous paper [11] we had obtained several duality 
theorems for a manifold with a regular boundary. We can now 
show that they are consequences of the various relations obtained 
so far. We take L = B, the boundary of M n defined by A. 
The first two of the theorems in question written in terms 
of our invariants correspond to the following relations: 


I. 

II. 


B P {M— B) 


r p {M—B) 
r p (If— B) 


Sii—p—i ( B ), 

1'n—p (-1/ B) 


The third theorem reduces again to II, owing to the vanishing 
of the numbers t p . Of course II is merely (20) written in 
different form. As for 1 it follows from (9), (20), and (21) 
with the t 's replaced by zero. 


§ 4. Invariance of Manifolds 

46. Since the rc-cell is topologically invariant, the invariance 
of manifolds will be proved if we can establish the 

Theorem. In order thatK — L he an M n it is necessary 
and sufficient that every point Q of K — L possesses a neighbor¬ 
hood as small as we please which is an n-cell. (Van Kampen [3]). 

This theorem is important in itself for it implies a local 
invariantive characterization of manifolds. 

Let us first replace A by some simplicial subdivision A 0 (a de¬ 
rived of some order) with Q for vertex, and whose mesh < e 
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This is permissible since the manifold property is preserved 
under subdivision. 

Since Q is a regular cell of K — L, its linked complex 
is an H n -1 and the join ( Q, H) — H is the star of Q and 
therefore a neighborhood of Q as well as an n-cell of diameter 
<2e, (No. 8 , I). The condition of the theorem is therefore 
necessary. 

47. The crux of the proof is really in the second part — the 
sufficiency of the condition. It will be convenient to designate 
the star of E p by St(E p ). We assume then that K — L has 
the required behavior and show that its cells are regular. 
From No. 15, Th. Ill, follows that K can be chosen simplicial. 

There is nothing to prove for the n-cells, since all w-cells 
of a simplicial K n are regular. Let p<n and let us assume 
that the required result has been established for all cells of 
more than p dimensions. Then every cell of St ( E p ) is regular 
so that we merely have to show that Lk {E p ) is an . 

Since K is simplicial Lk may be replaced by its homeomorph, 
the complex sum of all faces of the cells of St(E p ) opposite 
to E p . In order not to complicate matters we also call that 
new complex Lk for the present. 

Our problem is equivalent to the following: To prove that 
the homology and circuit characters of Lk are the same as 
those of an H n - p -\. 

48. The required result will follow from a study of the 

relationship between the subchains of St ( E p ) and their traces 
on Lk (E p ) (No. 41). _ 

Let then C r be any subchain of St and C q (q = r — p 1) 
its trace on Lk so that C r = (E p , C q ) the join of E p and C q . 

Let O = ( F(E ), Lk) = the boundary of St. The boundary 
relations for joins (Ch. II, No. 47), yield here 


( 34 ) (— 1 ) v+'FiCr) 


J (E p , F(trace C r )), r>p + 1 1 mod Q 
I t E p , r=p+ 1 1 


From this and the linearity of the trace as a chain function 
follows at once that the homologies between the chains C r mod 
O and trace C r (absolute) are the same for 1 • 
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49. Under the assumption of our theorem a point Q of E p 
will possess a neighborhood .V which is an n-ce 11. and whose 
closure A’ St. Since A’ is an n-complex, St includes cells 
of dimension > n (Ch. 11 No. 32), and as n is the maximum 
dimension of its cells, it includes n-cells. Therefore E p is 
the face of an n-cell of K—L and K—L is the sum of its 
closed n-cells. Then, if St — A’ = </ y , a subcycle of St mod <Z>, 
such as C r above, is also a cycle on l I ; + A’ mod*/ y . Since 

1, necessarily r > 1. Since A' is a complex F(X) 
is locally connected, hence by reasoning* as in Ch. II, No. 20, 
we show that (V ~ mod l l ; to a cycle of A’ mod F(X) on St. 
Hence if r <C )i and since A’ is an n-cell, CV~Omod X I J and 
therefore l I ; f ZL~CV. It follows that the boundaries of C 
and 1) coincide. Hence F (D) Z ®. Since DZ\jQ there is a 
unique segment QP from Q to every point P of 1). Let 1\ 
be its intersection with ®. We can slide P along QR until it 
comes to R. This deforms D into D' ‘ ® with the same boundary. 
Hence , and finally CV~0 mod ®. In other words the 

r-subcydes of St mod CD, p -f 1 < >• < n, are all ~ 0 mod ®. 

50. Passing to r = n , let first p = n — 1. Since jF(A") 
is locally connected and ~Jp if it follows from Ch. II, No. 26, 
and the deformation theorem for simplicial complexes, that 
the subcycles of St (= W-\- X) mod W are deformable into 
simplicial subchains of some subdivision K° of K, their 
boundaries being at a distance from W that tends to zero 
with the mesh ? of K°. Since K is a circuit, K° will then 
carry, for S small enough, an w-subchain whose boundary 
mod. 2 Ip Q. This implies that the closed (w — l)-cells of 
K° which carry Q are incident with an even number of 
w-cells. In particular those on E n - 1 have that property. This 
can only be if E n -i is itself incident with an even number 
of n-cells of K. We conclude then: E n - 1 must be incident 
with at least two different n-cells, E n , E,[ of K — L. 

Let now C n be a subchain of St{E n - x ). From (34) follows 

(— 1 ) n C n t E n -1 mod d ). 

Let in addition 

E n -*eE n - 1 , E' n -*e'En-\ modO>; £,*'=-4-1. 


1 . 
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Then ( \) n C n teE n and eE n — e'Eh are subcycles of 
St(E n ~ 0 mod (D and hence they are cycles of W-\-N mod «//. 
Since A is an w-cell, we have, as in a similar case No. 49, 
that the two c}’cles must be dependent. Therefore we have 

a C n + ft E n + y Eh ~ 0 mod d). 

Since u is the maximum dimension of all cells and we are 
dealing only with subchains of St this homology reduces to 

a Cn + -\-yEh = 0 . 


As the cells E, E' are distinct, we cannot have « = 0. 
Therefore C n is necessarily a linear combination of E, E'. 
In other words St(E n - x ) consists of two closed n-cells, 
i. e. it is a simple circuit. It follows from this and No. 49: 

(a) E n -i is regular. 

(b) K L itselj is a sum of a finite number of simple circuits. 
51. A\ e are now ready to draw conclusions regarding 

Llc{E p ). Since p = n — 1 has already been treated we can 
take p< n — 1 . 


Now the incidence relations between the (/+ 1)- and /-cells 
of St{Ef) are the same as for the (/ — />)- and (i — p — l)-cells 
of Lie. Therefore from Nos. 49, 50 follows that Lk is the 
sum of its closed (n — p— 1)-cells and that every (n—p — 2 )- 
cell of Lie is incident with two ( n — p — l)-cells. Therefore 
Lk is a sum of simple circuits. To prove that it is a sphere 
it is only necessary to show that the homology relations between 
its cycles are as for the sphere. For the c} r cles of dimension 
q 4- 0, n — p — 1 , that follows from Nos. 48, 49. 

In view of (34), R n - P -i {Lk) = R n {St\ O). Now if C n , Ch 
are any two cycles of St mod <Z>, passing as in No. 49 through 
their homologies mod W we shall find this time a homology 


tC n -\- t'Ch ~ 0 mod (P. 

Hence there is at most one independent n-cycle and 
R n (St\0) < 1 . On the other hand, let D n be the funda¬ 
mental n-cycle of the cell N. AVe will assume that it is 
already reduced to a simplicial chain after the manner of 
No. 50. The sum of the closed w-cells of D n which meet Q 



III. MANIFOLDS 


159 


is a chain D°„ ^ 0. Since F(D n ) Ip Q, it can be deformed 
as in No. 49 onto <D. If we add its deformation chain to 
IJ n we have a new chain D'„ which is a cycle of St mod Q>, 
that we may assume to be simplicial. Now if the initial 
mesh of l) n has been chosen small enough, and since the 
various operations involved in passing from D n to I)' n are 
on cells sufficiently far from Q, the sum of the closed cells 
of D'n meeting Q will still be if + 0. Therefore D' n is a 
proper cycle of St mod ®, and R n (St; ®) > 1. Hence 


B,i(St; ®) — 1 — R n - P -\(Lk), LI r is an orientable simple 
circuit and as it is connected. R 0 (Lk) = 1. Therefore Lk is 
a sphere. This completes the proof of van Kampen's theorem. 

Remarks. I. At the end of No. 49 we had recourse 
to_thc invariance of dimensionality in order to show that 


K ~L is the sum of its closed n-cells. Actually this follows 
independently from the fact just proved that R„(S't; <1>) = 1 
II. The same mode of proof establishes the invariance of 


manifolds mod m. 


III. \\ hat has actually been established is the invariance of 
what might be called the manifold of grade p, i. e. of a K—L 
whose cells of dimension i> p are regular. For p = n — l 
it is a sum of simple circuits. In particular our result implies 

the invariance of the simple circuit, already proved in an¬ 
other manner, Ch. II, No. 37. 


IV. Van Kampen's proof published in his thesis [3] is sub¬ 
stantially along the following lines: He defines as a p-crjcle 
at a point Q on K, any C p whose boundary J j Q The 
cycle ~ 0 at Q when C p ~ C' Q. This enables him to 
define homology characters at Q which are simultaneous topo¬ 
logical invariants of K and Q. It is then shown that when 
these characters are the same as for an H n _ x we have a 
manifold. The similarity between the two proofs is evident. 
Our C r s are the cycles at Q of van Kampen, and to his 
homologies at Q correspond the relative homologies on N 
that we had. I am advised by Alexander that an unpublished 

proof which he obtained several years ago, was practically 
the same as van Kampen’s. 
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53. AA e will now prove the topological invariance of the 
manifold with regular boundary. Let K be a simplicial 
^-complex and A the set of all points of K having the property 
of possessing an arbitrarily small n-cell for neighborhood. 
An inner point of A will be called a regular point of K. 

According to No. 46 every point of a regular E p is a point 
of A. But with Ep every cell of its star is regular, hence 
when E p is regular St(E p )CZA, and as St is a neighbor¬ 
hood for every point of E p , every point of E p is regular. 

Conversely let Q be a regular point of E p . The reasoning 
of the preceding numbers shows that Lk(E v ) is then a sphere. 
But when Q is regular every cell of St also carries regular 
points. Hence the linked complexes of all cells of St are 
spheres and since K is simplicial, E r is regular. Therefore 
the set B of all regular points coincides with the sum of 
all regular cells. 

Now if Ep is irregular so is every face of Ep. Hence 
the sum of all irregular cells is a closed subcomplex L of K 
and B = K — L. Since B is characterized by a topological 
property, the same holds for L. 

Suppose that K—L is an M n with the regular boundary L . 
Let A' 0 be a copy of K and bring into coincidence the points 
of L with their images on A' 0 , thus obtaining a new complex 
A"+A"°. AVe now have the following properties: 

(a) L is the set of all irregular cells of K . 

(b) L is an absolute M n -\ which disconnects K-\-K° into 
two parts K — A, K° — L . 

(c) A"+A'° is an absolute M n - 

The first two are true by assumption or construction, 
while (c) is a consequence of (b), (No. 35 Corollary). TheSfe 
three properties, which are topological, jointly imply that 
K—L is an M n whose boundary L is regular. For (a) 
implies that A is a closed subcomplex of both K and A 0 
and (b), (c) that K—L behaves as asserted (No. 35 Corollary). 
Since the property of being an M n with regular boundary 
is a consequence of three topological properties, it is itself 

topological. 


CHAPTER IV 


INTERSECTIONS OF CHAINS ON A MANIFOLD 


Given chains C P , C q on an orientable ^-manifold. (absolute 
or relative) that do not meet each others boundaries it is possi¬ 
ble to associate with them a definite (y> + 7 — u)-cycle, their 
intersection. When i) J rq = n there is an associated number, 
the Kronecker index. Both cycle and index have a lan>e decree 

of invariance under certain modifications of the chains, for 

/ 

example when they undergo sufficiently small deformations. 

In a recent paper [8] we have given a complete treatment 

of these questions.. We propose to take them up again here 

with the double object of simplifying the theory and extending 
its scope. 

As in our paper, we first study specialized polyhedral 
intersections, then treat the general case by means of approxi¬ 
mations of the special type. The result, as it is shown with 
greater precision than in our paper, is wholly independent 
of the mode of approximation. 

Instead of the convex polyhedral intersections first chosen 
as the special type, we have given the preference to pairs 
of chains of a manifold K—L and of its dual K *, a scheme 
followed with much success by Veblen [6], Weyl [3], also by 
Poincare [3] for n = 3. For the theory the new type has 
decidedly the best of it but in the applications the reverse 
is true, since given polyhedral chains in practise rarely have 
subdivisions related as in the new scheme. Furthermore it 
seems desirable to have a unique basic type of polyhedral 

intersections including the two. This we have obtained bv 

101 
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means of Brouwers looping coefficients, which have enabled 
us to define an intersection chain for two subchains when¬ 
ever their common cells are of the right dimensions. 

It is hardly necessary to point out the importance and 
practical value of a carefully built up topological theory of 
intersections of chains. This will be clearly shown by the 
applications to be found in the following chapters. It is 
also apparent from the numerous explicit or implicit occur¬ 
rences of the Kronecker index, the looping coefficients, etc. in 
the literature. We may mention only the noted double integral 
of Gauss, and the characteristics and integrals considered 
by Kronecker and Poincare. There are also numerous appli¬ 
cations to algebraic geometry as will be shown in Ch. VIII. 


§ 1. Polyhedral Intersections 

1. As in the preceding chapter the fundamental complex A 
is a.normal ?i-complex with L as its subcomplex and A"' as 
its first derived complex. We assume that K — L is an 
orientable and oriented n-manifold, although orientability 
may be dispensed with whenever we deal with intersections 
mod 2 to be defined later. We denote again by K * the dual 
of A —L built up by means of K\ and use the same notations 
for the cells of K' as in Ch. III. 

2. Let us first examine the intersection of E p of K—L 
with Eq of the dual K *. As we shall see, when it is not 
vacuous it is an 5 -cell, s = p-\-q — n , which we shall orient 
in a definite manner. 

The cell E p is the sum of all cells of K' in whose symbol A p 
is the last vertex. On the other hand Eq is the sum of all 
cells of K' in whose symbol A n ~ q is the first vertex. Since 
E p , Eq are both exact sums of cells of A', their intersection 
is also an exact sum of cells of K r . These cells must then 
all be of type A n ~ q • • • A ir • • • A p where the vertices A ir are 
common to two cells of A', one on E q the other on Ep . 
It implies also that E n -q , E l r , E p are mutually incident, with 
n — therefore, in particular, tha ts = p J rq n^O. 
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The required intersection G s is the sum of all cells of K' 
having a symbol o s — A n ~ q ■ ■ ■ A r ■ ■ ■ A p . They are all on E p 
and they all have A'* -7 and -4'' as their extreme vertices. 

We now recall that E p is an M p with the regular boundary 
F{E P ), (Ch. III. No. 8). Since the cells of A" on E p decompose 
that complex into the cells of a first derived, we find by 
reference to Ch. Ill, No. 13, that G s is merely the part of 
Tv {En-q)^, which is on E p itself and not on its boundary. 
That part consists precisely of a cell of dimension 
p — (n — q) — s. 

The component <r s of the cell G,, is uniquely deter¬ 
mined by a mutually incident set. . . •, E r , • ■ ■ E p 

and conversely. Any component o\,_i of G s - is then of the 
form A'‘~ q ... A r_1 A rJrl ••• A p , n — q<r<p. The try s of 
which <t s _i is a face are obtained by inserting all vertices A r 
that, are on a cell E r which is on F(E r+l ) and has E,— x for 
face. Since F{E P ) is an absolute M p , the same property 
belongs to the cells of its boundary. Therefore A(£V +1 ) is 
an absolute M r +1 and hence a simple circuit. Consequently 
there are just two cells such as E r , and two components o s 
incident with a s - lf so that G, is a simple circuit. 

The boundary of G s is the sum of the (s— l)-faces of the 
cells o s in which there enters only one of the vertices A"~ q , At’. 
Referring to their symbols we find that it is the join of 

Ho — A' 1 7 A l> with H s —i = Lk(E n - q ) FiEp) and hence it 
is an H s - 1 . Summing up, we have then proved: 

Theorem. The geometric intersection of E p ofK—L and 
E q of K* is either vacuous or else a cell of dimension s = p -f q — n 
which is a simple circuit whose boundary is an (s—1 )-sphere. 

3. We now consider the orientation of the intersection 
cell (Ss. Since it is a simple circuit the orientation of all the 
s-cells, components of K on G s , is completely determined when 
we have that of one of them, then orient all the others by the 
condition that any two s-cells of K' on with a common 
(s — 1 )-face are oppositely related to it. 

Let P p A°A 1 ... A'* -7-1 Os = fi p ao s be a cell of K' on E p 
and indicatrix of the latter. fi p and the other /S’s to be used 
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presently are all ± 1. As in Ch. Ill, § 3 they are introduced 
in order to take care of the exceptional cases where some 
of the <t’s are of dimension zero. Let similarly E q carry the 
cell P q <s s A ' ,+1 ■■■ A n — P q <r s <r n - r -\ ■ In the sequence A 0 ■ ■ ■ A n ~ q 
... A r ■■■ A v A" each vertex is on one cell of a mutually 
incident set of cells of K. In particular A n is on an w-cell 
to whose closure all the other vertices belong. Therefore, for 
proper P n , P» o n -q-\ <r s <r n -p-i is a certain n-cell of K', indica- 
trix of K' or of K itself. As for g s let Ps a s be its indicatrix. 

The cell a s of A" is a face that may belong to a number 
of components of E p or E*. Following our customary con¬ 
ventions the p-cells components of E p , for example, are to 
be oriented concordantly with E p , and similarly for E q . Let 
us examine what happens when we vary the components 
having tf s for face. E p is decomposed by K into the cells 
of an orientable circuit mod F(E P ) with two jj-cells incident 
with, and oppositely related to, each (p — l)-cell. Hence if A 1 
is one of the vertices of <J n -q- 1 , one of the components of 

E p is a cell 

— fi p A°A 1 --- A 1 - 1 A' 1 A t+l ■ ■ ■ A"-’- 1 o s = — fi p o s . 

But then the corresponding n-cell a ' n - q -1 a s <*n - P -1 ^ as a 
common face with Ch— 7—1 <*s a n- P -u afi d as ]>ositive cells of 
K' they must be oppositely related to that face. Hence as 
indicatrix of K' the new n-cell must be represented by 
— fi n J n -,-iCaO n - P -i' Therefore on passing from one com¬ 
ponent of E p to an adjacent one the product ftp fig Pn is loft 
unchanged. Since we can thus pass from one component to 
every other the product is independent of the components 
chosen on E p , and likewise of those on E q , whose common 
face <s s is. We choose this product as the value of Ps or 
more symmetrically we determine P s by the relation. 

( 1 ) Pp Pq Ps Pn ==: 1 • 

This gives us a unique orientation for the component of 
6 , depending solely upon the orientations of A an 
the intersecting cells. 
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It remains to be shown that the components of (£.9 are 
thus concordantly oriented. The reasoning is about the same. 
It is again sufficient to consider a cell having a common 
(5 — l)-face with o's, say o' s = • • • A r ~ l A' r .4 r + 1 • • • A ! \ 

obtained by replacing A r by A' r among the vertices of a s „ 
The proper components to be considered may be chosen as 
<r n -q-i <r's 9 °'s o n -p- 1 , <i n - q -1 <*n-p- i- The first has a common 

( p —l)-face with G n -q-\ a s and, since as a concordant com¬ 
ponent of E p it must be oppositely related to it, it is 
described properly oriented by —ftp <r n - q -i o' s . Thus ftp has 
been changed in sign and similarly for ft q and ft n . From ( 1 ) 
follows then that ft s goes into — ft s . The orientation that 
our scheme attributes to the component a' s of (£. s . is described 
by —b e. it is such that a* and o' s are oppositely 
related to their common ( s —l)-face. In other words both 
are concordantly oriented relatively to (£ s . 

Remark. It follows in particular from our discussion that 
the special choice of any order for naming the vertices of 
the a s is immaterial — any change in it is always compensated 
by suitable changes of signs in the ft's, but the indicatrix 
fts (i s remains fixed. 

4. We have then determined a unique and well defined 

orientation for (£*, the indicatrix being ft s a s . The cell thus 

oriented is by definition the intersection chain of the two 

chains E ,,, E* and it shall be designated by E p • E*. There 

will be no danger of confusion with the “intersection” symbol 

of point-sets since we will never consider such intersections 
for chains. 

When p + q = n, s = 0, the intersection consists of 
a single point; the intersection chain is the point affected 
with the sign of ft 0 determined by 


( 2 ) fto ftp ftn—p ftn = 1 . 

The number ft 0 is called the Kronecker index of the two cells, 
and designated by (E p -E*- p ). One may think of it as 
describing the multiplicity (positive or negative) of inter- 
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section of the two cells. It was already considered in 
Ch. Ill, No. 24, and the orientation imposed upon E*- p there 
was equivalent to the condition (E p ■ E*- P ) = 1. However 
for the present we wish to make our treatment independent 
of any particular orientation chosen for the cells. 

Here as in Ch. Ill the two dual cells are symmetrically 
related with respect to K' . If we permute their parts in the 
above scheme we find that E*, E p and K have for respective 
indicatrices (— i)(»+i)(n-P)^ 9<r „_ p _ l0 - s ; (_ a n - q - X 

and (—i)(a+i><»-p)+<«+i)<n-»> p n a n _ p _ x a s a,,-,-!. Hence by a 
very simple calculation, if fi' s a s is the new indicatrix to be 
assigned to 

(3) fi' s = (— iyn-pm-q) /3s 
and therefore 

(4) E* • E p = (— l)(«-?)<«-,) Ep . E *_ 

In particular for s = 0 from (3) follows 

(5) (EZ- P • E p ) = (- 1 )<»+** (E p • E *- p ). 

From (1) and (2) follows also 

| (~E P )-E* = -E P .E* = E p .(-E* q ), 

1 ((— E p ) • E*- P ) = - (E p • E*-p) =; (E p .(-ELp)). 

When E p and E* do not meet we have a null chain or 
a zero index as the case may be, that is 

(7) E p • E’* = 0, (E p • En-p) = 0 

for non-intersecting cells. 

In order that there be intersections it is necessary and 
sufficient that the dual E n - q of E* y be E p or a boundary cell 
of E p . Hence E p • E* or (E p • Et-p) are + 0 when and only 
when Eq or E*- p are duals of E p or of cells of the boundary ofE p . 

5. The boundary of the intersection cell. We have seen 
(No. 2) that the (s — l)-faces of the cells <r s in whose symbols there 
appear both A n ~ q and AP are cells of itself and hence 
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they do not belong to its boundary. The only boundary cells 
of o s that belong to that of are therefore of the type 
such that A n ~ q a s -1 = o 9 or <r 5 _i A? =o s . 

Consider those of the first type. a s -\ has then a symbol 
A l ' n ~ q ^i ••• A v . It is therefore a component of E v • E*-i . 

Since Eh - q +1 is incident with E n - q , E*U is on the boundary 
of E *. Furthermore every component of the intersection in 
question is a cell such as a s -i, for the only condition imposed 
is merely that A n ~ q A^ n ~ qJrX ••• A p be a cell of K’ , hence that 
E n -q , En-q- i-i, •••, E p be mutually incident. 

As for the orientation of o s -\ relatively to <x s , let 

( 8 ) F* - Z m E*L 1 . 

We have E (J —\ = ± <*s-i <*n-p-i* Hence in view of (8) and 
of the fact that fi q A n ~ q <r s _ 1 o n - p - x is an indicatrix of E*, 

j, 

Vi Pq a s—i a n-p-i is an indicatrix of E q ~ i. From (1) applied 
to E p ■ E q -\ follows that it has for indicatrix a s _ x . Since 
fin A n ~i <r JS _ 1 is an indicatrix of it follows that E p ■ rji E*-i 
is positively related to E p ■ E q . Therefore 



the unwritten cells being cells <Ts_i such that a s -\Av = a„. 

But in view of the symmetry between E p ■ E* as regards 
the intersection and K’, if the boundary relation for E p is 


then 

( 10 ) 


F p -* Z Ep—i 


E* ■ E 


Z Sj F* • Ei-x 





the cells in the sum being those left out in (9) and the cells 
omitted those in the sum in (9). From (10) and (4) follows 

(11) E p . E* -* (-1) 1 -* £ 0 4-1 + 

Since the sum in either one of the formulas (9), (11) corre¬ 
sponds to the omitted part in the other, we have finally 
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(12) E p • E* - 2 m E p ■ Eqi.\ + (-1)-» £ 'Cj Ep-i • JS?*, 

which is the desired boundary relation. We shall give it 
a simpler form in a moment. 

6. Intersection of arbitrary chains. The fundam¬ 
ental boundary relation. Having numbered and oriented 

• • 

the cells we consider in all cases the symbols Ep . E* J , 
(Ep • E*—p ), although they are =}-- 0 when and only when E* J 
(or En—p in the case of the index) is the dual of E p or of 
a boundary cell of E p (No. 4). We return to the convention 
of Ch. Ill, No. 24, and orient again the starred cells so that 

(13) (E l p . E^p) = Sij. 

Let now C p , Cq be two subchains of K—L and K*. We 
define as their intersection a certain 5-chain, s = p-\-q — n, 
to be designated by C p • C *, by the following conditions: 
(a) It is a linear function of C p or C q , i. e. 

(14) (tCp + i Ci) • C* = tCp. C* + t' Cp • cl 

and similarly for C*. (b) When the chains are cells the 

intersections are the chains already defined. From these con¬ 
ditions follows immediately that if 

(15) C p = 2 x i El, C* = 2 yj E* j , 

then 

(16) Cp . C* = 2xi yj E l p • E* J . 

When p + q = n, s = 0 and the intersection consists of 
a finite number of points. The Kronecker index, again defined 
by conditions (a), (b), is designated by (C p • C *- P ) and its 
value is 

(17) (Cp ■ C*-p) = 2Xi yj (Ep ■ E*—p) = 2 Xi Vi■ 

Formulas (4), (5), (6) hold with chains in places of cells, 
i. e. with E replaced by C, and we need not rewrite them. 

7. The boundary relation (12) is now seen to be equivalent to 

F(E p ■ E*) = E p ■ F(E*) + (— \) n ~ q F(E P ) • E* q . 
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When combined with (16) it yields at once the fundamental 
boundary relation 


(18) F(C P • C*) = C P • F(Cf) + (-1)" 7 F(C P ) • C* 


8. Remark 

be approached 
tageous angle, 
the number of 
in the chain. 
Co = ZtiE'o, 


on the Kronecker index. The index may 
from a somewhat more general and advan- 
We first define it for any C 0 whatever as 
vertices of C 0 each counted with its coefficient 
In other words designating it by (C 0 ), if 
then (Co) = ^ti. From Cli. I, No. 28, Re¬ 


mark, follows then the 

Theorem. When C 0 ~0 on any K that carries it, (C 0 ) = 0 . 
Regarding the application to intersections, (C p • C n - P ) is 
merely the index of the zero-cycle m C p • C n - P . 

9. Let us return now to our general intersections. From 
(18) follows 


(19) F(C P+1 • Cn-p) = Cp+1 • F(Cn- p ) + (- 1)^ F(C p +i ). OT- 




p 


Since the right hand side is a bounding C 0 we have by the above, 


(20) (<V, • F(('Z- P )) + (- 1)' (F(C Hl ) • <?„%) = 0. 

This noteworthy formula enables us to pass from a Kron¬ 
ecker index of a pair of chains of dimensions p, n — p to 
the index of another pair of dimensions p — 1 , n — p + 1 . We 
will find this most useful in the proof of the topological in¬ 
variance of the index (§ 4). 

10. A series of simple properties of the intersection chains 
and indices, following at once from our formulas, will now 
be listed: 

I- If Cp, \C q ], is a cycle mod L, [is an absolute cycle], the 
boundary of the intersection C p ■ C* is ± the intersection of C p 
I of C* ], with F (C*), [with F(Cp)]. 

11. If both are cycles, mod L and absolute respectively, their 
inter)'section is an absolute cycle . 

III. When the chains do not meet one anothers boundaries 
their intersection is a cycle. 
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IV. The intersection of two cycles of which one is a zero- 
divisor, is a zero-divisor . 

For if say, C p -> 0, C*+i -* t Cq, t =f= 0 then F(C P • C*+ 0 = tC p • C *. 

The intersection cycle or zero-divisor in III or IV are 
both absolute, the bounding relations referring to K — L. 
An equivalent statement to IV is: From C p -> 0, C* ~ 0 
follows C p • Cq ~ 0. Here as usual ^ is the symbol of homo¬ 
logy with division allowed or with zero-divisors dropped. 

V. When a multiple of C p bounds a C p +\ which does not 
intersect F(Cn- P ), (C p - C*- P ) = 0. In particular this is the 
case ivhen C n - P is an absolute cycle . 

This follows at once from (20), for the first term at the 
left is then zero. 

The following simple special case of V in which p = n — 1, 
is practically equivalent to this well known fact: When an 
arc AB of S n has its end points exterior to a region 31, 

the number of times that 
a point describing AB in 
a given sense, enters 3t is 
equal to the number of times 
that it leaves the region. 
Historically Theorem V is 
also of considerable interest, 
in that it is through a partial 
inversion of it that Poincare 
attempted first to prove the 
duality theorem for absolute 
Fig. 14. manifolds in his first paper 

on Analysis Situs [2]. 

Definition. When the chains have their coefficients reduced 
mod m , the chain obtained from C p - C* by reducing coefficients 

modwi is the intei'section modm. When q = * n P> 
algebraic number of points in the chain C p • C n — P > reduced 
mod m, is the Kronecker index mod m. All the results of 
this section hold for intersections or Kronecke)' indices mod m, 
with the usual privilege of neglecting orient ability when 

m = 2. 
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In the last case the formulas become especially simple. 
For example (18) becomes 

F(C P • C*) = C p • F(C*) + F(C P ) • C*. 


G * • C 


pi 


etc. 


(18') 

Also CP • (. q V_/ q 

11. Extension to an arbitrary number of inter¬ 
secting chains. Let A 1 be the zth derived complex of K , 
A**+ 1 its dual as constructed by means of A* +1 , with A"* 1 = A'*, 
so that A may be considered as K°. We call K*j the j»th 
dual of A. 

We consider intersections of the two types C P - C q • • • C r 


*i 


and C ( J l • • • C* h y where C P is a subchain of K and C" J a sub¬ 
chain of K*-*, and propose to deline them as certain 5-chains, 
where if v is the number of intersecting chains, s=_p + 3 +-*' 

• • • + r — n{v — 1), or = q + • • • + r — n (v — 1) in the 
two respective cases. 

We will first show that when each chain consists of a single 

o 

cell the intersection is either vacuous or else an s-cell which 
is a simple circuit with an (s — l)-sphere for boundary. This 
is the extension of the theorem proved in No. 2. 

Consider first the intersection E p ■ E*' ■ ■ ■ E* h . Suppose 
that the boundary L of K is regular, so that its cells or all 
those of any simplicial subdivision of it are semi-regular. 
If E t is a semi-regular cell of K j on L. we recall that the 
part of its dual which is on K — L is also an (n — f)-cell 
which is a simple circuit with a sphere for boundary. For 
purposes of the proof it is necessary to consider also inter¬ 
sections of the type now taken up, when to the cells of 

K* J+1 are added cells such as the (n — 0-cell considered. 
In other words it is advisable to consider K* j+1 as the sum of 
the parts on K—L of the duals of all cells of KK Thus 

E* J+1 is an open complex which as a point set coincides 
with K — L. 

Let E q J ~ denote any one of the starred intersecting cells. 
It is the dual of a cell E J n - q of A 7 and therefore it is on 
the star of that cell with respect to A 7 . Hence A* 74-1 can 

only meet E p if that star does, that is if A 7 _ 7 is a cell of 
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the subdivision induced on E p by KK Hence, as ill No. 2, 
their intersection is the part of the dual of E J n - q relatively to 
the manifold E p which is on the cell E p itself. Since E p is 
an M p with regular boundary that dual is a f-cell (Sty 
t = p-\-q — n , of the (j + 1 )st dual of E p \ moreover it is 
a simple circuit whose boundary is a sphere. 

We now return to our group of intersecting cells. If we 
denote the t associated with E q , ••• by t ly t 2y ••• we find 
that the intersection of the given cells coincides with that 
of the cells (St j on E p% that is with cells of the successive 
duals of orders ?, •••, //, of E p . There are now two possi¬ 
bilities: (a) p < n. The required result being trivial for n = 0, 
may be assumed for lower values of n , then follows for p 
and hence for the case here considered of intersections on E p . 
(b) p = n. Then E p may be suppressed and the intersection 
is actually of the second type. For that second type how¬ 
ever we use exactly the same reasoning with E p replaced by 

A • 

the succeeding cell E q l and so on. Our proof is thus com¬ 
plete for both types. 

Remark. One may properly ask why in the earlier parts 
of the book we have not included, among the dual cells, the 
parts of the duals of semi-regular cells that are on K L- 
When L is a regular boundary this would be perfectly feasible, 
but to demand that the boundary be regular is to impose 


an unnecessary restriction on our treatment. 

The orientation is determined by recurrence. \\ riting for 
example E** E*J • • • E* h for the intersection cell of the 

second type we define it by 



where [• • •] designates the oriented intersection of the bracketed 
cells. As between the first cell and the bracketed intei- 
section the situation is essentially as in No. 3 and need not 
be considered again here. 

Theorem. The intersection symbols follow the associative lau. 

Suppose that we have three cells E p , E q , Try — ^e 
omit the asterisks in their designations intersecting in an 
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S (=P J rq J r r — 2 n)-cell G*. We can find an indicatrix of K 
(cell of a suitable derived), c n = a s o x a tt= q + >* w — 1 

etc., such that a s a-, a 8 a Xj a s Oo are component cells of E q • E r , 
Er-Ep, Ep-Eq. Then (S x a Q o 8 , a 9 a s a n , a s a n a x are com¬ 
ponents of Epy Eq, Er. Let us assume that a n and these 
three new simplexes are respective indicatrices of the corre¬ 
sponding carrier cells—the contrary cases being taken care 
of as in No. 3 by introducing coefficients & everywhere. Under 
the circumstances let us orient G s by taking a s for indicatrix. 

Now from the orientation rule for the intersection of two 
cells we find that the indicatrix of E p • E q is a,> and hence 
that of [Ep • Eq] • E r is (—where « = n(*+l)« By 
a similar calculation we find the same indicatrix for E p -\E ir E r }. 
Therefore 

Ep • Eq • Er = Ep .[Eq • Er] = [Ep • Eq] • Er. 

Suppose now that we have r cells E 1 with as the 

oriented intersection. By definition 


G 


E i . [EJ • • • E h \. 


Assuming that the associative law has been proved for 
less than r cells we have 


EJ • • • E h 
E l • [E> • • • E k ] 


Hence 


[EJ ••• E k ].[E l ... E h ] 
E l • E J ... EK 


G 5 = E l • [EJ • • • E k ) • [E l •.. E h ] 
= [E l • ... E k \-[E l •.. E h ]j 


which proves the associative law for r intersecting cells. 

The behavior under commutation follows by successive 
application of the formulas given in No. 4. 

From the cells to the chains is but a step. Let C p , C^' be 

subchains of K and K* h *, We define the intersections 

Cpucv, nC and when 5 = 0, the corresponding 
Kronecker indices by the condition that the distributive law 
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bold. The associative law follows then automatically. Re¬ 
garding the fundamental boundary relation (18) we prove 
first as before, that it holds for two intersecting chains that 
are respective intersections of several chains. By means of 
the associative law we can then derive extended boundary 
relations analogous to (18) for any number of intersecting 
chains. From these extended boundary relations we can 
also derive theorems analogous to those of No. 10. Thus 
when all chains are absolute cycles and one is ^ 0 on K—L 
so is their intersection, etc. We return to this later. 


§ 2. Special Combinatorial Properties of the 

Kronecker Index 


12. We have already observed that the rule for orienting 
the dual En- Pl of E p , is equivalent to the condition (E-E*)= 1. 
By reference to Ch. Ill, § 3. it will be seen that this implies 
intimate relations between the combinatorial properties of the 
index and the duality relations. We now propose to exhibit 
this relationship, by developing a partial theory of the index 
that might fit directly into Ch. Ill, say at the beginning of § 3, 
and without regard to the general intersection theory of the 
present chapter. 

We take the situation as in Ch. Ill, Nos. 29, 30 when we 
proved the fundamental duality relations for the homology 
characters. The pairs of dual cells of St— 3 and K * — 
are called E p , E*- P , and the subchains of the two open 
complexes are called C p , Cn- P . We recollect that if C p is 
a cycle of St mod g it defines a unique family of cycles 
of K —L 1 mod L 2 and the homologies mod g of the cycles C p 


correspond to those mod L 2 for the associated cycles on 
K — L\ Similarly for Cn- P , K* — </>, except that L 1 and L 
must be interchanged. To simplify matters we shall under¬ 


stand by “cycle C p \ not only that cycle but the associated 
family of cycles on K —i 1 modi 2 , and when we write 
C p ~0 it is to be understood in the double sense: (a) The 
subchain C p of SI is ~ 0 mod g on St. (b) Any cycle of 
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the associated family is ~0 on K — L x mod L 2 . A similar 
remark applies to the starred chains with the appropriate 
modifications. 

13. Our starting point is then the index of 



a 


2 X i Ep > 


n* — 

^ n—p — 


£ U> E n -p 


which we define a priori by (17), however we may have 
happened to obtain that expression: 

(17) (C p ■ C*-„) = 2 Xi yi • 


Suppose now that we have two sets of chains: 



They determine a matrix of indices 

(22) || {Cp ■ C*lp) || 

whose behavior under linear transformation is noteworthy. Let 


(23) 

\c} = 

- 2* a ih Cp , i = 

1, 2. • • •, r, 


II 

* f 

= 2b jk c n %, j - 

1, 2, • • •, s . 

Then, 

by a simple calculation, 


(24) 

II (O’! ■ Cn—p) | 

= a • || (Cp • C*-p) || • b', 



which describes the exact behavior of (22) under the trans¬ 
formation (23). 

14. The result just derived combined with the considerations 
of Ch. I, No. 27 yields rapidly results of considerable signi¬ 
ficance. Consider indeed the boundary relations 

K+i 2 vS E i 

and apply again simultaneously the transformations, loc. cit., 

e p = 2 a v Ep 9 3 p unimodular, 



176 


TOPOLOGY 


giving for the new fundamental sets {Cp) for ^-chains here 
considered, boundary relations with quasi-canonical matrices 
of coefficients: 


C }+1 -> tf C& s p = a* +1 • v p • (a*)- 1 . 


If rf q are the boundary matrices for the starred chains 
we have (Ch. Ill, No. 27) 

(25) V *n- P -1 = (—lJlH-l.foP)'. 

Hence the matrices 

(—i)^+i (a p )~~ v ri+n-p- 1 (a p + 1 )' 


are likewise quasi-canonical. Therefore the transformations 


_ V jflrP p* J 

'~n—p — u ij -L'n—py 


b n~P 



will reduce simultaneously the starred matrices to matrices S* 77 , 
likewise quasi-canonical. 

Now we have by definition 



Hence, by the result of No. 13: 

|| (C£ •<?„*!„) i I = aP-(b n ~ p y = 1 . 


15. Let us suppose in particular that the matrices a p , 
have been so chosen that for the dimensions V and 

p t p — l the incidence matrices assume the simplified form 
of Ch. I, No. 27. To make the situation clearer we will de¬ 
signate the non-bounding cycles by r, the zero-divisors or 
bounding cycles by A, the remaining chains by D. Then 

we shall have 

I. Boundary relations for the non-starred fundamental sets : 
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II. Boundary relations for the starred fundamental sets. 
If we substitute the expressions of the g's in (25) we verify 


(25') 


= (_i)p+l . (gp)'. 


or, that the relation (25) holds with the t] matrices replaced 
by the g’s. Taking into account the fact that a diagonal 
matrix and its transverse have the same diagonal terms we 
see that in passing from non-starred to starred chains the Af s 
go over into the D $- p 's and similarly for the As and IJ s 
interchanged. For consider as an example the first boundary 
relation in the above set. Designating for the moment by C 's 
the associated starred chains we shall have corresponding to 
the relation in question 

*(— d p+i $ c:± P -i, 


' n — 


P 


which shows that the chain at the right is a J*, the chain 
at the left a D *. Thus if the ith jp-chain of the non-starred 
set is a J, the ith (n — p )-chain of the starred set is a D 
and similarly with A and D 7 or starred and non-starred chains, 
interchanged. It follows that the sets F, F* can only be 
permuted. The boundary relations for the starred set assume 
then the general form 


1 n-p-fl 

or 

A*n- 

■P+1 ‘ 

- 0 ; 




| Dn-p+l 

-*(- 

-\y 

vp-1 

s; 

A *i 

An—p j 

• 

2 = 

= i, 

2 
u j 

' r*L P +i 

or 

4 

An- 

-p-t- 1 ' 

0 ; 




[ dV- p - 

(- 

D ;J+1 

yP 4 

si A 

* t 

n—p—lj 

• 

l = 

= i, 

2, 


9 2, • • •, Op-i; 


o, 


* n—p 


o„ 


• j ep 5 

1 ? 2, • • •, Op~r, 

1 , 2 , * • •, Rp. 


16. According to No. 14, the matrix of the indices of the 
two sets A l p , Dp, and Z>**-p, A* t l - P , rfl p in the orders 
named is the identity. Schematically the situation is then 
represented by the following table, where each term stands 
for the matrix of indices of the chains whose type is given 
by the left column and upper row: 
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* 

n—p 


4 

D p 

r P 


In particular 

( 26 ) II (r ;. r*i p ) 


l 

0 

0 






Of course (27) is a direct consequence of V of No. 10. 
17. From this follow two noteworthy propositions, the first 
of which goes far towards explaining the fundamental im¬ 
portance of the Kronecker index. They were obtained for 
an absolute M$ by Poincare [3], for an absolute M n by 

Veblen [6] and Weyl [3]: # 

Theorem I. In order that a cycle r p o, \r n —p ~ o], 
(i. e. that they he zero-dimsors), it is necessary and sufficient 

that 

(r p . r n %) = o 

for every r*— p [for every r p \ which is a cycle. 

Theorem II. It is possible to find two associated minimum 
bases of cycles r x p , r*i Pl for the homologies with division 
allowed , such that the corresponding Kronecker index matrix 

is the identity . 

Theorem HI. The cycles r p , r*- p are represented in terms 
of the bases by homologies 

T p ^ ( T p • rn—p) T p , 

I'n—p ~ ( Tp • r n — p ) r n — p . 

There exists a T p for which the indices (/>. r n - P ) have 
arbitrarily assigned integral values, and similarly for t 

starred cycles . 
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The restriction to subchains will be removed later (No. 39). 

The second theorem merely states in words the same thing 
as the first matrix equation (26). As to the first, that the 
condition is necessary constitutes Theorem V of No. 10. In¬ 
dependently also, when r p zx 0 we have (Ch. I, No. 27), 


r p — £ ti A l p . 

From this and (27) follows 

(r p ■ rfi p ) =Zu (4 ! • r* J ) = o, 

(r p . A*i p ) = Z u (4' • 4 * j ) = o . 

But if fn-p is an arbitrary cycle we have (loc. cit.) 


Hence • 


r* = Zxi r* { 



(r.r*) =Z*i{r. r**)+Zz/.U’- 4*0 



Conversely let the condition in question be fulfilled for a cycle r p . 
We have 

r P = 2xiri+2y t Ai. 

Hence 

{r p . r*i p ) = o =Z*i (C • r* J ) = Xj , 

so that r p is a linear combination of the 4’s alone, i. e. 
r P ~ 0. Therefore Th. I is completely proved. 

Since every A ftj 0, we have 

r p ft; Zj %i r p , 

hence 

(Cp • r n%) = ■ r n- p ) = Xi, 

which proves the first part of Th. Ill for the F’s. Its 

second part for the same cycles is obvious. The treatment 
of the -T* ’s is the same. 

18. Theorem I implies, what we already know, that the 
number of independent cycles r p and r*_ p is the same, or 
the duality relation for the Betti numbers of Ch. HI, No. 33. 
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Historically this is of interest, for Poincare’s first attempt 
at a proof of the duality theorem for the Betti numbers of 
an absolute M n , rested precisely on a wrong proof of the 
second part of Th. I, as was pointed out later by Heegard [11. 
See Poincare’s papers [2], [3], notably the introduction to the 
latter. It is in connection with his second and correct proof 
that Poincare introduced the boundary relations and matrices. 

As the situation presents itself now the duality relations 
are obtained before Th. I. On the other hand, as just stated 
and first observed by Poincare [2], the duality relations are 
an immediate corollary of that theorem. For let there be 
given s independent cycles yp, and let t be the maximum 
number of independent cycles with {y*- P ) as a maximal 

set. The rank of 

II (y i . y*J ) || 

H v/ p 9 n—p / 11 


does not exceed s or t. Assume t<Cs. There exists then 
a cycle 

r p Xi • r p o, 

yet such that every (r p • y* j _j) — 0. Since {y*L p } is a maximal 
set for cycles of its type and homologies any such cycle, 

say 

I n—p ~ yj yn—pj yj rational. 

Hence by V of No. 10, 

(r p ■ r*- p ) = Z yj (»• rV- P ) = o, 

and by Th. I, r p zz i 0, a contradiction. Therefore t => s. 
Similarly if s is maximal, s t, hence s = t, which is the 

duality relation for the Betti numbers. 

19. The duality relations for the numbers r p of Ch. Ill, 
No. 37 can be proved in similar fashion. In the notations of 
Ch. Ill, Nos. 29, 30, let the subcycles of K* be subdivided into two 
types: (a) The subcycles of ®. (b) The subcycles independent 
of those of CD. Due to the sliding properties of our neigh- 
borhoods and to the fact that ® C N, the cycles- of type (a) 
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are homologous to cycles on L. Conversely if r*- P ~ 0 
mod L, it is homologous to a subcycle on ® (loc. cit.). There¬ 
fore r n -p is the number of independent {u — p)- cycles of 
type (b). As for r p it is the number of independent ab¬ 
solute subcvcles of K — L. 

V 

Now let r p be a subcycle of K — L , y*- p a subcycle of ®. 
Since they do not meet, (r • y*) = 0. Hence in order that 
r 0 mod L, it is necessary and sufficient (No. 17, Th. I) 
that {r p . r*_ p ) = 0 for every r* of type (b). On the 
strength of this we prove as in the preceding number that the 
number of independent T's cannot exceed that of independent 
/ *’s, so that r p r n - p . But since these numbers are sym¬ 
metrically defined relatively to L, we have also r n - v £ rp, 
hence r p = r n _ p , which is the required duality relation. 

20. Returning to the earlier situation we have the following 
theorem relating independent sets for the starred and noil- 
starred cycles. 

Theorem. Given a set of s independent cycles y * , there 
exists an associated set of as many independent cycles y*f p 
such that the determinant of order s 

d = i (^ •#:„)! + o. 

Conversely, when D 0, the starred cycles are independent. 
When the first set is maximal, i . e. when s = E p , we can 
take as the second an arbitrary maximal set. In that case in 

order that both be bases for it is necessary and sufficient 
that D = ± 1. 

For in terms of the minimum base let 

r i ^'Zx ij rj, 1 = 1 , 2 ,...,*. 

The y*’ s, if they can be found, are expressible in terms of 
their own minimum base in the form 

r** ~ 2 yij r*j 

and the question is to determine the matrix y. 

By (24) of No. 13 

D = I = |x.||(r‘.r*^)||.y' = I x y . 
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Since x is of rank s we can always choose y of rank s such 
that D = x y'\. When s = B p , D 4 1 0 for every y of 
rank JR V , hence for every maximal independent set {y*j }. 
In order that {/*}, {/*•'} be minimum bases it is necessary 
and sufficient that JT, y be unimodular. When this condition 
is fulfilled D = \x \ • \y\ = ± 1. Conversely when D = ±1,' 

|jt| and y |, being integers that divide 1, are both ±1, so 
that X and y are unimodular and the sets are both minimal 
bases. The theorem is thus completely proved. 

Remark. When we allow rational chains we can always 
choose \y* j ) for given such that D = 1, for we can 
always find a y of rank s with rational elements such that 

|jr.y'| = l. 


§ 3. Intersections of Arbitrary Chains and their 

Combinatorial Invariance 

21. Intersections of arbitrary chains present a problem 
which belongs essentially to continuous topology, to the same 
order of ideas as the Jordan curve theory, the deformation 
theorems of Ch. II, etc. We shall treat here solely the case 
of a manifold K — L , L a subcomplex of K . The case of 
a more general L is reserved for Ch. VII. 

The actual point-set common to C p , C q may be very in¬ 
volved. In any case however the only part of i t that interests 
us is the part on the closed manifold K — L . We shall call 
that part the geometric intersection of the two chains and 

designate it by G. # 

If we wish to have an intersection which comes within 

the scope of our homology theory, it must be a cycle of 
some sort and it must be obtained by means of some appio- 
ximation process. In other words the natural procedure would 
be to substitute for C Pl C q , polyhedral approximating chains, 
take their intersection, and attach a cycle to the family o 
all such intersections. Of course one will expect polyhedral 
approximations such as those of § 1, by pairs of subchains 
of K — L and K *. By reference to the fundamental boundary 
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formula (18) we find that the intersection of such chains 
can only be a cycle when they do not meet each other's 
boundaries on L. This in turn demands that C p , C q have 
that property. In other words we need the 

Fundamental Assumption: The chains C p , C q do not meet 
each others boundaries on K — L. 

All this is clearly illustrated by the simple example of 
two intersecting arcs y, 6 on a plane re. We assume that 
they are in “general position*’, and hence only have a finite 
number of crossings. Let A be one of them. We may modify 
slightly y or d so as to add two new crossings in the vicinity 
of A but if we take two inscribed polygonal lines whose 
sides are small enough the cycle y • 6 will remain within 
a family of homologous cycles and (y . d) will not change. 
Both properties are lost however if either y or d has an end 
point on the other. Therefore our assumption is quite essential. 

22. The accurate description of the intersection cycle rests 
upon certain notions that we now introduce. 

Definitions. A sequence {f 5 2 } of s-cycles mod L on K is 
said to be homologous mod L about the closed set A d K 
whenever: (a) On every neighborhood of A on K there 
is at least one T . (b) For every there is an 9? /A d5tt A , 
such that all F’s d 9F are homologous mod L on S JL 
Two sequences {r }, {F } of the above t} r pe are equivalent 
whenever F 1 , r'\ F 2 , F' 2 ,... is itself such a sequence. 
The sum © of any number (denumerable or not) of equivalent 
sequences is a homologous set mod L about A. The total set 
© may conceivably fail to possess the property characteristic 
of its individual sequences. For it is quite possible that for 

any given 91, 7791' = A, where the 9F’s are as above for 
the individual subsequences { r‘j of ©. 

One may ask why we introduce the sequences at all. The 
answer is simply that our construction will yield us a cate¬ 
gory of cycles which possesses the property just introduced 
but not—so far as we have been able to prove—the 
stronger property that we get when the total set © behaves 
like the sequences (779?' is a neighborhood of 4). It would 
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be interesting to know if the two properties are identical. 
Such is certainly the case when © is the sum of a finite 
number of sequences, but beyond that the identity is doubtful. 

23. We are going to establish that the intersections of 
certain polyhedral chains approximating C p and C q constitute 
a family of s-cycles mod L, s = p + q — n , homologous 
mod L about G , the geometric intersection of the two given 
chains. When s = 0 there will be a fixed Kronecker index, 
characteristic of the family. We shall show that there is 
a maximal family {/^}, having the following properties: 

(a) It is independent of the polyhedral approximations for 
a fixed K . This is in a sense combinatorial invariance. 

(b) When K is replaced by any other complex with the 
new K—L oriented concordantly with the old, the family 
is again unchanged. This is invariance with change of 
straightness or topological invariance proper. 

The family {r 5 } is then essentially our “intersection”, and 
it is a true topological attribute of the ordered pair C p , C q . 
Similarly the Kronecker index is a topological invariant of 
the ordered pair C p > C n - P . 

24. In our paper [81, where these questions were treated 
for the first time, L did not occur, and in place of homology 
about G we had merely ordinary homology. The new elements 
thus introduced do not greatly increase the difficulty of ex¬ 
position while they yield in truth much sharper information. 
Regarding the second an example will show this clearly. Let 
A, n be cycles on H 3 . Their intersection in our sense is 
any cycle of a certain class {/\}. Without homology about a set 
all that we know concerning the class is that its cycles are 
homologous on H —a statement of little value since all one- 
cycles of H are ~ 0. Bring in homology about a set and 
let J be a linear c} r cle not passing through any point of 
intersection of r 2 and r 2 . Then we can show that all cycles 
of {/\} sufficiently near to the set of points G common to 
r 2 and r 2 will either loop or not loop A (i. e. meet it, or 
not meet it when shrunk to a point). Such examples can of 

course be multiplied indefinitely. 
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25. It is clear that if A" 0 is a subdivision whose mesh is 
sufficiently small, and 9i° the ^-neighborhood of the geometric 
intersection G, we can replace at any time an assigned neigh¬ 
borhood 31 by 3i°. 

Since we are free to replace K by any subdivision we 
can assume that it is simplicial and that X, the A'-neighbor- 
liood of A, is normal. In this case the two neighborhoods 
X, X' of Ch. II. No. 25 can be taken coincident with the 
present X. It follows then, as shown there, that we have 
a correspondence between cycles r p mod A and A p mod X , 
with the following properties: 

(a) Given A to obtain A we subdivide A in such manner 
that the /'-neighborhood of A is on X, then remove that 
A-neighborhood from A. 

(b) Given A to obtain A we deform F(A) onto A along the 
projecting segments of X through its points, then add the 
deformation chain to A. 

(c) If A~0 mod A, evidently mod X. Conversely 

let CyH-i A mod X. Then C r ^iAA\ A' X. Deform 
A' onto L in the same manner as above and let CJUi be its 
deformation chain and — A'/, that of A(J'). Since A-\-A' is 
a cycle, _F(J) = —A(i'), hence A" is the deformation chain 
of A(J) and therefore A-\-A' r = A. Now 

A'+A" mod A. 

Hence 

Gp +1 -|- C p +1 —*■ A A" = I mod A. 

Thus if A bounds C p + lf A bounds C p+1 plus a chain C p + 1 
which is on the set of cells of X that meet C p + 1 . This result 
is more precise than that of Ch. II, No. 25 as regards the 
comparison of the A’ and A' s, and that additional precision 
is needed in the sequel. 

26. We shall now hold fixed the two neighborhoods X of A, 
and 91 of G. In view of the fundamental assumption as to 
G P , C g and for evident reasons of continuity we have the 
following two properties: 
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Property I. On K—N the distances from G to F(C P ), F(C q ) 
and K —91 have a lower hound 0. 

Property II. For every positive e there is a positive rj(e), 
tending to zero with s, such that if A, B are sets on K—N within 

a distance rj from G p , C q respectively, their geometric intersection 
is within a distance e from G. 

These two properties will form the basis of the approximations 
by which we define our homologous family about G (= the 
intersection cycle). 

27. Let then K C( designate a simplicial subdivision of K 
whose mesh is «. Denote by K' n , K* a , N a , N' a , a first 
derived complex of K (( , the corresponding dual, and the K a and 
^'“-neighborhoods of L. We recall that K—N ,ct = K* a ZJ®“, 
the boundary of N ,a (Cli. Ill, No. 18). 

Applying the deformation theorem of Ch. II, No. 45, we 
reduce C p to a subchain C p of K C( and C q to a subchain 
Cq of K* a -\- N ,a . This involves respectively « and 2« 
deformations. For each is less than the mesh of the corre¬ 
sponding complex and since every cell of K* a is a sum of 
cells of K'“ with a common vertex, (mesh of K**-\-N' a ) 
< 2 (mesh K /CC ) < 2 (mesh K a ) = 2a. 

We have to assign to a some fixed upper bound ? whose 
actual value is immaterial. To have ample latitude let us 
take for f the least of the two numbers and 

Under the circumstances, the displacements of F(C P ), F(C q ) 
and the distance on K — N from G to the geometric inter¬ 
section of the displaced chains C p , C q , being all < Q, the 
latter continue to possess Properties I, II, with a new geometric 
intersection G a , perhaps a new q, and the same 91. 

Let us remove from C q the cells that belong to N ,a , which 
turns it into a subchain C* a of K* a itself. The chains C p , C q 
are related to one another like the intersecting chains of § L 
Therefore they have a well defined intersection C p • C q in 
the sense of § 1. We will now examine that intersection. 

If we compare C q and C q “ we find that F(C q C q )CZN . 
Therefore we have 

F(C q a ) = F'+F"; F' Cl F{C q ), F"d O a . 
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Since Property I holds for the chains Cp, C q , their boundaries 
do not meet their geometric intersection G" on K— X. Hence 
F' does not meet Cp on K X, else it would meet G a there. 
For a similar reason, F{Cp) does not meet there C q , which 
is a subchain of C q . Therefore, by the fundamental boundary 
formula (18) and mod X, 

c; ■ C *“ - (- 1 )"-’ C a p ■ F" c f"CV“C-V. 

which means that Cp ■ C q “ -> 0 mod X, so that the inter¬ 
section at the left is an s-cycle mod X, s = p-\-q — n. 

Since Property I holds for Cp and G’“ with the same 31, 
G “ C 31. Hence Cp . C q a C G a (Z 31. Thus Cp ■ C q “ is an 
s-cycle mod X on 31. It is essentially the class of all such cycles 
that will enable us to construct the homologous family about G, 
by which we shall define C p -C q . 

28. Let us suppose that we have obtained by any method 
whatsoever a subchain D p of K“, such that Cp — D p = F(C P + 1 ) 
where C p +1 is a subchain of K“ whose points are not farther 
than 10? from C p . Again by (18) we have 

(28) ^ ^ * F(C * ft) + ( “ 1)n ~ ? _ Dp) * C * a 

= C p +i. (F‘+ F") + (— l) n - q (C“ - D) - Of*. 

I say that C p +\ and F' do not meet on K — N. For let 
there exist a point of intersection P of C p +1 and F' on K — N. 
Since C p +1 and F' are not farther than from C p and C q 

respectively on K — N , by Property II, P is not farther 
than x x 0 g from G. On the other hand P being on F r , is not 
farther than 2 %<Iq from F{C q ) on K — N. Hence F(C q ) 
would have a point on K — N not farther than Iq + Q z= i 3 o Q 
from G , which contradicts Property I. 

Since C p +1 and F' do not meet on K — N, and F" d ® a , 

(29) C p 4-1 • Cr -> (— l) n ~ q (C p — D p ). C q a mod N. 

Let now E p +1 be a cell of C p +\, on K — N and with points 
on I—We have 
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E • C* a -> E . CF' + F 7 ") + (—if *i^(^). <?*« 

1 say that every term at the right is zero, (a) Since 

<D a CLN y E does not meet <Z>«, and hence not F'\ 
Therefore E- F" = 0. (b) Since and F’ do not meet, and 
^is a cell of Cp+ ly E and F' do not meet. Therefore E • F' 
= 0. (c) Suppose now that F(E) meets C* a . F(E) belongs 

to the part of C p +i on K — N y and hence it is not farther 
than 10f<7/( 1 1 0 ^) from C p . Also C* tt is not farther than 
1 7 /( A) q) from C q . Therefore the geometric intersection of 
R and C a , if _it exists, is not farther than q from G. But the 
diameter of E< ? < to £ and by assumption it has points 
on K — and hence at least as far as q from G. Hence 
the distance from E to G is at least j 9 0 (>. This contradiction 

shows that E f and hence F(E) cannot meet C* a and there¬ 
fore, also F(E) • C* tt = 0 . 

e conclude then: E • C* a —> 0. This shows that we can 

suppress R from C p +\ in (29) without disturbing that boundary 
relation. 

We may therefore reduce C p+1 to its cells on 5K + A T with¬ 
out disturbing (29). Hence that boundary relation implies 

(30) C p • C *“~ I) p • C*“ mod iV on 92. 

29. From the preceding result we shall derive an important 
consequence. Suppose that C p is 8 ^-deformed in any manner 
whatever (afte r having perhaps been subdivided) into a subchain 
D p of K a — L . Let C p +1 and — D ' p , be the differences 
between the deformation chains of C v and F{C P ) first into D p 
and F(D P ), then into C p and F(C P ). We have 

c;+,-*d p +d’ p — c p . 

Applying the deformation theorem for simplicial complexes 
we now reduce C p +1 to a subchain of K cc — L. This can be 
do ne wit hout displacing D p — C p since it is already a subchain 
of K u — L . Let Cp+ 1 , Dj, be reduced to C p +\, D p . We have 

Cp-j-i D p + D p — C p . 
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Now the deformations of C P whose deformation chains 
have for difference C pi -i are 8? and «, hence botli <8?. 
The deformation from ()',+1 to C p+ 1 is « < ?. Hence the 
points of Cp+i are not farther than 9 5 from C p . Therefore, 
from (30): 

(Dp + Dp)-C* a ~ Cp • C* a mod X on 9t. 

But Dp is not farther than 9 ?<j?( 1 1 0 ^) from F(C P ), and 
C* a is still nearer to C q . Therefore the points of Dp • C q “ on 
K — X, if there any, are not farther than from G. 

These points being also on Dp would not be farther than 
9? from F(Cp) and hence the latter would have points on 
K — X not farther than 10? <e from G , which contradicts 
Property I. 

We have then Dp • C* a d X, hence 

D Jt • C* ~ Cp • C*“ mod X on S J{. 

The same reasoning holds throughout with Cp and C q a 
interchanged. Therefore all the possible cydes C% • Cq" , 

Cp, C^ ft are derived from C p , C 9 fy/ as rmte/i as 8 ? deformations , 
are homologous to one another mod X on S JL 

Remark. The result just obtained holds whether is 
simplicial or not since we have not utilized that property 
in deriving it. 

30. Theorem. The cydes Cp • C q u obtained by suitably small 
deformations from C v , C (J , are all homologous mod X on s Ji. 

We will show that the deformations may be taken as much 
as 4?. Let KP be another complex analogous to K a y and let 
K ,[i • • • be the analogues of K' 1 ' • * • associated with it. We 
prove that for «, /?<?, and deformations <4?, 

(31) C P ■ C*“ ~ Cp ■ C* fi mod X on 91. 

As shown in Ch. I, No. 61, the two complexes K tt , KP have 
a common simplicial subdivision obtained from one or the other 
complex by a succession of sections of single cells. Therefore 
everything comes down to proving (31) for a convex K a 
and a K? obtained from it by section of a single cell E r . 
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As we are only interested in the cells of K a — N we are 
free to assume that E r and its faces are all regular. 

31. Let Er y Er be the two r-cells resulting from the 
section of E r , the section cell being E r -i. Let A' r , A" r , A r ~ l 
be the vertices of K ,fi on E', E", E r -x, and A r the vertex 
of K' a on E r . The vertices of K ,p not on E r are to be 

the same as those of K ,a . The duals K* a , K*P differ only 

in the cells that are duals of cells on _£7 r , and in fact only 

in the parts of those duals that are on the star of E r . For 

if we write down the sum of cells of K' fi which gives rise to 
any cell of K*P we find that it also represents a cell of K*“y 
unless the sum includes cells of K ,fi having A ,r , A" r , A r ~ l 
among their vertices. 

We will now transform K into K' C( by a transformation T 
defined as follows: (a) The vertices A ' r , A" r y A r ~ x go into 
A r and the other vertices remain fixed, (b) The vertices of 
any simplex of K ,fi go into those of a simplex of K' a of the 
same or lower dimension, (c) The transformation Tis extended 
to the whole of K' 1 * by making it barycentric between any 
simplex of K'^ and the simplex of K' a into whose vertices 
its own are transformed. Every point not on the star of E r is 
its own T transform, so that outside that star T reduces to 
the identity. 

To show that (a), (b), (c) are consistent we merely have 
to prove that (b) follows from (a). Now the only cells of K ,fi 
affected by T are of type A 8 A 1 where the parenthesis 
stands for one of the five groups of vertices: A' r , A" r y A r ~ x , 
A r ^ 1 A ,r f A r ~ 1 A" r . They correspond to mutually incident cells 
E s , •••,(),•••, Et of K’P those in parenthesis being respec¬ 
tively Er\ Er ; E r - 1 ; E r - 1 . Er\ E r - 1 , Er'. But in each case 
we have a corresponding mutually incident group of cells of K' 
by merely replacing the parenthesis by E r . This shows that 
the cell of K written above is transformed by T into the 
cell A 9 ••• A r ••• A* of K ,a . It is a degenerate simplex when 
and only when ( ) = A r ~ l A' r or A r_1 A" r . 

Remembering now that the dual of any cell of & — L is 
the sum of all cells of K^ which have just one vertex on 



IV. INTERSECTIONS OF CHAINS 


191 


that cell, we verify the following property: The only cells of K*P 
that undergo any modification are the duals of cells on E r , 
and the modifications occur only in the star of E r , but not 
outside of it. Furthermore, each cell of K*P is turned into 
a definite cell of K* a of the same dimension, exception being 
made for the dual of E r - 1 , which is turned into the dual of E r . 

If P is any point of K, its transform Q = T • P is on the 
same closed cell of K a , hence the two points determine 
a segment PQ on K. Therefore T is a deformation with 
the segments PQ as the paths of the points of K. 

32. We will now take two pairs of chains C p , C* r \ C \?, C ***, 
making use of the freedom that is allowed by the result of 
No. 29. Since E, is regular, its star (= E r itself when r = n) 
is an n-cell. Let us replace in K C( that whole star by the 
unique w-cell and let K° be the new complex obtained. Sup¬ 
pose thatp<n. We can reduce C p to a subchain C p of K () . 
This subchain will not include the new w-cell and hence it 
will be a subchain of both K a and KP. Since the new n- cell is 
of diameter <2«<25, the deformation from C p to C p is at 
most 2 5. Therefore by No. 29, C p can be taken as C p or C p . 
In other words we may assume C p = C p . 

On the other hand, T will transform C*/ into a sub- 

»ji>« jj* ^ 

chain C q of K which coincides with it outside of the star 
of E r , and hence intersects cf, = Cp in the same chain. But 
the deformation from C to C* 7 is again at most 2f, and 
hence from C q to C* T at most 61. Hence C q T can be taken 
as C* a (No. 29). Therefore 

_ n a _ s i(( r»* r _ r'* ct 

yoL) L p • C q - {_, p • - Cjp • Lq - L p • C q 

In other words, we can choose the a and /3 chains such 
that the intersections are actually identical and therefore 
a fortiori homologous. This proves (31) for^<w. 

33. The disposition of the case p = n rests on the following 

Lemma. The notations being as in § 1, let T n be the cycle 
mod L sum of the n-cells of K — L. Then 



( 33 ) 
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For let a q be any cell of K' component, of E q and let 
it be on E n of K — L. Then if the /S’s of No. 3 refer to 
the intersection of E n with E q we have fi p = /S„, hence 
— /S 7 by (1). Therefore if J3 q a q is a positive component 
of E q it is also a positive component of E n • E q . Therefore 



which implies (32). 

Let us return now to our problem. As the argument of 
No. 32 shows, we merely have to prove that 


(32') Cn ■ C* a ~ Cg ■ Cf mod N on 91, 


where, as in No. 32, 



We will designate by r„ , the sum of the w-cells of K and 
similarly for rf and K ?. They are merely the subdivisions 
of r n induced by K a and K&. We have, by the Lemma, 

/oo\ r a n* a r*“ W* r*P — 

(33) I n • Wy - Lq y 1 n * • 

We are only interested in the case where C n has cells in 
the star of E r intersecting cells of C*^ modified by T. For 
since the latter are on the star, when that case does not 
arise the reasoning leading to (32) continues to hold. 

Now when the exceptional mode of intersection just men¬ 
tioned occurs F (Cn ) cannot have cells in the star of E r . 
For such cells have E r as a face, and therefore meet all the 
modified closed cells of Cp since these modified cells all 
meet E?. Hence F{Cn) would meet Cf on K—N. From 
this would follow as previously that when the deformations 
from C p , C q are <4?, F(Cn) is nearer to G on K— Wthan 
is allowed by Property I. For a similar reason we can 
assume that in the exceptional case F(C q ) includes no ce 

modified by T. . 

As a tfrst consequence of what precedes, taking into accoun 

(7) of Ch. II applied to T, and since the deformations on y 
move points over 9J, we have 
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(34) C *“ ~ mod JV on 91. 


Next, since E r is regular, its star is an ?*-cell which is 
a simple circuit. But is a cycle of the star relatively 
to its boundary. Hence the sum of its cells in the star is t 
times the sum of the oriented cells of the latter. Hence 
t r“ — Cn = Dn has no cells in the star. Since the modifi- 

^ j # 

cations in C q ‘ due to Tare wholly in the star, we have then 


(35) Dn ■ c* a = Dn ■ C*‘\ 

Also by (33') and (34) 








mod X on 9J, 


from which, together with (35), follows (32'), and the proof 
of our theorem is complete. 

34. From the cycles Cp ■ Cq“ = 4“ to the homologous 
family about G by which we are to define C v -C q , is but 
a step. We recollect (No. 27) that 

F (A“) C©“CA"“C N“ 


where N a is theisf "-neighborhood of L. Since K a is a sub¬ 
division of K, X“ is a subdivision of X, and since X is 
normal, so is X a . We are therefore in a position to deform 
F(A's) over X a onto L, as in No. 25, and derive from d“ a 
certain cycle modL, r“. Now we have 

Theorem. The family {/’“} is homologous about G mod L. 
Given the neighborhood of G let us construct another 9F 
such that S JF d 91. There exists then a simplicial subdivision 
of the initial K, which we call K to simplify matters, such 
that X, the if-neighborhood of L, is normal, and its mesh 
is so small that every cell of X with points on 9 1' is on 91. 

According to the theorem just proved, the cycles A u , for | and 
u sufficiently small, will all be homologous to one another 
mod A T on 91'. Therefore there exists a new neighborhood 

of G, 91" Cl 91', such that when A tt and /I/* Cl 91", we have 
A a ~ At 1 mod iV on 91'. 
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Let now r a , rPCZUl". 
of r a and rP respectively, 

5ft' Z) C s+ 1 - 


Since A a and AP are subchains 


a! 


mod N. 


It follows from No. 25, property (c), that there exists 

a Cs+i such that Ci+i ~ C'h-i is on the sum of the cells of ^ 
that meet C s + 1 , while the boundary of C!s+i mod Lis r s r s ^ 
Due to the choice of N, C *+1 C 5ft • This means that r? 
and r§ are homologous mod L on 5ft, and proves the theorem. 

Definition. We understand by the intersection cycle C p • C q 
the family of s-cycles { r “} homologous rnod^L about G, 
the cycles I being the same as the cycles C p • C q plus a chain 

on the K a neighborhood of L. 

The extension to the new cycles of the usual operations 

on cycles is trivial. 

35. An important special case. It corresponds to 
Q(fK — L, i. e. the geometric intersection G does not meet L, 
and was alone studied in [8]. The intersection is then an 
absolute cycle on K—L and the neighborhoods (closed) may be 

confined to K — L. 

More generally, suppose that G breaks up into any finite 
number of closed connected subsets G i without any common points 
on K—L. Then we can select an 5ft = .Z5ft I , where 5ft ! is 

a neighborhood of G i and 5ft* • 9D' = 0 for i +7- We have 
in that case 

r ,a d^ 1 , 

and {rj“} is a homologous family about G\ We thus have 

one family of that nature for every G l . . , 

36. The first derived of any complex K may be ° btaine 
by successive insertion of vertices on a single ce r ® 
and joining it then to the boundary cells of every cell 

Let K tt be again as before and KP obtained from it by 

the above operation effected on the cell E r . e "_^ 33 
reasoning which is essentially parallel to that of Nos. 3 
—the removed star is now that of E r we c 
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establish (31). From this follows once more that (31) holds 
when K a , K? are of mesh < ? and have a common derived 
of some order. 

It follows, in particular, that (31) holds for «<if and 
KP = K* a . Let us approximate C p by C p a of K* a and 

C v by C“ of K u . This time = K* a -, A'*'* = K a + • •. 

the neglected parts being on X and therefore indifferent 
as regards homologies mod X. Therefore from (31) follows 

Cp ■ C? ~ c* a ■ cf mod A’ on 91. 

This means, when we follow it up in the light of No. 34, 
that we can interchange throughout the roles of C p and C q 
without changing their intersection cgcle mod L on 91. 

37. Case of the Kronecker index. Everything that 
we have obtained holds for p-\-q = n, s = 0. However 
unless G includes a maximal connected part which does not 
meet L, it has little significance. For every C 0 on a con¬ 
nected part containing points of L, is ~ 0 mod L on that 
part, and the part of C p • C n — P on such connected pieces is 
~ 0 mod L on any 91. 

We are more fortunate when G does not meet L , for there 
we deal only with absolute cycles and homologies not open to 
the same objections. Thus when the geometric intersection 
of C p and C n - P does not meet L, there is a uniquely defined 
cycle C p • C„-p attached to this intersection. All the cycles of 
the family defining the intersection cycle which conform with 
the theorem of No. 30, are homologous on 91 and hence their 
Kronecker index is the same. It is called the Kronecker index 
of the intersection cycle and designated as usual by {C p -C n - P ). 

38. Remark. Suppose in particular that as in No. 35, 
G = '£G i a sum of disjointed closed sets. Then the inter¬ 
section cycle r 0 = £ r l 0 , C 91* (91* as in No. 34). Hence 

(^o) = (C p • C q ) = 2(F 0 ). Of more importance however is 
the fact that now instead of one index characteristic of the 
intersection, we have as many as there are sets G\ Each 
index ( r l 0 ) may be considered as the Kronecker index of the 
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corresponding set G\ In particular, if the G s are isolated 
points, we have thus a definite Kronecker index attached 

to each point. 

Example. Let y, <5 be two one-cycles on an H t and let 
them intersect in v distinct points P 1 , •••, P y - Then 


V 

Y ■ <5 = £ r l 0 and (y • d) = 0. 

i = 1 


But the numbers ( r ' 0 ) may well be ^ 0 and each will charac¬ 
terize the multiplicity of intersection of y • d at the corre¬ 
sponding point P 1 . Each will be the index oUhe intersection 
zero-cycle of a pair of approximations C“, C* u on the corre¬ 
sponding s Jfb 

39. Properties of the intersection elements. The effect 
of permutation of the chains on the new intersection elements 
is as for cells (No. 4). They also obey the distributive law. 
Finally Th. V of No. 10 holds in the following form: If C P 
bounds Cp+i which does not meet C n - P on L nor F{C n -p) 
anywhere , then (C P ■ C n - P ) = 0. To prove this take K“ of 
mesh <id(C P+ „ F(C n - P )) which is >0. Reduce to the 
subchain C;+ 1 of K“ with C P corresponding to C P . bub- 
divide C n - P into Cn- P of mesh <«, remove the cells whose 
closure is not on K*“ from it and reduce the remaining 
chain a- P to the subchain C„% of K*“. We manifestly have 

{Cp-Cn-p) = ( Cp-Cn-p )■ 


But the chains with the superscript « are exactly in the 

mutual relation of Cp+i, C p , Cl- V of No. 10. App ying ■ ’ 
No. 10 to them we have (C? • C„%) = 0, from which the 

required result follows. 

The theorems of Nos. 17, 20 hold likewise when the ,nte 
secting cycles are arbitrary cycles of their type. For 
passing from them to the approximations the indices an 
homologies between the cycles of each type are preserved, 
the homologies for the approximations being unders 

in No. 12. 
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40. Extension to more than two intersecting chains. 
A similar treatment is applicable to the intersection of chains 
C q .y i = 1, 2, •••, r> 2, subjected to the condition that for 
every i, F(C q .) and the chains Cq h9 h 4 *, have no common 
points on K — L . The approximations are by means of sub¬ 
chains C*‘ of the duals IC h \ // f <whose meshes are 

sufficiently small. We show as before that is a cycle 

I 

mod L,r Sy s = 2lQi — (?—1 )n, homologous to itself when 
the orders of the K s are indefinitely increased. The cycles 
thus obtained are homologous mod L. They have all the 
properties of the polyhedral intersections defined in No. 11. 
They belong to a set homologous mod L about the geo¬ 
metric intersection G of the given chains on K—L. That 


set is by definition the intersection cycle of the chains C. 

If the lis are replaced by any set of v distinct integers the 
intersection is unchanged. For with obvious meaning of all 


symbols, by the associative law 


and the result of 





Hence two consecutive h’s can be permuted and therefore 
their order is immaterial. Thus here again although the 
construction of r s is unsymmetrical the family of cycles ~ T\ 
is in a certain symmetrical relation to the C's. 


The extension of the theorems of Nos. 34, 39, offers no 
difficulty. We give explicitly that of the second as we shall 
use it in an important case later (No. 47). Let the dimensions 
oj the chains C p , C 9i ,i = 1,2, • •., r satisfy p+2 qi —nv = 0 
so that the intersection cycle, if any is at hand, is of dimension 
zero. Let C p hound C p \-\ which does not meet some one C q on L 
nor intersect any set of chains such as F{C q ), C q , ■■., C, any- 

wdiere Then we have {C p • C 9i • •. CJ = 0.'The proof is” as in 
i o. 3J. For if we designate the approximation to any chain 
by accenting its symbol, we find by repeated application of 
formula (18) that F{C' Vi ... <?'„) is a sum of chains of type 
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d= F(C q ) -C^ • • • C' qv . When the approximation is sufficiently 
fine (« small enough), none of these chains will meet C p ± 1 . 
From Th. V of No. 10 applied to C p + 1 and C ?i • • • Cq v we 
find (Cp • Cq { ■■■ Cq v ) = 0 from which the desired result follows 

as in the previous number. 


§ 4. Topological Invariance of the Intersection Elements 

41. We have just defined, say for two chains C p , C q , an 
intersection cycle C p ■ C q and an index when p -f q = n. 
The intersection cycle was just a name given to a suitable 
family of polyhedral s-cycles homologous about the geometric 
intersection G. When = n the Kronecker index of 

the polyhedral zero-cycles turned out to be fixed and was 

by definition ( C p -C n - P )• 

Suppose however that we find another pair 8 in 
point to point coincidence with K and L. We can then 
determine other intersection elements—let us designate them 

by C^Cq or (CJX,)—and the question is whether they 
are the same as before. The answer is indeed affirmative as 
we shall now prove, and this fact is expressible as a 

Fundamental Theorem. The intersection elements are topo¬ 
logical invariants, provided that all the coincident manifolds 

K—L considered are concordantly oriented. 

Regarding the intersection index this means that 


(36) 


(Cp ■ C n -p) = ( C p ■ C n -p) • 


As for the cycle the theorem asserts that the maximal family 
of homologous cycles about G which serves to define it is 
the same for K and St. In the light of § 3 and in an o - 
vious notation we need merely to pro ve that any two com 

} for the intersections 
ponent sequences [Cl 1 • C q }, \C p -o q i 101 v. a 

mod N are equivalent, N being fixed, or again a 
small enough, 


( 37 ) 




*a 


C p -C* fi mod N on 91. 

p Q 
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Instead of X as in § 3 we take here W, which being 
a closed complex is somewhat more convenient. There is of 
course neither gain nor loss of generality thereby, since X 
can always be replaced by a similar iV' such that A’' r .V. 

For transparent reasons of continuity, if we have taken « 
sufficiently small, C p , C* a may replace throughout C p and C q . 
This means that we may assume that the situation is as follows: 

(a) The two intersecting chains are subchains C p , C* of 
K and K* which do not meet one another’s boundaries on 
K — X. 

(b) They are approximated by subchains C ; f, C* ? of 8?, 
(a subdivision of $ and its dual). 

To prove (37) it is sufficient to establish that when is 
small enough 

(37') Cp ■ ~ C p • C* mod A T on 91. 

To simplify matters we shall prove (37') taking for X the 
A^-neighborhood of L, which is permissible provided that we 
take care to replace, if need be, the initial complex by an¬ 
other whose mesh is small enough. For a similar reason 
we may assume that X is normal. 

In the case of the index the matter can be simplified. 
Indeed, as we are then only interested in the points away 
from L, we can immediately remove from suitable subdivisions 
of the initial chains the cells that meet L, and therefore 
assume that the chains C p , C n — P do not meet A. It becomes 
then obvious that K, C p , C„ -„ may be replaced by K a 

^ p > I n— P in computing ( C p • C n — P ), or without loss of generality, 

that we deal at the very outset with subchains C p , C*- P of 

A and K*. What we have to prove then in place of (36) 
is the relation 

( 36 ') Cc P ■ C n %) = (C p ■ <?*-„). 

Similar remarks hold for the intersections of any number 
of chains. 

42. Invariance of the index. In view of the distributive 
law, valid for both old and new indices, we need only to 
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prove (36') when the chains are a pair of dual cells E p , 
En-py i. e. it is merely necessary to show that 

(38) (E p . EZ-p) = + 1 = (. E p • eTp) . 

I say that if p<Cn we can replace it by p +1 in our 

proof. For let E p + 1 be a cell of the star of E p positively 

related to r/E p . Then its dual En- P - 1 is positively related 

to (— \) v+l rjEn- P y (Ch.HI, No. 26). The only cell of F(En-p) 
that meets E p +i is its dual E*- P -i (No. 2). Similarly, the only cell 
of F(E P 4 - 1 ) that meets E*- P is E p . Therefore formula ( 20 ) 
yields here 

(39) (E p+1 • (-l)^ 1 tjEZ-p-J + (—1)* (rjE p • ES- P ) = 0, 

and this relation is identically satisfied in view of 

(E p • En — P ) == (E p +i • E n — P — 1 ) = 1 , 

which merely describes our convention for orienting the 
starred cells. 

Let now &P be a subdivision of 5? of mesh fi and $*** its 
dual. Apply the proper deformation theorems to E p + 1 and E n -p 
to reduce them respectively to subchains of &P and 
We denote the deformed elements by replacing wherever 
necessary E by @. When ft is taken sufficiently small, 
may meet the chain but not F(&$- P ) &n-p- 1 > 

since this holds for the chains E which they approximate. 
Similarly &n-p may meet but not F (QSp+i) &p> Apply¬ 
ing ( 20 ) to the intersection of @>+1 with we find 

(ffip+1. (— 1)* +1 rj ©,?_*_1) + (—!)* to • ®*-p) = °- 

This, however, is equivalent to 

(Ep +1 • En-p- 1) == (Ep • En-p )• 

By comparing with (39) we see then at once that (38) 
will follow if we can prove that 

1 "" s 

(Ep +1 • En—p—l ) == ( Ep-\-\ • En—p l) y 
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or more generally if we can prove (36) with p replaced by 
/?+!> as asserted. 

43. In the last analysis, then, in establishing (36) we may 
take p = n. In that case Cn- P = C*, consists merely of 
a finite number of oriented points. By the distributive law for 
the index it is sufficient to assume that it consists of a single 
points taken positively, while C n = E n , the cell of K—L 
that carries .4. "We have therefore to prove 

(40) (E n -A) = (£W). 

Let G be the maximal connected subset of K—L to 
which .4 belongs. Since K—L is a manifold G is a simple 
orientable w-circuit (Ch. Ill, No. 12). Therefore the sum of 
its u-cells oriented with E n as indicatrix is an ?i-cycle that 
we still denote by G to simplify matters. Since A does not 
meet any cell of G other than E n we have 


(E-A) = (G-A); (E-A) = (G-A ). 


Now if B is any point of (the open set) G, G Z) E x A — B , 
hence .4 ~ B on K—L and 

(G-A) = (G-B ), (cTa) = (cTb). 

It follows that the value of (G - A) depends solely upon the 
orientation of G but not upon .4. It is +1 when G is 
concordantly oriented with K—L , i. e. if E n is likewise an 
indicatrix of K — L , and —1 otherwise. Similarly, of course, 
for (G-A) and it — 2. 

Let K — L break up into q circuits G\i= 1,2, •.., q , G 1 = G. 
We designate also by G* one of the fundamental cycles 
corresponding to its circuit. We agree to orient throughout 
the corresponding set of n-cells of K—L or it —2 in such 
manner that their sums ~ G* mod L . This fixes the orien¬ 
tation of all the n-cells of K—L or it —2 and we shall have 


(G *. A) = + 1, (GL A) = + 1 
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when A(ZG iy for every i. Then (40) will hold, and hence (36). 
We have therefore proved that the Kronecker index does not 
depend upon the particular choice of complex K turning the 
point set K — L into a manifold and having L for subcomplex, 
provided that the orientations chosen for the circuits G * are 
concordant for all choices of K. 

The preceding result implies the invariance of the index 
with respect to all homeomorphisms of K — L into a similar 
ynanifold K' — L' provided that the transforms of the cycles G* on 
K — L are the corresponding cycles for K' — L'. 

44. The extension to the index of any number of inter¬ 
secting chains offers no difficulty. Suppose that we have, 
for example, C p , C q , C r \ p~fq + r = 2n. The crucial point 
is to replace (C p • C q • C r ) by a similar index with a third 
term of dimension r+1 instead of r. This is done by ex¬ 
tending (18) as pointed out at the end of No. 11. From the 
new boundary relation we deduce the proper extension of (20), 
which will be a formula in three terms, in two of which the 
last chain is an (r+l)-chain while in the third it is an r-chain. 
It is this formula which will enable us to replace r by r+1 
in the treatment, and hence ultimately to have a sum of 
intersections, any one of which has the form (C p • C n - P • C n ) 
with Cp-Cn- P and C p -C n -p . C n consisting of a single point. 
Now applying the theorem just proved for the index of two 
cycles, first to Cp-C n -p , then to this intersection taken as 
intersecting C n , we obtain the invariance of (C p • C n -p • C n )> 
This completes the proof. 

45. Invariance of the intersection cycles. In No. 41 
our task has already been narrowed down to the proof of 

formula (37'). 

Let 9?' be the iT'-neighborhood of the geometric intersection 
of C p , C q , where K' is the first derived complex of K. 
Since C p • C q is an exact sum of cells of K', 97' is a sub¬ 
complex of A". Furthermore, since K may be replaced by a sub¬ 
division of arbitrarily small mesh, we may assume 97 d 97. 

Referring to the operations by means of which we pass 
from C p and C q to the corresponding ft chains (subdivision, 
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deformation at most 2/S, removal of cells whose closure 
meets L) we see that we are free to choose such that there 
exist C p + 1 and C q +\ whose points are not farther than 2/S from 
C p or Cp, and C q or Cq^ respectively, and that 

Cp+i -► C p — C$ mod iV ; Q+i -> C* — Cq ,S mod iV; 


The upper limits imposed upon /S here and later do not restrict 
us in any way since we need merely to prove (37') for any 
ft as small as we please. 

By passing the usual projecting segments in s )}' through all 
the points of Cp • Cq 1 * and sliding them along these segments 
we can deform the cycle onto C p • C q . Applying then the de¬ 
formation theorem of Ch. II, No. 45 to the reduced cycle 
relatively to the complex K s whose cells are those of C p • C q 
(each the intersection of an E p of K with an Eq of AT*) we 
reduce finally that 5-cycle, over As, to a subchain F s of K s and 
we have therefore 


C 


P r>*P 

n * n 




r s mod N on s Ji'. 


It will be remembered that we are taking for A 7 the A"-neigh- 
borhood of A, (No. 41). 

46. Any 5-cell of C p • Cq is of type Ep • E q J where the first 
cell belongs to AT —L and the second to A"*. Since N is 
an exact sum of cells of AT, Ep, hence also the 5-cell, belongs 
wholly to N or else has no point on it at all. Let us 
designate by Si, 2 = 1,2,... the 5-cells in question CC A T . 
Then 

Cp • Cq = ^ xi Si mod N, 

Cp-CqP ~ r s = ^yi& s mod N on 9i'. 

In order to prove (37') it is sufficient to show that ^ = y u 
for in that case 

C v • Cq ~ Cp - Cq ^ mod A 7 on 9i', 
hence also on 91. 



204 


TOPOLOGY 


The (n — s)-cells, En-s, of the second dual K ** of K, 

• • 7 

intersect E p -E q J in a single point or not at all. Let the 
double-starred cells be so numbered that the h-th is the one 
which meets the particular cell E p - E q j that we call g*. We 
have then by No. 11 plus the definition of the index of more 
than two chains: 

vsS-EZf) = (E ;. E q * J - e:*?) = + i, 

the sign + before 1, being merely a matter of properly 
orienting the double-starred cells. 

We now impose upon ft the further restriction that it be less 
than half the least distance from the point of intersection of 
any pair <£,, E*-s to the boundary of En-s- This is in no 
sense restrictive since ft can be taken as small as we please. 
Under the circumstances, however, throughout the deformations 
applied to Cf, • C q ^, it will never meet the boundaries in 
question. Therefore there exists on 9i' a C s . i that does not 
meet the boundary of the E ** in question, and such that 

C s+l - Cj? • — 2 yi e‘ mod N. 

Since the double-starred cells are cells of a dual of a mani¬ 
fold mod N they do not meet N. We can therefore apply 
the theorem of No. 39 and find: 

((0? • - 2 Vi ffii) • E*- h s) = o. 

Since K—L and $ — 2 are concordantly oriented, we have 
then in view of the invariance of the index and of the as¬ 
sociative law: 

{(i • ■ E,t-s) = y h . 

On the other hand, 

(C p - C; - E™ h s ) = (Zv & - EVZ) = xh. 

47. Consider now again the complexes Cp+i^Cq+i of No. 45. 
The boundary of the first is C p — Cp mod N and its points 
are within a distance of 2ft from C p or C/. Since C p does 
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not meet F(Cq ) on K — X, for d small enough r /)+1 will 
also fail to meet it on K — N, hence it will not meet F(C t/ )-k 


-—»* -¥fl 


Similarly, since C p -Cg does not meet F(E **"), C p ^i will 

’* ”** h ). Hence C p+1 will not meet F(C*-E** h ) 

s ”** h . From the theorem of 


not meet C Q • F(E 


= Cg ■ F(E** h ) + (—l) s F(Cg)-E** h 

No. 39 follows once more 




cf ,. (Cg ■ e 


0, 


and since the associative and distributive laws hold 



Similarly, C q + 1 will not meet F(Cp) and En-f nor C?, and 
F(En-s) on K — N. Hence (No. 39), 


(C fi p ■ C 


* 

<1 


En—s) 


(ci . cr/ 


jri ^ %fl\ 

& n —6 ) • 


so that finally, 


(C p ■ c*. E,:*' s l ) = (Cf, ■ Cg 1 *. En-s ) . 


From this and No. 46 follows x h = y h . The topological in¬ 
variance of the intersection cycle is therefore proved. 

The extension to more than two intersecting chains is 
automatic. 

In the case of the cycles as in that of the Kronecker index 
the proof actually shows that the intersection cycles are in¬ 
variant relatively to homeomorphisms of the open manifold K — L , 
provided that the orientations of the manifold and of its 
transforyns are concordant. 


§ 5. Looping Coefficients 

48. Let r Vy Fn-p-i (p<Cn) be two non-intersecting cycles 
on an n-sphere H n which is an M n , and suppose that p f 0, 
n — 1 or else for p— 0 , n — 1 that r 0 ~ 0 , * 
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Then there are on the sphere two chains C v +\ -> T p , 
C n -p r n -.p—i. If Ch-p is any other chain -> l n - p - lf 
Cn-p — Ch-p -> 0 and since p 4 1 0 or w, the cycle at the left 
~0. Therefore by No. 39, ( r r C n - v ) = (I'p-Ch-p). Thus 
the number (T p . C n - P ) depends solely upon the two given 
cycles. It is called the looping coefficient of the two cycles 
(Brouwer) and will be designated by Lc{T py r^^). We 

have similarly 


Lc{r n ^.p_i , r p ) — (r n — p —i • c p ± i). 

Let us now subdivide H n into a complex of suitably small 
mesh, reduce C p +\ to a subchain of it, C n - P to a subchain 
of its dual. Keeping the same designations for the reduced 
chains, and also, since their indices are by definition those 
of the initial chains, we have by (20) and (5), 

(Cp^-ln-p.,) = ( — l)P+l(r p-Cn-p) 

= (—i)^+i)^i>(r n _ i ,_ 1 .c / , + i), 

from which follows 


(41) Lc(r P) r n - p _o = (—1 r p ). 

Thus the looping coefficient is a symmetric or skew-symmetric 
function of the two cycles. 

Geometrically the looping coefficient of r p ,r n - p -1 represents 
the algebraic number of times that F p must cross T n - P -1 when 
it is shrunk to a point over H n . 

49. For n = 3, p = 1, n—p — 1 = 1, we have as 
a special case the looping coefficient of two circuits on a 
Euclidean three-sphere. By the usual transformation of H$ 
minus a point into an S 3y we can pass to the looping 

coefficients of two circuits on the latter. The looping 

coefficient is then nothing more nor less than the classic 

integral of Gauss attached to the two circuits. The general 

case of Euclidean H n or S n was investigated by Brouwer [15]. 
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He proved that these numbers are functions of the two r' s, 
but not that they are independent of the mode of straightness 
adopted for H. Complete topological invariance (independence 
from straightness) follows from the fact that the looping 
coefficient is defined as a Kronecker index and that the latter 

is a topological invariant (§ 4). 

50. The notion behind the looping coefficients is susceptible 
of immediate extension. For the sequel we may confine our¬ 
selves to polyhedral cycles throughout. 

Suppose then that we have r p , r qy on our former H n , 
polyhedral and such that their common points coincide with 
a polyhedral K Sy s = j) + q — n. We can define their looping 
cycle mod K s as the intersection mod K s , r p . C q +1 of r p with 
C q +i -> r q . This intersection is well defined in the sense of 
§ 3 and with a variation in C may change only by an ab¬ 
solute cycle. If we consider then the looping relative cycle 
only modulo absolute cycles (that is, as unchanged when 
an absolute cycle is added), we have a uniquely defined 
attribute of r py r q which we designate by Ly(r p , r q ). The 
extension to several cycles is immediate and obvious, and when 
the looping cycle is of dimension zero there is a uniquely 
defined looping coefficient. The uniqueness of the latter 

follows from the fact that the addition of an absolute cycle 
to the intersection of the C’s involved does not alter the 
Kronecker index whose value is the looping coefficient. 

51. The looping coefficients may be introduced in another 
manner which is somewhat more symmetrical as regards the 
two chains. Let A be any point not on H n and consider 
the join (.4, H n ). That join is an E n +i whose boundary 
is H n .Introduce now the subchains of the cells 

1 = Fp) —> r py A n — P = (a, r n —p—i) —> r n —p—i. 

Since H n is an M n , E n +i is an open manifold with H n for 

regular boundary. For we can assume that H n is a sim- 

plicial complex and E n + 1 that complex plus the unique 

cell 2? n + 1 . Then all that is necessary is to show that if E p 
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is any cell of H n , Lk (E p ) „ is a closed cell of the 

n-f-l 



required by Ch. Ill, No. 5, condition (c). But that follows 
immediately from Ch. II No. 49 plus the fact that it is the 
join of A and the sphere Lk(Ep)n , which is a simple circuit 
since H is an M n . The two chains A meet on E and not 
on H , hence their index is .uniquely defined and I say that 


(42) -Fc(Fp, r n —p— i) — • A n —p). 

This relation will readily follow from another. Let us take 
another copy Eh+ 1 of E n + 1 > unite the corresponding points 
of the boundary spheres, then orient En+i in such manner 
that En+i ->— H n . The result is a normally oriented H n + 1 
(Ch. II, No. 49), and this H n +1 is an absolute manifold (Ch. Ill, 
No. 35, Corollary). _ _ 

Let now T be the homeomorphism between E n +i and E n + 1 
which associates each point of E n + 1 with its image on its 
copy E,[+ 1 . Let also A' — T • A. We have 

Ap+ 1 = T • Ap+i —> r p . 

Therefore, 

Gp+i = A A -> 0 , 
that is, G is a cycle. 

Let us now replace H n by a subdivision of as small a mesh 
as we please, and continue to call H n the new subdivision. 
Let H* be a dual of it. The joins of A + A! with the 
cells of H * give rise to a dual H *_ fl of H n+l according to 
our systematic construction. Finally, referring to oui de 
nition of Kronecker indices and hence looping coefficients 
by suitable approximations, we see that we may ^assume that 
G p + 1 , r p are respectively subchains of H*+ v H*, and C n __ p1 
r n - v -\ subchains of H n - 
Under the circumstances. 

(43) (Fp • Cn — p)H n ‘ (Gp -\-1 * Gn p)H n + j y 

where the subscripts after the Kronecker indices designate 
the containing manifolds relatively to which they are com- 
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puted, To prove (43) we observe that C and G meet C at 
the same points, finite in number, as the chains are sub¬ 
chains of two dual complexes. The relation follows then 
automatically on comparing indicatrices. 

Now C n —p * C„_p_i *— A„^p . Hence C n —p — J „_ p —* 0, 
hence ~ 0 on H n + 1 , since 0 ^ p ^ n — 1, and therefore 
n— p 4 0 or n + 1. It follows, since G is a cycle, that 

(Gp+i • C n —p) = {Gp+i-A n — p ). 

But and A p+1 do not meet. Hence 

(44) (Gp+i • 4 n — p) = (Ap+x*A n -p), 

from which and (43) the required relation (42) follows. 

Observe that (41) is an immediate corollary of (42) and 
the commutation law for the Kronecker index applied on 
H n+ 1 (formula (5)). 

The extension of what precedes to the looping cycles and 
coefficients of any number of cycles (No. 50) is more or less 
automatic. By reference to H n+1 we have this important new 
result: the looping cycles and coefficients obey the associative law. 

52. The new approach to the looping coefficients suggests 
a useful interpretation for the looping coefficients in the ex¬ 
ceptional cases. We consider only two cycles, r~ lt r n , but 
what we shall say is readily transcribed for the looping 
cycles and coefficients of any number of them. 

Let be a symbol that we write down for the (vacuous) 

boundary of any point taken with the sign +. Then if <? 0 is 

any zero-chain and (C 0 ) its Kronecker index, (Co) rlj will be 

considered as its boundary and designated generically by 

r -i> th e symbol of a cycle of dimensionality —1. We can 
also write as usual 

Co -*• C i, F(C 0 ) — C—j. 

These ( l)-dimensional cycles are thus pure dummy symbols 
which, however, will enable us to simplify many statements 
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later. This is entirely in line with the conventions of 
Ch. Ill, No. 5 regarding the dimensionality —1. 

Let there be given a priori A_! = xr\ considered as 
a cycle on H„. We take A 0 — xA where 1 is a point 
of E n + 1 . Then r n = yH n , A n+1 = yE n + i and (42) yields as 

definition for Lc: 

(42') Lc (jT_i, r n ) = (4o • ^n+i) = xy. 

All this assumes n ;>0. On the same principle, however, we can 
consider a symbolical H-i ((— l)-dimensional sphere, boundary 
of a zero-cell) and cycles /Li, rL i on it. If Z’—i = xT-i, 
rii = y r*L i , we shall have d 0 = xE 0 , A ' 0 = yE 0 , and we 
define again in accordance with (42), 

(42") Lc{T_ i, TU) = (d 0 • do) = xy. 

§ 6. A New Definition of Intersections of Chains 

53. The procedure which we have followed in dealing with 
intersections is well adapted to the use principally made of 
it so far — the treatment of questions of invariance. The 
polyhedral chains considered are however of too restricted 
nature for most practical questions. Consider for example 
two oriented chains which are made up of cells of subdivisions 
of two (Euclidean) hemispheres and let their geometric 
intersection be of the same type. Our method does not enable 
us to obtain the intersection chain directly in terms o e 
cells of the geometric intersection, even when the latter is 

of the right dimensionality (s = p + q — »)• For Y? aV6 
no means of subdividing the containing manifold, say 

even a region of ordinary space, in such manner that one of 

the two intersecting chains is a subchain of a certain A 

while the other is one of its dual. 

In that respect the method of intersection of convex c a 

of our earlier work [8] had decidedly the best of it. h or 

whenever the geometric intersection proved to be of the ngn 

dimension the intersection chain was expressed in terms 

cells of a subdivision of it. 
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We will say that C p , C q have a regular intersection 
whenever their intersection on K—L is a sura of cells of 
dimension = p-\-q — n. 

The difficulty that we have indicated will be met by a 
definition to be introduced presently which fulfills the following 
requirements: 

(a) It yields a unique intersection C p • C q when C p , C q are 
subchams of K—L such that 



intersect both 



regularly. 


The inter section is then an s-subchain of K—L whose cells 
are common to the two intersecting chains. 

(b) The new intersection preserves the chief properties of the 
old. In particular formula (18) remains true. Essentially 
this means that the invariance theory goes through as before. 

(c) When the chains are specialized as in § 1 or as in our 
paper [8] (convex chains) the new definition reduces to those 
already qiven . 

54. For the sequel we need an extension of the notion of 
trace of a chain on the linked complex of a cell. This notion, as 
introduced in Ch. Ill, No. 41, was valid for a simplicial K, 
and the customary substitute for the linked complexes of such 
a K. It did not require that the cells be regular. We need 
now the trace of a subchain C p of K — L on Lk(E s ) where 
E 8 is a cell of the manifold K — L. While the situation is 
somewhat more restricted than before, we do not restrict the 
cells to the simplicial type. This is important here, in view 
of the applications to intersections, since we wish to intro¬ 
duce intersections of subchains of a given unmodified K— L, 
without having to subdivide it. 

Let then E n - S be the dual of E s . The boundary of E*— s 

coincides with Lk{E s ), and in fact the latter is merely a first 

derived of F(En- s ). We will designate the chain F(En- s ) by 

LA:* (E 8 ) , thus keeping in mind: (a) that it coincides with Lk\ 
(b) that it is a subchain of K*. 
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Since C p is a subchain of K — L and Lk* one of its dual, 
they have a well defined intersection in the sense of § 1. 
We now define the intersection C p • Lk* {E 3 ) as the trace of 
C p on Lk ( E s ). When the cells are all simplexes, it is a simple 
matter to show that the present trace has the structure of 
a first derived of the former trace. Furthermore it can be 
deformed into that former trace barycentrically over the 
star of E s , each simplex going into the corresponding one of 

a first derived of the former trace. 

Since Lk* is an absolute cycle the fundamental boundary 

relation (18) gives here 

F(C P - Lie*) = (— iy~ l F (C p ) ■ Lk*, 

which is equivalent to 

(45) F (trace C P ) = (—l)*- 1 trace F(C P ). 

When E 3 is not a boundary cell of C p the right hand side = 0 
and the trace is a cycle. 

It is convenient to complete the definition of the trace as 

follows: . 

(a) When p = s and E s occurs in C s with the coefficient Xi 

we set (see No. 52) 

trace C 3 = L— i = • 

As a consequence (45) still holds when p = s+l. 

(b) When E s is not a cell of C p we set 

trace C p = 0 


which manifestly does not alter (45). 

55 New definition of intersections. In terms of traces 

and looping coefficients we define the intersection of two 

chains positionally restricted as in No. 53 as the s-c 

s — p + Q. n: 

(Cp-Cq = 2J X i E *; { 

(46) | Xi = Lc (trace C P , trace C q ) on Lk(E s ). 

The definitions of the Kronecker index and the intersections 
of more than two chains follow automatically. 
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Under our new definition the commutation formula (4) (for 
chains) follows from (41). Likewise the distributive law 
(formula (14)) is a direct consequence of the same law for the 
trace and Lc. The extension to the intersection of several 
chains is made by means of the looping coefficients of their 
traces and it obeys the associative law owing to the associative 
property of the looping cycles (No. 51). A somewhat more 
difficult matter is to extend the fundamental boundary relation( 18). 

Let E s - 1 be any particular (s —l)-cell of K — L. 
The problem is to find its coefficient in the expression of 
the (s—l)-chain F{C p -C q ). Owing to our positional as¬ 
sumptions, E s -\ belongs at most to one of the two chains 
F{C P ), F{C q ) but not to both. Suppose first that it is a cell 
of F(C ri ). Wt must show then that its coefficient $ in 
F(C'p-C q ) is the same as its coefficient 6 in C p -F(C q ). 
If El is any 5-cell incident with E s - 1 it will be convenient 
to designate the looping coefficients and Kronecker indices 
relatively to Lk(E l s ) or Lk(E s -i) by adding to their symbols 
a subscript Lk 1 or Lk as the case may be. 

Then by (46) and (45) and the definition of Lc , 

0 = L c (trace C p , trace F (C q )) Lk 
= (— l) 5 (trace C p • trace C q )Lk . 

On the other hand, by (46), if \h El is positively related 
to E s - 1 , 

(48) £ = £ in Lc (trace C p , trace C q ) Lk i. 

Observe now that by assumption the points common to C p 

and C q constitute an 5-subcomplex of K; those common to 

trace C p , trace C q on Lk are then at the intersection of an 

5-subcomplex of K with an (n — 5)-subcomplex of its dual K *, 

namely Lk * (E & —\), which coincides with Lk. The geometric 

intersection consists then of isolated points on the (n — 5 )-cells 

of Lk *. But the latter are precisely the cells En-s bounded 
by the spheres Lk *. 

We find by the use of the new definitions of intersections 
and consideration of indicatrices that (—l) 5 ^ En- S is a positive 
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cell of Lie. If we prefer, the sum of cells (—1 
constitutes another normal orientation of the circuit Lie con¬ 
cordant with the primitive orientation. Since trace C p and 

• • • 

trace C q meet only on points of the cells En- Sy if A\ D l 
represent the intersections with, or “traces” on, E£- s , we 
have. 

(trace C p , trace C q ) Lk = (— I ) s 7j i (A i • D^e*!, . 

Now by No. 51 

(A 1 . D 7 ) E *i = Lc (trace C , trace C a ) Lk *» 


From these two relations and (47), (48) follows 2? = 6 as 
asserted. 

Jf E s -i is a cell of F(C P ) we proceed as in No. 5 by 
considering the intersection C q • C p and applying the result 
just obtained. Thus formula (18) is completely proved. 

Remark. It is to be observed that owing to the comple¬ 
mentary conventions concerning traces and looping coefficients, 
all possible cases, even $ = p or q , s = p = q = n, are 
covered at one and the same time, thus obviating the necessity 
of taking up two troublesome special cases. 

56. To carry through the invariance theory we still need 

Lemma. Let K° , C p , C q be a simplicial subdivision of K and 
the associated subdivisions of its subchains C p , C q . If the latter 
are positionally restricted as in No. 53, so are their s?ibdiv?sions, 
and C p • C q is the subdivision of C p • C q induced by K °. 

That the positional restriction is preserved follows from 
the fact that the cells of K° on an 5-cell of K are of dimen¬ 
sion < s and the fact that boundary relations are unaltered 


by subdivision. The rest follows from the existence ^of an 
orientation-preserving homeomorphism between Lk(E s ) and 
Lk(Es), where E° s is a cell of K° on E Sl under which homeo¬ 
morphism the new traces correspond to the old. 

As a matter of fact we could well content ourselves with 


regular subdivision instead of the more general type. In that 
case Lk(Es) has the structure of a first derived of Lk(E s ) 
(Ch. Ill, No. 4) and then the above mentioned homeomorphism 


is evident. 
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The invariance theory will now go through with ease. We 
approximate C p , C q by subchains Cp, C\ of an 2 -th derived 
K i of K , positionally restricted as in No. 53. To show that 
such chains exist we merely take subchains of A" ,—1 and its 

V 

dual K* { respectively and the subdivisions induced on them 

• • • • • 

by K l . In comparing C l p • C l q with Cjf Cq, j>i, we replace 

• • • • • 

Cp , Cq by the subdivisions C p , C q induced on them by K J . 

By the lemma this is permissible and we merely have to com- 

• • • • 

pare C' P J ■ C' q J with C J P • C J q , both intersections being subchains 
of KK The desired homologies are established by means of 
the fundamental boundary relation (18), as we now show. 

57. We can in fact prove an important additional point. 
The reasoning of No. 42 shows that whenever two modes of 
defining intersections of chains lead to the same value of 
indices (4 • K) (.4 any point of K — L) they yield the same 
values for all indices, and the corresponding relative cycles 
are homologous in the suitable sense pertaining to each case. 
Now it is a very simple matter to verify that our new inter¬ 
sections give for (.4 • K) the value -f 1 like the old. Therefore 
the new Kronecker indices are equal to the old and the new 
intersection cycles homologous to the old in the proper sense 
corresponding to each cycle. 

Two of the three requirements of No. 53 are thus more than 

fulfilled by the new intersections. It is now easy to show 

that the third, (c), is likewise satisfied. In the first place, with 

the situation as in § 1, in the notation of No. 3 we must show 

that when E p , Eg are considered as subchains of K' their 

intersection is when taken in the new manner. Let E' s be 

a cell of K' on <£ s . We have to show that its coefficients t, t', 

as assigned to it by the old or new types of intersection are 

equal. To do this consider as a new L the set L' of all cells 

of K' that do not belong to the star of Ei The new M is 

now K'—L'. The two intersections are then tE‘ s , t'E' s 

mod L'. Since they are homologous mod L' , t — t', as 
asserted. 

The convex intersections of our paper [8] can be identified with 
the present type in substantially the same way. For when C , 
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C q are convex polyhedral chains on a convex manifold K — L , 
there is a simplicial subdivision K° of K with certain simplicial 
subdivisions Cp, Cq of the given convex chains as subchains. 
The identification of Cp • Cq , understood in the new sense, with 
a subdivision of C p -C q , understood as in [81, proceeds then 
exactly as above, since the above remarks on the Kronecker 
index apply also to convex intersections. 

Conclusion. We have introduced a definition of intersection 
of subchains of K—L which not only includes the two known 
polyhedral types of intersections as special cases but possesses 
all their properties. We have thus merged the two theories 
of intersections that we have developed into a single one, 
more general, yet no less powerful, and better adapted to all 
applications. 

58. Suggestions for an alternate treatment of inter¬ 
sections. The generalized definition of the intersection of 
subchains of K—L rests upon a preliminar}' treatment of 
looping coefficients. The latter require a preliminary treat¬ 
ment analogous to that of §§ 1, 2. This suggests a develop¬ 
ment of the theory ab initio along the following lines: 

(a) Define the looping coefficients for subchains of H n by 
a set of properties insuring that they behave as desired. 

(b) Define the intersections as in the present section. 

It would seem quite feasible to set up this scheme and 
the resulting theory should prove particularly attractive on 
the score of symmetry and simplicity. 


§ 7. Miscellaneous Questions 

59. A new type of topological invariants. We 
confine our attention to absolute manifolds and cycles the 
extension to the relative field being obvious. 

We consider then withVeblen and Alexander [15,16,17,18] the 
r minimum bases {/"«}, *•*> an ^ a ^ so the minimum 

base {r p } for p = « + —b ^ — ( r 1) a ^ relative to 

We assume the dimensions such that p > 0. The index ^ runs 
from 1 to R a (M), and similarly for the others. We have also 
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.. r 




and for p = 0 and M n connected, due to R 0 
the Kronecker index 



merely 


Now there is nothing absolute about the choice of bases. 
If we adopt new bases they are related to the 


old by homologies 


1 « ~ 



etc. 


The corresponding x's, say x'!j...n, can be calculated in terms 
of the old, and by a simple computation it is found that they 
are transformed like the elements of what is known as a 
mixed tensor in modern differential geometry. That tensor is 
then an attribute of M n as a whole and evidently a topological 
invariant. We have thus a new topological invariant when¬ 
ever we are assured that for a given set of dimensions 
n, «, /?, • • A, the tensor is not independent of M n . 

60. The simplest case is where r = 2, «-f/$ = n, j? = 0. 
We have then the tensor (T«. r£_ a ). But by the theorem 
of Veblen-Weyl (No. 17, Theorem II) we can always choose 
the bases such that 

(/*« • ri-a) = dij. 

In other words the tensor in this case depends only on 
R a (M n ), and no new topological invariant arises. 

Weyl [3] restores the possibility of a new invariant by 
specialising the bases. In particular for n a multiple of four, 
i. e. for Min and a = 2n, he takes the two bases as coin¬ 
cident. Since 

(TL • Tin) = (T* • r l ) , 


the tensor Xij is then symmetrical, i. e. we have the symmetrical 
unimodular matrix Jr, (unimodular owing to the Veblen-Weyl 
theorem). The different tensors that may occur a priori are 
the tensors of the coefficients of the various classes of 
quadratic forms ^x^mimj inequivalent in the sense of Gauss, 
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whose determinant is 4=1, and we have the possibility of 
topological invariants and of distinguishing between manifolds 
by their values. Thus for R^ n = 2, we have two possible 
non-equivalent forms: x 2 — y 2 . More generally, the 

signature of a form is a topological invariant of the asso¬ 
ciated M\n • 

It may be observed that the (2n + l)-cycles of an M 4n +2 
again give rise to a tensor dependent solely on n but not on M, 
and hence yield no new invariant. However, M 4n +2 has an 
interesting property which may be brought out as follows. 
We can take a unique minimum base {^n+i} and we shall have 

II O'*. ><011 = ±1. 

But this determinant is skew-symmetric, therefore its order 
can only be even. Hence the number i? 2 n+i of every absolute 
orientable M 4n +2 is even . From the classical theorems on the 
reduction of alternate matrices we also learn that the set 
{^ 2 n+i} can be so chosen that ||0' t *>* / )|| is a diagonal matrix 
of order i? 2 n+i whose elements are matrices of order two, 

those in the main diagonal being ^ ^ . These pro¬ 

positions are well known for Riemann surfaces, £ i? 2 n+i being 
then the genus p of the surface. For an arbitrary n they 
were given by Weyl [3]. 

The next case was considered by Alexander [15, 16, 17, 18]. 
We take n = 3, r = 2, cc = fl = 2, p = 1. The tensor is 
then rfj, and Alexander shows by actual examples that there 
are manifolds with the same homology characters and the 
same group for which the tensors are different. 

It is scarcely necessary to point out that absolute cycles 

can be replaced everywhere by cycles modw. 

61. On the intersection of subsets of a manifold. 

Let A y B be two subsets of M n > The number q p of cycles 
of a given dimension p that are on A and independent on M 
is <; R p (M n ). Let r Pf i = 1,2,..., g P be a maximal in¬ 
dependent set of them and similarly j = 1,2, •••yQq 
such a set for the q cycles on B. Let finally 
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r’s, h = 1, 2, • • •, Rs, S = p + q — n , 

be a similar set for all 5-cycles of M n . We assume p + Q 2^ w, 
or 5 > 0. Under the circumstances 

r i pj ~ V 1 r ; *. r** 1 

1 p • 1 q ‘ ij 1 s 

and as before oft. is a mixed tensor of order three, simultaneous 
topological invariant of M n , A, B. When 5 = 0, and M n 
is connected, i. e. i? 0 (M n ) = 1, we have merely a tensor of 
order two, Xij, as our invariant. A necessary condition that 
A, B do not meet is that all tensors of the type just indicated 
he = 0. For evidently the intersection cycles are then = 0. 

The extension to the relative and modular fields is again 
obvious. 
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PRODUCT COMPLEXES 

§ 1. Generalities on Product Sets and Spaces 

1. Given two abstract sets of elements X — {x}, F={y} 
we can consider a new set Z whose elements are the ordered 
pairs ( x , y ), two elements (x, y) and (x , y) of Z being con¬ 
sidered as identical when and only when x — x and y = y • 
In particular (, x , y) ^ (y, x) unless x = y. The set Z is 
called the product of Z by Y and designated generically by 
X x F; X, Y are the factors of Z . We have Xx Y ^ Y x X 
unless X = F. These very convenient notations go back 
to Steinitz. 

We may similarly consider the product X i x X 2 • • • x X n 
of several sets, or even of an infinite number of them con¬ 
stituting a set of sets of any particular cardinal number. 

The Steinitz products obey the associative and distributive 
laws : 

{X x x X t ) xl s = X t xX 2 x X B , etc. 

(Xx + Z 2 )xF = XtxY +X 2 xY. 

In general, however, the commutative law does not hold. 

2. Simple examples of product sets are readily constructed. 
Thus if X consists of three objects x x , Xs , x 3 and F of two 
objects y lf y 2 , the product set XxY consists of the six pairs 
(xi, yj), while YxX consists of the pairs (yj, Xi ). To take 
an interesting example of more geometric nature, let x , y be 
two arbitrary real numbers. The product set Xx Y = (x, y) is 
the set of all ordered pairs of real numbers. It is in one-to- 
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one correspondence with the set of all points of a cartesian 
plane &. 

The earliest sharp applications of product spaces were made 


in algebraic geometry. Algebraic correspondences between 
two algebraic curves A, B are represented by algebraic 
curves on A x B which is an algebraic surface (Segre). The 
latter configuration has been studied for its own sake by a 
number of authors, notably by De Franehis, Severi. Picard, 
Lefschetz. Severi in particular utilized this point of view 
with telling effect in the theory of algebraic correspondences 
and involutions. On this question see our paper [10], where 
detailed references to the work of the preceding authors will 
be found. 

The theory of product complexes to be taken up presently 
was the essential factor used in our papers [8, 9] to solve 
a basic problem on continuous transformations of manifolds. 
See also Ch. VI. 

3. Product spaces. Suppose that A r , Y are spaces with 
m, i n' i as the corresponding sets of neighborhoods. Then 
the set of all pairs y) associated with the subsets N x N' 
as neighborhoods, is likewise a space. It is that space which 
we now designate by X x Y and call the product space of 
the spaces X , Y, its factors. 

The following properties can be verified immediately by 


reference to the Introduction : 

I. Let A CIX, Ba Y. Then AxBaXx Y, and if x, 
y, are inner points of A, B then x x y is an inner point of 
their product. When A , B are both open or closed so is 
their product. Furthermore, 


(1) F(AxB) = AxF(B) + F(A)xB + F(A)xF(B). 

(2) F(AxB) a AxF(B) + F(A)*B. 

(3) AxB = AxB. 


II. When X , Y are respectively homeomorphic to X', Y', 
then Ax Y is homeomorphic to X' x Y'. 
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III. The product of two Hausdorff, separable or compact 
metric spaces is respectively a Hausdorff, separable or compact 
space. 


IV. The product of two metric spaces is a metric space. 
For let 5 = (x, y), 5 ' = (x, y'). Then it is easy to verify 
that if d(x, x'), d' ( y , y') are the distance functions for X, Y, 
the function 


(4) D ( 5 , 5 ') = d (x, x)-\-d! (y, y) 


satisfies the two conditions for distance functions given in the 
Introduction relatively to the product space. Therefore the 
latter is also a metric space. 

Since we are dealing throughout exclusively with metric 
spaces, whenever we speak of the product of two metric 
spaces X, Y , we shall understand the associated metric 
space Z , i. e. the set of all pairs ( x , y) together with some 
distance function, for example (4). 


§ 2. Product Complexes 

4. Let A be a configuration of an S p referred to coordinates Xi f 
B a configuration of an S q referred to coordinates yj . We 
can consider the x’s and y 's together as point coordinates 
of an Sp+ qf Then if Xi are the coordinates of a point ? 
of A , yj those of a point r\ of B, when ?, rj describe A and B 
the point f of S p + q whose coordinates are xi, yj has a range C 
which is the homeomorph of^Lx^. On the strength of this 
we prove at once the following propositions in which we 
assume, as we shall until further notice, that all cells or 
spheres are ordinary (non-combinatorial) cells or spheres. 
I. The product of a p-cell by a q-cell is a (p-\-q)-cell. 

For we can take as E p and E q the regions of S p and S q 

represented by 

0 < xi < 1 , 0 < yj < 1 . 

Then E p x E q is the region of S p + q represented by the two 
inequalities taken together, which is manifestly a fp + ?)- ce U* 
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II. If the boundaries of the two cells are respectively ( p —1 )- 
and (q— 1)- spheres, that of the (p + q)-cell s their product. 

is likewise a (p -f- q — D- sphere. 

The reasoning is the same with < replaced by <j. 

As a consequence, taking into account formula (1) we have 

III. Let Hp-\ and Hr,- \ be the boundary spheres of E p 
and E q . Then H P -\X E q -f- E p x H q —\-]-H p -\ x H q —\ is a 
( p-\-q — 1 )-sphere, boundary of the product cell E v x E q . 

Remarks. I. The case p = 0, q = 0 falls in naturally 
with what precedes: The product of two points is a point. 
In particular the product of two points ?, r\ of A, B, is the 
point £ x rj of the product configuration A x B. Every point P 
of the latter is of type ?x q. The point £ of A is called the 
projection of P on A. Similarly rj is its projection on B. 
Through every point £ x // of Ax B there pass homeomorphs 
of A and B , namely the configurations A x i ( and £xP. 

II. The join (A, B) of two configurations A, B. defined 
in Ch. II, § 8, is intimately related to the product. Assume 
again as loc. cit. that A, B are immersed in some S n , sepa¬ 
rated by some S n ~ i of S n , and such that segments with different 
end points on them never meet. Then the intersection of (A, B) 
with S n — i is precisely Ax B . The latter may also be considered 
as the image of the set of segments PQ, PCZA, Qf_B. 
When A and B are complexes (A, B) corresponds cell for 
cell to Ax B in such manner that to each ;>-cell of the 
latter corresponds a (;;+l)-cell of (A, B). This explains 
why certain relations developed by Newman for the join are 
quite similar to those for the product. Regarding the 
homology relations, when A, B are complexes, those for 
K = (A, B) mod(A + P) and the dimension p-f 1, are the 
same as those for Ax B and the dimension p . 

5. It is important to observe that even though the factors 
are simplexes, the product, as described at the beginning of 
No. 4, is not a simplex. Take for instance p = q — 1 . 
The product cell is the product of two segments and 
therefore it has the structure of a rectangle. Thus sim- 
pliciality is not preserved through the operation of Steinitz 
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multiplication. By the second theorem normality is pre¬ 
served: the product of two normal (ordinary) cells is still 
a normal cell. Convexity is likewise preserved under sui¬ 
table definition of rectilinearity: We assume A , 7?, to be 
convex regions of S p , S q and take for rectilinear segments 
of A x B the images of the rectilinear segments of S p + q on 
the image of .4x7? in that space as defined above. It is 
convenient to identify for the present Ax B with that image. 
Let a x ft, a' x ft' be two points of Ax B. The segments 
aa and ft ft' of S p and S q belong wholly to A and B. Let 
Xi, x'i be the coordinates of «, a' and yj, y), those of/?,/?'. 
Consider the two points at, fit of a a', ft ft' with coordinates 
(l — t)Xi-\- tx'i , (1 — t)yj + ty'j, 0 <±t< 1. The point a t x ft t 
belongs to Ax B and as t varies it describes a segment 
whose extremities are precisely a x ft and a' x ft’ % Therefore 
^4x7? is convex. Incidentally this implies the results of No. 4. 

6. Products of oriented cells. We take advantage of 
the result just obtained in assigning a fixed orientation to 
the product of two oriented simplexes r\o v , y 'The product 
cell E p + q = o p x Oq is convex and under our definition of 
rectilinearity it carries the simplex <f p + q = .4° x B° A 1 x B° • •• 
A v x 7?° .4° x B 1 • • • A 0 x 7?L Let X be the determinant 
analogous to that of Ch. I, No. 46, for o p , y its analogue 
for Oq. Then by a simple calculation we find that the similar 
determinant attached to o p + q is X • y j. Since o p , <*q are 
simplexes, both x and y are ^ hence x\-\y | ^ 0 and 
the vertices of <f p + q are independent , i. e. 0p+ q is a true 
(p + ^-simplex, which is not obvious a priori. 

Suppose next that we replace o>, o q by other indicatrices 
Op, Oq concordant for their cells. Then <r p + q is replaced 
by <rp+ q . But IjTjI, yC\, the new determinants analogous 
to the above for the indicatrices, are respectively of the 


same signs as the old, for this is a necessary and sufficient 
condition for concordance (Ch. I, No. 46). It follows that 


| jr | - y\ and | jr x | -1 y, have the same sign and Gp+ q is con¬ 
cordant with Gp+q as indicatrix of E p x E q . In other words 


the class of indicatrices {<* p +q\ is unique. 




V. PRODUCT COMPLEXES 


225 


All this applies without change to a product of convex 
cells E p x E q : We take /, a p , /,' a q indicatrices of the cells 
and i t // <J p +q is by definition the indieatrix of the product. 
The uniqueness of its class is proved as above. 

From now on E p x E q will stand for the product cell with 
its orientation as just defined. By examining the effect of 
permuting two A 's or two B 's we verify readily that 

Ep x E q = — (— E p ) x E q = — Ep x ( — E q ). 


7. Products of complexes or chains. Let K py K’ q be 
two oriented simplicial, or for that matter convex complexes. 
Eh, El- 1 their oriented cells. The oriented cells El x E\i are 
all convex and do not meet one another. From the boundarv 
relation (1) follows also that, the boundary of any cell of the 


set consists of a sum of cells of the set. Therefore the set 
of oriented cells { En x E k \ is a convex (p + ^-complex. It is 
the product, K p x K’ q , of the two given complexes. 

By the product C p xC q of the subchains C p = V f t E p , 
Cq — JhujEq we understand the (p + g)-subchain of K p x K ,’,. 



The chain product obeys the associative and distributive 
laws. 

Remark. The restriction to subchains of the complexes is 

in no wise essential. We can consider singular cells E h , Ei 

on K, K’, and their product E h x E' k is a singular (p + g). C ell 

on the product complex. If E h , E' k are the singular images 

of two non-singular cells (£>,, (&, then E h x E' k is the singular 
image of (£, t x (i, k . 

8. Boundary relations. For the product-cell they offer 
little difficulty. Let E p -i be a face of E p so that E p - X x E q is 
a face of E p x E q . Choose a p with its face o p _ x = 4°A>... j[p -i 
on E p - 1 , and let r/a p _ l be an indieatrix of E p - X . Then 
(—1 V'yEp-i is positively related to E p . But if we write 
down the indieatrix of E p — X x E q according to our orientation 
rule, we find it to be yA 0 xfi 0 ... ap~ 1 x JB°A° x B 1 
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• •. A 0 X B*. Hence (— IV 5 E p -1 x E q is positively related 
to E p xE q . In other words, the relation between the two is 
the same as between E p and E p -\. 

Similarly if E q —p is a face of E q and related to it with 
the sign of f = ±1, we find that (— l) p r/' E p x E q —i is 
positively related to E p x E q . Since the two types considered 
include all the {p + q — l)-cells of the boundary of the 
product cell, its boundary relation is 

(5) F(E P x E q ) = F{E P ) xE q + (- 1)* E p x F(E q ). 

From this follows for chain products the general formula: 

(6) F(C P x C g ) = F(C P ) xC q + (—l¥C P x F{C q ). 

These formulas offer much similarity with (18) of Ch. IV. 

Let L, L' be subcomplexes of K, K' and set A — Lx K 
-\-KxL', a subcomplex of KxK’. We have evidently 

KxK' — A = {K— L)x (K'— L'), 

since both represent the sum of all cells ExE' such that 

E(£L, E'QLL'. 

From (6) we derive at once the following notewortny 
results: 

I. The -product of two subcycles of the factor complexes mod L 
and L' respectively, is a subcycle of the product complex mod J. 

II. The product of two absolute subcycles of the factors is an 

absolute subcyde of the product . 

HI. If one of the two subcycles in I or II is ^ 0 mod L, 

mod L' or absolutely as the case may be, the same holds foi 

the product subcycle mod A or absolute. 

Kemark. Here again as in No. 7 the restriction to su 

cycles is inessential and we obtain true theorems by replacing 

everywhere “subcycle” by “cycle”. However, the theorems 

as stated are more precise if more narrow, and that added 

precision is useful, for example, in calculating the homology 

invariants of the product in terms of those of the factors. 
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9. The first two propositions just proved are to some extent 
invertible. We obtain the inversion by considering the boun¬ 
dary relations for the product complex. 

We have shown in Ch. I, No. 27, that there exists a tlase 
for the 5-subchains of A' — A consisting of three groups of 
elements: (a) A set a\ of independent cycles mod A. (b) A set 
b l s of cycles ^ 0 mod A (zero-divisors or bounding cycles), 
(c) A set of chains c\ no linear combination of which -► 0 mod A 
(i. e. is a cycle mod A). The corresponding elements for K' 
and A' will be designated by a , b', c , 

For the dimension k the fundamental chains of K x K' 

• • ■ • a • 

mod A are then a s x a’is , a ‘ s x Vis , •• •, c \x cis , s = 0, 1, • • •, k. 
Omitting the indices i,j, the fundamental boundary relations 
assume the form 


(7) 


( 8 ) 

(9) 

( 10 ) 


(ID 


Qs X ('k-s- j-1 
C$-fl * Clk—s 

bs X 1 

Cs+l X b'lc—s 

C.y+1 X c'k-S 

O-s X Clic—s 

Cls X bk—s 
bs X (lk- s 
bs X bk—s 


(—l) s t' a s x b'k—s y 

t b s X Clk—s y 

( l )' 9 1 b s X J)k—s • 

t bs X ])k—Sf 


t bs X Ck—S + (—l) s ^ 1 t' Cs-fi x b'k—s—l , 


0 , 

0, 

0, 

0. 


In these relations t, t' are -j-1 or else torsion coefficients 
of K mod L or of K' mod L', and in any case 4 0, which is 
onr sole concern here. The boundary relations are all mod A. 

If we examine these relations we find that the fundamental 
It- chains of K x K' mod A include the following: 

(a) Cycles a x a' . Since they do not occur in the right 

hand side of the fundamental boundary relations they are 
independent. 

(b) Cycles a x V, b x a', b x V . As shown by (7) or (8), 
they are all ft; 0. 

(c) Chains axe', b x V, c x a', cxb', cx c'. 
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10. We obtain a base for all cycles by adding to the first 
two types the terms of a base for all the cycles made up of 
chains (c). I say that the latter cycles are all ~0. 

Let indeed r k be a cycle sum of chains (c). From (9) follows 

t bs X Ck—s r '° ( l) 5 t X bk—s— 1 • 


Hence in some multiple of r every b x c may be replaced 
by a chain c x b'. Thus we obtain a new cycle r°~ r r , 
r ^ 0, of same type as r but with chains b x c absent in 
its expression. Since it is a cycle its boundary must be = 0. 
If we write it down we find that it consists on the one hand, 
by the first relation (7), of terms a x b' on boundaries of the 
components ax c\ on the other, of terms without a . There¬ 
fore the boundaries of the terms a x c must cancel one another. 
This means that if in r° we have a sum of terms 


we must have 


i v 1 v 

a s x Zj x J Ck-s , 

Cl’s ^ X j tj bfc—S— 1 


0 


But the ?/’s are all different terms of a base for the (Jc — s 1)- 
cycles mod V of the complex K' (the terms ^0). Hence 
such an identity can only be trivial, hence every Xj = 0. 

It follows that r° includes no term in a x c . The same 
argument shows that the other terms are also necessarily 
lacking. Therefore r° = 0, r/ 1 ^ 0, which pioves 

our assertion. 

11. Thus the cycles, sums of chains (c), are at best psO. 
The only cycles of the base that are 0 are then those of 

type (a) and they are independent. Hence 

Theorem. The k-cydes a x a form a minimum base fo> 

all k-cydes of K x K’ mod A and the homologies «■ 

In other words, any k -cycle mod J of the product complex, 

say r k , satisfies a relation with integer coefficients. 


r k m Ai & x a'ks mod A. 
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From this follows at once 

(12) K k (K x K' ; A) - £ B a (A; L) R k -s (A' ; L'). 


As usual, this relation is true for any modulus m. 

12. We now pass to the zero-divisors and torsion coefficients. 


The fundamental homologies are 


(13) t'a s x bis ~ 0, t b s x a£— , 5 ~ 0; 

(14) X ~ 0, t b s x ~ 0; 

(1 5) ^ X C/c-5 + (— l) s " 1 t'cs+i x ~ 0. 


To obtain a fundamental set for these homologies we must first 
reduce them to the minimum number. A reduction is possible for 
the type (14) but not for the other two. Any element b s x b' k - s 
will be found in two homologies (14). If 8 is the H. C. F. 
of the corresponding coefficients t , t\ both homologies (14) 
can be replaced by the unique 

( 14 ') 6 b s x b k - s ~ 0 . 


The homologies (13), (14'), (15) constitute a fundamental set 
since each contains elements found in no other. That is 
obvious for the first two and for the other it follows from the 
fact that a specific b s x c k - s of a homology (15) is on the right 
hand side of a uniquely determined boundary relation (9)— 
namely the one whose c s +i-*tb 8 . 

13. The matrix of the coefficients of the new fundamental 
homologies is not a diagonal matrix. To reduce it to that 
form we change the base for all A:-chains as follows: The 
two terms in a given homology (15) are found in that homo¬ 
logy and in no other. We replace them by two new /t-chains 
A/c, B k > such that 



b s x c'k-s — xA -\-yB, 
c s+ 1 x bk-s -1 = x A y' B 


where the coefficients are such that 


xt+ (—1 Y+ 1 x't' = 


0 , 
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the H. C. F. of t and t', 

y - (—!) s y> y' = y, 

so that 

x y' — v x ' — i • 

As a consequence, the sets of chains obtained by replacing 
the left hand sides by A, B in the base for all ^-chains, 
is still a base for all fc-chains. However, (15) will have been 
replaced by 

(15') 0A~ 0, 

and the homologies (13), (14'), (15') still constitute a minimum 
base for all homologies between Zc-chains. 

We now have a diagonal matrix whose terms are the 
numbers t, t' and certain H. C. F.’s of pairs t , t' . Once we 
have a matrix of that sort it is an elementary problem to 
calculate its invariant factors. Let its terms be x lf 
The first, e u is the H. C. F. of all numbers Xi\ the second 
that of all pairs XiXj divided by e± etc. The numbers e>l 
are the torsion coefficients of Kx K' mod A for the di¬ 
mension k. 

The following useful proposition is a direct consequence 
of our discussion: When K , K r have no torsion coefficients 
mod X, L' for all dimensions Zc, their product has none 

mod A for the dimension k. 

Remarks I. As usual everything that we have said holds 

mod m, with orientation disregarded when m — 2. 

II. Regarding the homology characters of a product see 

our paper [8], also Kiinneth [3, 4]. ^ f 

14. Product of circuits. Let K—L and K' L be 

circuits. By referring to Ch. I, No. 35, we have,, if E y E 

denote generically the cells of K—L and K L : 

2Ep ->0 mod (L, 2) on K, 

£Eq J -+0 mod (X', 2) on K'\ 

the sums being extended to all p- and g-cells respectively, 
with no subset of them satisfying such a relation. Further 
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more, the (closed) circuits coincide with the p- and g-chains 
at the left. From this follows first that 

r p+9 = 2 e p x E'j -» 0 mod (. A , 2) on K x K', 

next that r p + q coincides with the point set KxK' — A . 
Also (loc. cit.), 

■RpCST; L, 2) = R q (K'\ L\ 2) = 1. 

Therefore by (12) 

Rp+q(K x A'; 2)= 1, 

• • 

which implies that no proper subset of the cells E l v x 
has for sum a cycle mod(^/, 2). Therefore KxK’—A is a 
circuit. 

If in addition the given circuits are orientable, we have 
(Ch. I, No. 36) 

R p (K-L) = R q (K f ;L')= 1, 

hence again 

R p + q (K x K’\ A) = 1. 

Thus K x K' is likewise orientable. 

Finally suppose that both circuits are simple. Then, say 

• • 

E p ~i of K — L is incident with two 2 >-cells Ep, E J P of it. 
Therefore the ( p-\-q — l)-cell, E p -1 x Eg of the product circuit 
K^K'—A is incident with the two (p + ?)-cells, EpXEg, 
Ep x Eg and with no others, as follows from the boundary 
relation (5). Similarly E p x Eg-i is incident with only two 
(p + 3 )-cells of the product circuit. Since all ( p-\-q — l)-cells 
are of one of the two types just considered, the product 
circuit is simple. We have therefore proved 

Theorem. If K — L, K' — L' are circuits their product is 
also a circuit, and when both factors are orientable or simple 
so is the product. 

15. Products of combinatorial cells and complexes. 

From the preceding results it is a simple matter to deduce 
the following propositions. 

I. The product of two combinatorial cells is a combinatorial 
cell. 
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For let E v = K —Z, E q = K' — L ' be two combinatorial 
cells. Since E , E' are orientable circuits, Ex E' is an 
orientable circuit. Since the numbers R^iE; L ), R V (K , \ L '), 
are all zero for 0 </*</?, 0 <^<g, from (12) we deduce 
that R k {Ex K'\ A) = 0 for 0<Cfc<jp + j. Similarly there 
being no torsion coefficients for the factors mod Z, Z', from 
No. 13 follows that there are none for the product mod si. 
It follows that the product satisfies all conditions required 
of a combinatorial cell when p , q are not both zero. For 
p = q = 0 this is obviously the case, hence I is true without 
restriction. 

16. II. When the factor cells have for boundaries combinatorial 
(p —1)- and (q —1 yspheres, that of the product cell is a (p-\-q —D- 
sphere. 

For let Z, Z' be respectively combinatorial (p — 1)- and 
(q —l)-spheres. For the present E p , E q will denote the 
oriented cells considered as chains. Their boundaries are 
cycles Hp-iy H q ~ i, which are fundamental oriented circuits 
on Z and Z'. We have then 

Ej) -> Hp -\, E' q —■ ► H q — i. 

Hence by (6), 

E p x E' (I Hp-i x E' q -f (— l) p E p x Hq -1 = H P + q -i . 

For the present H p \. q — i is merely the boundary of the cell- 
product, which is a (j) + q)- chain, in fact a circuit. As far 
as the cells of Hp+q—i are concerned they are those of 
LxK'+KxL' = A. The problem is then to show that 

A is a {p-fq —l)-sphere. / 

Given a subcycle, say r k , of A , we have I k = C k -\-C k , 
where C k is a subchain of K x l! and C k one of Lx K . 
These two complexes have in common only the subcomplex 
Z x Z' and since C k -\-C/ c -> 0, C k and C k can have theii 
boundaries only on Z x Z'. Therefore they are respective 

cycles of Ex L! and Z x K’ mod Z x Z'. 

Now K has no torsion coefficients mod Z, and Z has no 
absolute torsion coefficients. Therefore the cycles of K x L 
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mod LxL' are all homologous to linear combinations of 
products of cycles of K mod L and of absolute cycles of L. 
Since K—L is a jp-cell and L' a ( q —l)-sphere, the only 
subcycles 4* 0 mod LxL' are of the form tE p xH (J Lj. 

Similarly, the only subcycles of L x K' 4 0 are °* ^\\e 
form t! Hp—i x E q . Consequently either I\ ~ a cycle on L xll 
or else k = p + q — 1 and 

r k = t E p x Hq —i 4 t Hp —i x Eq . 

By (6) however 

+ = 0 . 

Hence 

{ = (—1 )Pt, r p + q _ i = t' H p +t-i. 

Suppose now that E k is a subcycle of Lx L\ Again, as 
above, the only cycles 4 0 on Lxl! depend upon H x H\ 
HxA', AxHAxA\ where A , A' are points of L % L ', 
and we have 

Ex A'-* H x A' j 

A x E' -> A x H' | ~ 0 on si. 

ExH'-*H xH f I 

Hence R p + q -i {A) = Ii 0 {A) = 1. Since any mod m may be 
treated in exactly the same way, we have also R p + q - x (A\ 2) = 1. 
Regarding the (p + q — 1)-C3^cles, there is actually no other 
subcycle of A mod 2 for that dimension than the multiples 
of H p +q-i as our discussion clearly shows. Since all 
(l jJ rq— l)-cells of A appear in it, and since every cell of A 
is a face of one of its (p + q — 1 )-cells, the two circuit conditions 
(Ch. I, No. 35) are fulfilled. This completes the proof of II. 

17. III. The product of two combinatorial normal cells is 
a combinatorial normal cell. 

It follows from I, II that when E p . E q are normal, 
E p x py q is a (p 4 g)-cell whose boundary is an Hp+q-i. Since 
L p and E q are sums of simplexes with common vertices A, A', 
L p x E fJ is a sum of convex cells with the common vertex 
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Ax A'. From this follows immediately that E p x Eq is the 
join of 4x4 and Hp+q—i, and hence that it is normal. 

IV. If Ep —!, El- X are combinatorial cells respectively on the 
boundaries of the combinatorial normal cells E p , E q , the sum 
E p x Eq-i + E p -1 x Eq is a combinatorial (p + q — l)-cell. 

This proposition is proved like II. We give it here in view 
of an application later (No. 20). 

From the first three propositions just proved follows 
immediately: 

V. Tiie product of two combinatorial complexes is a com¬ 
binatorial complex , and it is normal if the factor's are . 

Remark. Henceforth, unless otherwise stated, all cells and 
spheres are understood to be combinatorial. 

§ 3. Products of Manifolds 

18. Let now our factor complexes K, K f be normal. 
We consider any cell of a complex as one of the cells of 
its own star. Hence if Ej ly Eic are cells of K , K ' and 
Ei , Ej cells of their respective stars, the star~of Eh^Elc with 
respect to K x K' is the sum of all cells Ei x Ej. This follows 
at once from (2). 

Let A\ B J be the respective vertices of first derived 
complexes K°, K f0 of K and K'\ here as in Ch. Ill, i,j denote 
the type of the vertex, that is the dimension of the carrying 
cell of K or K\ The points A i xB j of KxK' are so 
distributed that one and only one is found on each cell of 
that complex. We can therefore take them as vertices of 
a first derived complex Kp+ q of the product complex. In 
particular A*xB J is of type i-\-j relative!}' to KxK'. It 
is to be observed that Kp+ q ^ K° x K'° , since the cells of 
the latter product are not simplexes. (We assume tacitly that 
neither p nor q is zero, which is quite justified since these 
values are without interest). 

19. A further study of the relation between Kp+ q and 
AT 0 x K'° will yield important results concerning the trans¬ 
verse complexes of the product cells. 
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Every simplex of Kp+ q is a face of a simplex whose type 
has a set of consecutive integers. Therefore Kp+ q is the sum 
of all simplexes a = A 1 x B j A h x B k • • • such that: 

(a) The differences h — i + k — j, ••• are all +1. Hence 
in both sequences i , h , ••• and j, k ••• the jump from each 
term to the next is 0 or + 1. 


and A" 0 . Therefore the vertices of 


(b) The cells EtxE'j, Eh^ Ei, ••• are mutually incident. 
According to what has been stated at the beginning of 
No. 18, it follows that the sets Ei, Eh, ••• and Ej, ••• Ei 
are separately mutually incident. 

From (b) follows that A 1 A h • • • = cr°, B j i/ 1 • • • = o'° are 
respectively cells of K 
the cell (7 of Kp+ q are also vertices of the cell a" x o' 0 of 
K° xK'\ Since <x° x <x' u is convex and polyhedral, it follows 
that a is on that cell and that every one of its faces is 
either on that cell or on a unique face of it, since a is a 
simplex. 

We have thus shown that every cell of K^+q (either a cell 
such as o or a face of such a cell) is on a unique cell 
of K° x K f0 . Every cell of the latter is then an exact sum 
of cells of Kp+q and Kp+ q is a simplicial subdivision not 
only of Kx K' but likewise of K° x K ' n . 

20. The transverse complex Tv (Ei x Ej) is the sum of all 

0 * 

cells of Kp+q such as tf, having A 1 x B J as their first vertex. 
A given o is on a definite pair <x° x a' 0 , where a u is a cell 
of K° such as above not meeting Ei but having its vertex A 1 

• /O 

on it and o' an analogous cell for Ej with its vertex B J on 
the latter. 

On the other hand every cell of K° p + q with A 1 x B j as 
its first vertex is a o' or a face of a o. In particular, 
every cell of Kl+ q on a 0 x a' 0 with A 1 x B J as a vertex 
(then necessarily its first vertex) is of that nature. There¬ 
fore the sum of all cells of Kp+ q with A x B j as their 
first vertex, or Tv(EiX Ej), is a subdivision of the sum 
of all cells a° x a ' 0 of the nature considered. 

Now Tv (Ei) is the sum of the cells o°, and similarly 
for Ej and the cells o' 0 . Hence finally 
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Theorem. The transverse complex of Ei x Ej is a subdivision 
of the product of the transverse complexes of Ei and Ej . 

21. Let again L, L' be subcomplexes of KxK f . Since 
Lie is the boundary of Tv, the preceding theorem, together 
with those of Nos. 15, 16, 17 and the definitions of manifold 
and regular and semi-regular cells (Ch. Ill, No. 5), enables 
us to prove by simultaneous recurrence: 

Theorem I. Theproduct of two (absolute or orientable) manifolds 
is a manifold (absolute or orientable ). If the boundaries L, L ' 
of the factors are regular so is the boundary A of the product 

Theorem II. The product of two regular cells is regular; 
the product of a regular by a semi-regular cell, or of two 
semi-regular cells, is semi-regular . 

22. Application to products of spheres. Let H Pf Hq 

be two spheres which are manifolds. The product Hx H' 
is an Mp+ q . It has no torsion coefficients since the factors 
have none. Therefore the products of the cycles of the 
minimum bases for H and H', whose dimension is k, 
constitute a minimum base for the ^-cycles of HxH', 
as regards both ~ and We have two possibilities: 

(a) p 4= q. Then there are cycles ^ 0 for the dimensions 
0, p, q and p-\-q . The corresponding bases are Ax A'; 
Hx A '; Ax H'; Hx H r ; where A, A' are points of H, H' . 
The Betti numbers are 


ll k {HxH') 


J 1 for k = 0, p, q , P + q > 
I 0 otherwise, 


and there are no torsion coefficients, (b) p = q- Then 
H x A', Ax H' are two independent p-cycles and the homo¬ 
logy characters are as before except that R P {H x H ) = 2. 

The same scheme can be extended to a product of several 
spheres. The most interesting is 


Mp = Hi x Hi x ... x Hi, 

a product of p circumferences. Here again there are no 
torsion coefficients. The bases are obtained by inserting 
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vertices 
for Mp. 


in place of the H' s in all possible ways in the symbol 
It follows that 

/ 

P 

k 


Ek(Mn) 


Alp is called a p-ring . The two-ring is the well known anchor 
ring. The 2^-ring plays a fundamental role in investigations 
on multiply periodic functions and their applications to algebraic 
geometry. See in this regard the last chapter of our Borel 
series monograph [5]. 

23. Returning to our general product of two manifolds, 
let Eij Ej be two cells of the same manifolds K — L , K’ — 1J 
that we have considered so far. Their transverse complexes 

where the starred cells are the duals of the 


are 


7 ^* T ir* 

Ep-iy E 


•i—J > 


?jc f * 

given cells. Their product Ep-i x E' q -j is the transverse complex 
or E t x Ej, i. e. its dual cell. This proves the 

Theorem. The product of the duals of two regular cells is 
the dual of their product. The dual complex of K x K ’— si 
is the product of those of K—L and K' — L'. 

Regarding the orientation of the dual cell and with notations 
as in No. 14 let Ei, Ep-i, Ej, E’ q -j have for indicatrices 
// .4° • • • A 1 , f A 1 • • • AP, £ BP • • • B-i, ?' IP • • • B q . In view of 
our conventions for orienting dual cells (Ch. Ill, No. 24), the 
indicatrices of K— L and K' — L ' at the points A { , IP are 
// r/A 0 • • • A p , Hence that of KxK' — si at 

A 1 x B j is 

(- 1 )*+./$£' ri f A 1 X B*A° xB/... A*~ l X BJA * 1 x B> 

• • • A p x B j A i x B° • • • A 1 x B j ~ 1 A * x B q + l • • • .4' x B q . 


For the product cells, on the other hand, they are 

Et x Ej: 

(— \yp ? rj A} X B q A° xBi... A’~ l X BJA* x B° ... A 1 x B q ~ 1 , 

Ep-i x E q -j : 

?' f A * x B J A*+ l x B J • • • x i?-'x B j+1 •. • .4* x 2??. 


Comparing the two with that oi K x K' — yi at .4* x B j we 
find, in view of the convention for orienting dual cells, that 
the oriented dual of E t x Ej is (— Ep-i x E q *j . 
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24. The preceding result is susceptible of another inter¬ 
pretation. For the Kronecker index of a cell and its trans¬ 
verse being + 1, we have 



(Ei x Ej • ( 1 )<p-'V Ep~i x e£j) = +1, 

(Ei x Ej ■ Ep-i x E'j-j) = (— iyp-*V, 


Hwe denote the cells by E?, Ej fl and their duals by E p - t) 

EqJj, we find that unless both m = n and (i = v, 

Ei xEj^ and EpPiX EjjPj do not meet, hence their index is 
zero. Therefore 


*m 


(E" 1 x Ej . E*l t x Eqlj ) 
We have then 


(- 1 ) 




&mil djuy 


(18) (EP x Ej^■ EpliXEgtj) = ( _i (Ep.E*UHEp.Epj). 


From this follows that if C,, C'j, Cp-i,Cq-j are subchains of 

E L, K '—- L' and of the associated duals, we have the 
important relation 


(19) (Ci x Cj. C*-i x C'q-j\ = (-1) 




(Ct . c;-i) (Cj. Cq—j ). 


25. The extension to intersections of arbitrary cells and 
chains offers no difficulty. Since pairs of dual cells always 
intersect in cells, we have 

(20) Ei x. Ej ■ E* x E{* = (- E{ . E * x E j . E j*, 


the power of (—1) on the right being determined by the same 
considerations of indicatrices as before. From this follows 

(21) Ci x C'j • C* x Cl* = (—d • C* x Cj • Cl*. 

Suppose now that we consider arbitrary chains on K and K'. 
If N, N' are neighborhoods of L, L' on their respective com¬ 
plexes, = Nx K'-\- Kx N' is a neighborhood of A on 
K x K '. Moreover if N , N' are the K- and ^'-neighborhoods, 
is likewise the Kx K' neighborhood. Using these facts 
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we find readily that when the chains Ci , Cu on K are so 
disposed (in accordance with Ch. IV, § 3) as to yield an inter¬ 
section cycle mod A, and similarly for Cj, Cj, mod L' on K ', 
then the same holds for C, x Cj and 6\- x Cj on 7v x K' mod si . 
Similarly for the Kronecker index. From this follows that 
under the circumstances just stated, (19) holds whatever the 
chains, while (20) yields 


(22) Ci x Cj . C k x C\ ~ (— iyp-0(9-o C 2 . C k x Cj • CJ mod si. 


26. Application. For the purpose of this application the 
factor complexes may be replaced by any subdivisions and 
we may therefore assume that they are both simplicial. 

Let L, A 1 , A 2 , iV, A 1 , 5 have the same significance for K 
as in Ch. Ill, Nos. 29, 30. Let N 2 be the A'-neigborhood 
of J. Assuming as we may that X and X 1 are normal, it 
is a simple matter to show that X 2 is likewise normal. 
Denote the configurations analogous to L , A 1 , •••, for A' 
by accents: A', A' 1 , •••. Then from (2) and (5) follows that 
if we set 

A 1 = Kx L ,l + L l x A", 

A- = (A — Lj x A' 2 +A 2 x(A' — L'j 


the A 's behave as regards Kx K’ like the A’s as regards A'. 

Let be associated canonical bases of K —A 2 modA 1 

and AT—A 1 mod A 2 , relatively to homologies K, or bases 
such that 

(23) (a 1 • bJ) = 6ij. 

We denote the elements of A' corresponding to a% fc* by 
a'*, the reverse order being particularly advantageous for 
the applications in the next chapter, and again 

(24) (a'*' • V j ) = dij. 

The number of cycles in each base of the first pair is 
Rfi(K —A 2 ; A 1 ), in each of the second pair R q -p{K’ —A' 1 ; A' 2 ). 
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We now introduce two new subcomplexes of K: 

lO = K — N 2 , K 2 = K — iV l 

and analogously, A' 1 , A' 2 for A". The complexes A 2 , A' 2 
are the same as the St of Ch. Ill, No. 30. From what has 
been stated there and due essentially to the sliding properties 
of our neighborhoods, the sets a play exactly the same part 
for K l mod L 1 as for K — L 2 mod Z 1 and likewise for the 
sets V on K\ A similar remark applies to the sets b, a' 
with the indices 1, 2 interchanged and W in place of 
L , IJ . Thus the sets a , a , h y b' are maximal independent 
sets for the complexes K l , K'\ K 2 , K' 1 mod Z 1 , g, L'\ 
respectively. This is the one fact that we need to retain 
for the present. 

27. Let us examine now the analogous situation as regards 
then’s and KxK', We denote the associated A 7 , K 1 ,--- 

by ?i, • • •, St x , • • •. It is a simple matter to show that 

(25) St 1 = A 1 x A' 1 , = K 2 x A' 2 . 

Since iV and N 1 are normal neighborhoods of Z 1 , any 
cell, say of K — L with vertices on Z, is of the form o’o'* 
where o is a cell of L f o* a cell of the boundary of N, 
and in particular o* ^ 0. Any point P of oo* has then 
a unique projection Q on <x*, the end-point of the usual 
projecting segment. We will call Q the projection of P on 
K —L. If P C~j~ N f we will consider it as its own projection. 
Thus every point P of K — L has a unique projection Q 
on K—N which is on the closure of the cell of K — L that 
carries P. A similar situation exists on K', the projection 
of the point P' of K' — L' on K'- N' being designated 

by Q’. 

Given any point PxP' of K x K' — si, we now define 
Q x Q' as its projection on KxK' —97. IfPxP'd97 si , 
either P=j= P' or Q ^ Q', hence P x P' ^ Q x Q'. As there 
exists a closed cell of KxK' carrying both points, there 
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is a unique segment joining them. These segments projecting 
the points of 9}— A onto points of the boundary of s Ji, play 
the same part as the usual segments associated with normal 
simplicial neighborhoods. They enable us to apply to the 
product complexes and the a 's the same treatment as to 
the factors and the IS s. Therefore a maximal independent 
set for the A-cycles of it 1 mod A 1 coincides with such a set 
for the k- cycles of K x K' — A 2 mod A 1 , and similarly with 

kJ 7 

the indices 1, 2, interchanged. 

28. A first consequence of what has just been said together 
with (25) and the theorem of No. 11, is that the cycles 
a\ u x ULp, n = 0, 1 , 2, • • k, constitute a maximal inde¬ 
pendent set for Kx K' — A 2 mod^ 1 , and V u x af- u for those 

4 4 

of Ax A '— A 1 mod A*. Hence, incidentally, this extension 
of (12): 


(26) 


7c 


Bk(K x A" — ./ 2 ; A 1 ) 


2 Ru{K-L 2 ; A 1 ) Rk-n (A'—A' 2 ; A' 1 ), 


and similarly with the indices 1, 2, interchanged. Since the 
manifold condition were not utilized in establishing (26), it 
holds whatever the complexes involved . 

Let us now assume, however, that K—L and K' — L' are 
manifolds. Then (23) and (24) hold, and from (19) follows 


(27) (d^ x bfc—ju • vp 


-,ll 

bn-ju x 


Qq—k+f) 

On the other hand, 

(a u x bii—fx • bp— 


(— d . h d 


Ji 




(28) 


X aq—k+r) 

{O'fX • bp—y) (bjc—ft • aq—Jc+y) 


0 


for p ^ v. For let, say, p<v. Approximate a^ by a sub¬ 
division of K whose mesh is suitably fine and b h v - v by the 
dual of that subdivision mod L, The two approximations 
do not meet since p-\-p v p<S0. Hence their index, 
which ^is by definition that of a ). b h y is zero. When p>v, 
0>' • a') = 0. Hence in any case 

(29) (ap x bit-n - bp—y x a’q-k+y) — 0 for p 4= v. 
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Comparing (27) and (29) we see that the two associated bases 
for the /i-cycles of Kx K'— A* mod A 1 and the (p + q-k)- 
cycles of K x K' — A 1 mod A 2 

(-1 f ~ 4 x ; h P- y 4-h+y ; &*, v = 0,1,2,...,*) 

fulfill all conditions for associated canonical bases. This gives 
therefore a very simple rule for obtaining the canonical bases 
on K x K' when those on the factor complexes are known: 
Except for the signs , the k-cycles have a canonical base con¬ 
sisting of all products of pairs of cycles of the related canonical 
bases on K y K' whose dimension k. 

29. Important special cases. For special choices of the 
complexes L\ L n we have several noteworthy special cases. 

I. L 1 = L' 1 = 0. Then L 2 = L, L' 1 = L’ and the mani¬ 
folds are K — L, K' — L\ We have this time 

A = KxL' + LxK'; A 1 = K x L'\ 

A* = KxK' — A 1 = Lx(K'-L'). 

For the cycles of Kx K' — A* mod A 1 and we have 
minimum bases consisting of cycles of type 

(absolute cycle of K — L) x (cycle of K ' mod L '), 

while for the cycles of KxK' — A x mod A 2 , they will 
be cycles of type 

(cycle of K mod L) x (absolute cycle of K' — L'). 

The derivation of the canonical bases is exactly as before. 

If we denote by a, a' the absolute cycles, and by b> b' the 
relative cycles, the situation is formally as in No. 28. 

II. L 2 = L' 1 = 0. This is essentially as I with the parts 
of K and K' interchanged throughout. 

III. L 2 = Z/ 2 = 0, L 1 = L, L' 1 = L',A = Kx L' + Lx K'. 
Then ax b' is a cycle mod A , and b x a an absolute cycle 
of K x K' — A. 

IV. L = E = A = 0. Both manifolds are absolute, and 
so are all cycles. 
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30. It is possible to solve ail important intersection problem 
for KxK'. Let /*, I'r-k, r = p~\~q, be of the two re¬ 
spective types a x l>\ b x a '. Let this time a l u , • • •, be merely 
minimal bases for ftj, and not necessarily canonical. We 
assume that we know the indices 



The problem is to express (A 1 . A-/;) in terms of the co¬ 
efficients in 


r. 1 


k 




r ~ 

X , 

r—k 


2 «; x K- u • 

z itr <‘ h 


l 


p-v X • 


We have at once 


(r,l ■ r?_ k ) = 



u 

a ih 


g9- k +P 

H lj 


1 


or in the matrix notation, 

(30) (A 1 . r?_ k ) 

= 2 (— 1 yr—p+U(k—p) l race rjV—p fiQ— k +p (e.uy ^ % 


When the bases are canonical aP — l, and we 

have the simpler relation 

(3i) (r k . r?_ k ) =Z(~ i frace r]P -u 

The relations (30) or (31) solve the problem proposed. 

Despite the simpler formula (31) it is on the whole prefer¬ 
able to take arbitrary bases and use (30). In the case of 
absolute manifolds that is a positive advantage since it enables 
us to take a unique set for each dimension and not two con¬ 
current sets as necessitated by the conditions for canonical sets. 

The problem just treated is of fundamental importance in 
the next chapter. 



CHAPTER VI 


TRANSFORMATIONS OF MANIFOLDS, THEIR COINCIDENCES 

AND FIXED POINTS 

In the study of transformations of manifolds a fundamental 
problem is the determination of the number of signed coin¬ 
cidences or fixed points . It was first treated by Brouwer 
[1, 2, 7] and solved by him for cells, spheres and projective 
spaces. In recent papers [8, 9] we have studied transformations 
of absolute manifolds or manifolds with regular boundary, 
and arrived at explicit formulas for the numbers in question. 
The method there used, wholly unrelated to Brouwer’s, is here 
applied to arbitrary manifolds, then to arbitrary complexes, 
with the result that we have a central formula, (22), which 
includes all known similar formulas as special cases. The 
extension to arbitrary compact metric spaces will be given 
in Ch. VII, § 6. 

An elementary example will serve to illustrate the problem 
and its solution. A transformation T of the segment 0 < x^ 1 
into the segment 0 ^ y 1 is represented by 

f(x, y) = 0 , 0 < x, y 

that is, by a point-set in a certain square of the xy plane. 
Let T be so restricted that the point-set is an arc^, and 
let T' be another transformation of same type with d as its 
representative arc. The intersections of y and 6 correspond to 
the coincidences of Tand T\ or places x such that T'-x = T-x. 
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Their number is the number of crossings of the two arcs and 
it is clear that the slightest modification of the transformations 
may change it. Not so however for the Kronecker index 
(/• (5), and it is therefore that index, or the number of 
signed coincidences, which one will naturally seek to deter¬ 
mine. 

Replace the segments by two manifolds M, the square 
by MxM', the arcs by cycles, and there arises the exact 
situation studied at length in the present chapter. 

When the “signed" numbers are ^ 0 there is at least one 
coincidence or fixed point, as the case may be. In certain 
important cases a greater lower bound may be assigned to 
the number of geometrically distinct fixed points. Regarding 
this question, not considered at all here, we shall merely 
refer the reader to the work of Birkhoff [1,3], Nielsen [6] 
and Hopf [6]. 


§ 1. Position of the Problem 

1. It is convenient for the sequel to start with two sets 
A = {a}, B = {&}, and a transformation T carrying over the 
subset A’ of A into the subset B' of B. If a Cl A' and b is 
one of the elements T-a, the pair ( a , b) determines a unique 
element a x b of the product set A x B. The totality of 
pairs (a, b) is a subset G of the product set, uniquely deter¬ 
mined by T. Conversely, given any subset G = [a x b) of .4 x B , 
there is an associated transformation T between the set A' 
of all projections on A of the points axbCZG into the set B' 
of their projections on B. Thus there is a one-to-one corre¬ 
spondence between the subsets of Ax B and the trans¬ 
formations T . 

Let G, G be the subsets of AxB corresponding to two 

different transformations T, T. The coincidences or pairs 

(a, b) such that b = T■ a — T' • a, are represented onixii 

by the intersection G. O' of the two sets G,G'. For to eacli 

coincidence there corresponds an element axb common to 
both, and conversely. 
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A similar representation holds for transformations T of 
subsets of A into subsets of A itself. We then take for B 
a duplicate of A, and if a = T• a CZ A, we take the 
image b of a' on B y and associate with the couple (a, a) 
the element a x b of Ax B. If G is the image of T on A x B 
and I that of the identity, the fixed elements of T correspond 
to the intersection G • I of G with /. 

2. To leave the domain of generalities let us assume 
forthwith that the two sets A , B, are connected, orientable 
manifolds K — L , K' — L' where the notations are as in 
Ch. V. Then, si being as in that Chapter, KxK'—si is 
likewise a connected orientable manifold, and the problem 
of coincidences and fixed elements is reduced to a question 
already considered: to determine if two subsets of a manifold 
(here (?', or G, 7), do or do not intersect. We have 
given a set of necessaiy conditions in order that intersections 
be wholly absent (Ch. IV, § 7). Properly translated they 
will result in necessaiy conditions in order that fixed elements 
or coincidences do not occur. When these conditions fail 
to be fid filled we can affirm that coincidences of T and T , 
or fixed joints of T , occur y as the case may be. 

Remarks. I. The assumption that all manifolds are con¬ 
nected, or what is the same, that they are simple circuits is 
only mildly restrictive. For example, it is easy to pass from 
that case to that where every component circuit of one of the 
manifolds is transformed into a subset of a unique component 
circuit of the other. In fact even more general situations can 
be treated just as easily. For the present, however, there is 
something to be gained in making simplifying assumptions, 
the more so as all such restrictions are rem oved l ater (§ 7). 

II. Since the part of L which is not on K L does not 
play any role whatever in the theory, we may remove it, and 
similarly for U and K' — L' . W e make therefor e the explicit 
assumption that K = K — L y K' = K’ L' , which will 
be frequently found advantageous. In short, we assume 
that K is the closure of a simple circuit which is an M ny 

and similarly for K'. 
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§ 2. Representative Cycles of the Transformations. 

The Signed Coincidences and Fixed Points 

3. The principle of the intersection method of Ch. IV is 
as follows: To determine whether two subsets G , G' of 
a manifold K — L intersect or not, we look for a pair of 
cycles r h d G, ru d G' whose intersection T h • T k -j- 0, or, 
when h-\-k — n = 0, whose Kronecker index (T h . ^ 0. 

When such cycles can be found we are able to affirm that 
G and G' meet on K—L . 

The situation is particularly simple when T h , r k may be 
chosen in some intrinsically unique way, for then the inter¬ 
section cycle or the index are topological invariants of the 
pair of sets G, G' and the condition for intersection assumes 
the following form: -.4 certain invariant cycle ( member ) must 
be ^ 0 (^ 0). 

The application to our problem is obvious. The manifold 
is here K x K' — A and the cycles must be cycles on the 
images G, G' of the transformations. The simplest possible 
situation is when p=q=h=h— n, and it is possible to 
assign unique n-cycles T ny r£ to G and <?'. We then have 
a numerical topological invariant of the two transformations, 
the index (T n • In), called the number of signed coincidences 
of the two transformations. When we deal with transformations 
°f K—L into itself and T = /, the identity, we have the 
number of signed fixed points of T . 

In the sequel we shall consider exclusively transformations 
in the special situation just described, as it is only for these 
that anything like a general theory can be developed. We 
shall then treat the 

Fundamental Problem. To determine the number of signed 
coincidences of a pair of transformations of one manifold 
into another , or into itself This includes, as a special case, 
the determination of the signed fixed points of a trans¬ 
formation of a manifold into itself 

4. The problem as just proposed is still too general. For 
by reference to Ch. V, No. 30, it will be seen that a concrete 
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A 


A - A 1 


numerical solution can be obtained only when the C3 r cles are 
considerably restricted. This is also quite clear when we 
remember that explicit formulas can only be expected for 
pairs of cycles taken out of some extensive classes. In view 
of the properties of the index (Cli. IV, §§ 3, 4), we must have 
pairs of classes such that the cycles of one class never meet 
the boundaries of those of the other. 

As in Chapter V, § 3, let K , K' be our two closed com¬ 
plexes, whose dimensions are now both n. Let L, U be 
closed subcomplexes of K, K' and L 1 , L' 1 closed subcom¬ 
plexes of L, L' with L 2 = L — L 1 , L ,2 = L' — L fl . We 
set again A = K x L' + Lx K\ and consider the following 
three possible choices for A 1 , y/ 2 : 

Case A. A 1 = K x if + L l x K' 

Case B. y / 1 --= K x L' 

Case C. A 2 = LxK', y / 1 = y/ — y I 2 . 

In the first two cases y1 x is closed and A 2 open; in the 
third case it is the reverse. 

We now make the following 

Assumptions. I. The representative image of any transfor- 
motion render consideration comcidcs with an n-cycle mod A* on 
K x K' — Af i, j = 1,2; ifj\ wher’e the choice of the A’s 
correspoyids to one of the cases A, B, C. 

II. All n-cycles on the particular representative image men - 

t 

Honed in 1 are ^ to midtiples of a unique cycle mod A 1 on 
K x K' — y/C 

When both assumptions are satisfied the transformation is 
said to be of the first or second kind accordingly as i = 1 
or 2. We will denote the transformations and cycles by Tin 

I 


in 


accordingly as they are of kind i and fall under 


case A • •.. 

We are now able to state the precise problem to be solved: 
The Restricted Problem. To determine the number of 
signed coincidences of a pair of transformations (?ia> T%a)i 

(Tib, T 2f f (7\ cr T 2c ). 

Remarks. I. For absolute manifolds there is only one type, as 
the six considered coincide. 
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II. While we have been concerned so far solely with 
restricting the transformations we can avail ourselves of 
a very simple property to enlarge their range in an important 
direction. We are proposing to apply our intersection theory 
to pairs of cycles which do not meet each other’s boundaries. 
Now a cycle mod A 1 on K x K' — si l is uniquely determined 
when we know it mod a certain neighborhood of si' (Ch. II, 
§ 5). Therefore ice can choose the transformations T x , T 2 such 
that, after a suitable modification in sufficiently narrow neigh¬ 
borhoods of 1 1 , si 2 , they 


become permissible asso¬ 
ciated jpairs. As we 
shall see this remark 
is of great practical 
value. 

111. Referring to 
Ch. V, No. 29, it is seen 



that case B is a special 
case of A, obtained by 
making L 1 = L' 2 = 0, 

L 2 = L, L' l = L'. Si¬ 
milarly (^corresponds to 
L ,l = L 2 = 0, L l = L, 
L' 2 = U and inter¬ 
changing si 1 and st- % 
Thus A is all inclusive. 
It so happens, however, 



that the corresponding 
very general classes of 
transformations are not 
very interesting, and 
that the interesting 
classes all come under 
B or C. This is the 



justification for carry¬ 
ing them along through¬ 
out as special cases. 



Fig. 15. 





250 


TOPOLOGY 


An important practical consequence is that we shall have 
a unique coincidence formula for all cases (formula (22)). 

5. On the geometric side we have the following character¬ 
izations: 

Case A. L' 1 carries no transform of a point of AT by Tz- 
The set T> • L l is vacuous. 

Case B. T x - Ld L' unless it is vacuous. L' carries no 
transform point of K by T». 

Case C. T x - L is vacuous. The only points of T* • AT on L ' 
come from L . 

The figure constructed with n = 1, gives a good schematic 
representation. The complexes are segments and their product 
a rectangle. Whenever a vertex is on a heavy line it is to 
be counted in with it, but not with the light line to which 
it may also belong. 

Remark. Here, as everywhere else, all our developments 
are valid for modular cycles. In particular, when the modulus 
is two orientability may be dispensed with. 

6. While our assumptions will be adhered to until further 
notice, it is important to bear in mind that they are pure 
assumptions and nothing more. Moreover: 

(a) Even under our assumptions we do not know as yet how 
to attach a unique cycle to T. For if r n is a suitable cycle, 
so is tr n , whatever the non-zero integer t . 

(b) Assumption II is not fulfilled even by certain simple 
types of transformations. Thus, let the representative image 
carry several independent cycles /'/,,/== 1, 2, • • •, r, and let 
it coincide with the sum of their points. Then, for arbitrary t s, 
all cycles £ U are c}’cles I\ that might be chosen as 
images for T. This case is easily realized: Take for A, A , 


absolute manifolds (L — L' — 0) and let T l , T 2 be two 
distinct single-valued transformations of K into A , the 
corresponding images being two cycles /„, In- Define T as 
the two-valued transformation assigning to every point x of 
AT the two points T x • x and T 2 -x. The image of 7 coin¬ 
cides with the points of any cycle of the double infinity 

ti t 2 1n- 
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7. As clearly shown by fig. 15, the six types selected 
include the most important transformations of manifolds. We 
consider a few special cases. 

(a) A single-valued continuous transformation T of K —A 
into a subset of K' —A', such that T(K — A) d A'— A' can 
be extended into a Tib* 

The assumption is that we have a transformation of K — L 
alone, nothing being said or known concerning the points 
of L. Since T is single-valued and continuous its image G 
on KxK' is a homeomorph of K —A, and by hypothesis 
G^fKx(K '— L'). Taking the situation as in case B, we 
have then G d K x K '— A x . 

Let us suppose at first that G coincides with a complex and 
G — G = D with a subcomplex of G. Then since G is a homeo¬ 
morph of a connected orientable M n , it is itself such an M n * 
It follows that G is an w-circuit and consequently it coincides 
with an ??-cycle mod D s A n , which is a base for all ^-cycles 
mod Don (?. Now when the point A x A' of G tends to 1) on G , 
its projection A can only tend to A, since otherwise Ax A! would 
tend to some point of G . Therefore 1) d L x (K' — L') = A 2 
and r n is a cycle of K x K' — A 1 mod A 2 , i. e. it is a r* 6 
so that the given transformation has been extended to 
a 

Suppose now that we merely know that G d K x K' — A 1 . 
Let us replace K by a simplicial subdivision K°, remove from K° 
the AT 0 -neighborhood A T0 of A, and let B— T* (K Q — N°). 
If the mesh r t of K° is small enough, F{B) will be as near 
as we please to A and also on G. But since G does not 
meet A 1 , that boundary is then as near as we please to A 2 
and at a distance exceeding a certain ?>0 from A x . Let 
us now deform the chain F(B) onto A 2 after the manner of 
Ch. II, No. 25, add the deformation chain to B and thus 
change B into a cycle mod A 2 , r n . Owing to what has just 
been said, for // small enough, r n will be on KxK'—A l . 
Since all n-cycles on l n differ from a multiple of B merely 
by a chain very near A 2 , they are all multiples of r n mod A 2 
on KxK'—A 1 . T n is then here also a Ff. Therefore in 
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the sense of the extension of No. 4, Remark II, the trans¬ 
formation is again a T 2 &. 

(b) Under the same circumstances as in (a), if 


T- (K— L)f£K'—L' y 

the transformation is a T 2c * 

The treatment is exactly the same and we omit the details. 
8. Let us suppose that we have identified certain cycles 
with our transformations. Then if we have a pair T iy T 2 
falling under the same case A, B or C, with r„ corresponding 
to T iy we can find (/»• r~) by (30) of Ch. V. We shall have 
here p = q = n = r y 


A 


(1) 


/ 


n 

o 


n 


V* s i , i / j 

@s X On—s y 

^ rj S ij hi X a'n-s • 


The matrices y are evidently important characters of 
the transformations. It is interesting to see to what extent 
they depend upon the particular bases chosen. If we pass 
from the sets {aj}, {&"_*} to new sets such that 



// unimodular, 


is replaced by The invariants of e s under all 

these transformations are its rank and its invariant factors. 
These are then topological invariants of T Y and similarly 
for T 2 and y s . 

By (30) of Ch. V we have then, for the number of signed 
coincidences of and T> y 


( 2 ) 


O'l.rl) =2(— n 


S\f 


s 


n(s+ 1) . n—$ o* / C -'V 

trace y p (* ) « , 


S 

“V 


(al . bns); fi 


S 
• • 

u 


(a'J-b'Js). 


When the bases 
simpler formula 

(3) (In . rl) 


on K and K' are canonical we 
= £ aJ ( —1) trace y (£ ) • 


have the 
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The two formulas (2), (3), are then explicit solutions of the 
problem proposed. They are however incomplete since, even 
for the simplest transformations, such as the identity, we 
have not shown how to calculate the matrices y. The 
point is that, while these matrices are essential characters 
of the transformations, they are likely to be their least 
available characters. 

What is then a priori the most natural information, of 
a topological nature, concerning a transformation? Since we 
are dealing, with transformations of complexes, the basic in¬ 
formation must be the effect on the cycle moduli, which are 
the simplest and the first topological attributes of a complex. 
There arises then the following problem: To determine the 
matrices £, in terms of the transformations induced by T x 
and T» on the cycles of K — L. This question will be taken 
up in § 4. 

9. The degree of a transformation (Brouwer). Let 

for the present K also designate one of its own fundamental 
?i-cycles mod L (sum of the ?*-cells normally oriented), and 
similarly for K' and the n-cycles mod JJ . Let us confine 
our attention to a single transformation T. Among the 
product-cycles that appear in the expression of its funda¬ 
mental T n , there may be found a cycle KxA\ where A' 
is a point of K' — U. This can only occur when T is a T 2 b 
or T lc . Similarly, a possible cycle A x K' occurs only in 
a Tn, or T\ c . Let us write then genericallv, 

T n as e°A x K'-\-e n Kx A'+ .... 


Since the manifolds K—L , K' — L' are connected, no other 
terms than the two written will have a vertex for factor. 
Hence £°, e n are themselves the matrices bp for p = 0 or n. 
We now distinguish two cases: 

(a) e n ^0. Then Brouwer’s degree of T is defined as e° 
if e n is positive, — if e n is negative. 

(b) e n = 0. Then the degree is defined as |*°|. 

Another way of introducing the degree is as follows: Since 

T n and —T n are equally suitable as representatives of T, 
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when e n 0 we choose the cycle such that e">0. When 

e n — 0 we take it such that f°>0. Then in all cases f0 is 
the degree. 

The degree is then equal to the index (r„. K x A'), or the 
number of signed points the signature being under¬ 

stood in a reasonably obvious sense. We shall see later 
(No. 22) that it represents also the number of times that 
T-K covers K ', i. e. the integer such that 

T • K — e°K' ~ 0 mod L'. 

When the manifolds are absolute, the degree is the number 
of times that T ■ K covers K' itself, and this is substantially 
the definition given for it by Brouwer [7], The degree thus 
appears as the simplest and most important of the invariants 
connected with the matrices s p , and it is natural that it should 
have played a most important part in the investigations of 
Brouwer and others. 

An entirely analogous interpretation can be given for e" 
and the inverse transformation 7 1-1 . As a matter of fact, 

when K, K' are algebraic curves (Riemann surfaces), and T 

| 

is an algebraic correspondence between them, e° and e tl are 
merely the noted indices of the correspondence, which appear, 
for example, in the Chasles-De Jonquieres coincidence formula. 
Each represents the number of points of one of the curves 
that correspond to a single point of the other. In the theory 
of algebraic correspondences, these integers have been con¬ 
sidered at least as far back as the middle of the nineteenth 
century. 

10. Brouwer has defined a class of transformations of an 
absolute M n into another Mf as a family of single valued 
transformations depending upon a certain number of continuous 
parameters. From the present point of view, a more or less 
equivalent definition of the class is as follows: It is a set 
of continuous single-valued transformations {T} such that the 
representative cycles on M x M' are homotopic to one another. 
The problem arises of finding all the topological invariants of 
a class. Brouwer proved [7] that the degree is a class invariant. 
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Now if we refer to the classification of deformations in Ch. II, 
§ 2, it becomes clear that the transformations may be sub¬ 
divided into classes in different ways according 1 to the type 
of deformation chosen. The type best adapted to the homology 
theory developed in the present book is not homotopy, but 
homological deformation. 

Definition. Two transformations of one manifold into an¬ 
other are said to he in the same homology class, whenever they 
are of the same type T\ a , • • T lc , and moreover their represen¬ 
tative cycles are to one another in the sense appropriate to 
the type . 

Thus if T, T' are both of type T 2 &, and have representative 
cycles r n , r n , they belong to the same homolog} 7 class whenever 

Tn ~ T,[ on K x K '— A 1 mod A 2 . 

This is the extension of the classification which we gave 
in [8] for transformations of an absolute manifold into itself. 
From the definition follows the important 

Theorem. The arithmetical invariants of the matrices e or ij, 
as the case may he, are topological invariants of the homology 
classes, and so are the numbers oj signed fixed jjoijits or 
coincidences. In particular, the degree of a transformation is 
an invariant of its homology class. 

§ 3. Approximations to Transformations of Complexes 

11. In the present section the complexes need not be 
manifolds. "\\ e take K, K’ simplicial, and consider a corre¬ 
spondence T between them. We assume concerning T that 
its image on Kx K' coincides with a non-singular complex O . 
We shall now consider the approximation of T by a poly¬ 
hedral transformation, i. e. with a polyhedral G . 

Let PxP be any point of G. The correspondences be¬ 
tween that point and its projections P, P' on K, K' 
determine on them singular images g, g’ of G. Since the 
meshes of the g' s tend to zero with that of G, and since G 
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may be replaced by any subdivision, we can assume it such 
that ff, g' are barycentrically deformable, without change of 
type, into subchains or subcomplexes of K , K' respectively. 

Let Px P' be confined for the present to the cell E h of G. 
Then P, P' are on cells e/,, e'u on K, K'. Apply now the 
fundamental deformation theorem Ch. II, No. 15. P and P' 
go over into Q, Q' on simplexes a, a' of K, K' whose 
dimensions //. Since the correspondences between the point 
pairs P x P' and P or P', P and Q, P' and Q' are all 
barycentric. the simplexes rr, a' are in a barycentric corre¬ 
spondence in which Q , Q' are associated pairs. 

By the deformation theorem, Q , Q' are on the closures of 
the cells of K, K' that carry P, P'. Hence Q x Q' is on the 
closure of the cell of K x K' that carries Px P'. Since that 
cell is convex there is a uniquely defined segment Px P' Qx Q' 
on 7v x K'. The set of all these segments represents a de¬ 
formation of G into G'. It coincides with a deformation 
complex for the deformation just mentioned, which I say is 
polyhedral. For let the simplexes 

a = A 0 A 1 • • • A h , a' = B° P 1 • • • 


where the A’s and P’s are not necessarily all different, but 
those with the same superscript correspond to one another in 
the barycentric correspondence (Q, Q')- By passing to the co¬ 
ordinates in the spatial representations as in Ch. V, No. 4, we 
find that Q x Q' has for locus the simplex 


a 


A 0 x P° A 1 x B l ... A h x B h , 


whose dimension is one less than the number of distinct 
vertices A 1 x B l . We have therefore shown that G may be 
barycentrically deformed into a simplicial G', in such manner 
that no point leaves its closed cell on KxK' throughout the 
deformation. 

As an example, when the factor cells are one-cells, we have 
for their product a rectangle, and a*, when its dimension is 
one, is a side or a diagonal of the rectangle. 
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A transformation T which carries over every simplex of A 
into a set of simplexes of A" is said to be simpiicial. This is 
evidently the case with T' whose image is O'. Therefore 

Theorem. A transformation T, whose image is a complex, 
can be indefinitely approximated by a simpiicial transformation. 

Suppose in particular that g or g have polyhedral parts. 
Then ve may assume K, A', G, O', g, g' so subdivided 
that those polyhedral parts will be subcomplexes or subchains 
of the subdivisions. Referring again to the deformation 
theorem, these polyhedral parts (possibly subdivided) will 
appear unchanged in the complexes or chains derived from 
9 ’ 9 • -A-S a special case, g or g' may coincide with K or K ', 
and then the} are fixed throughout the deformation. 

Application. Let the transformation be single-valued. Then 
g coincides with K, so that we can take Q = P. The dis¬ 
placement fromP x P to P x Q' is in P x A", which insures that 
CA. like G, meets every Px A" at a single point—namely Q\ 
This means that the approximating transformation is likewise 
single-valued. Therefore the theorem of No. 11 reduces to 
the following proposition due to Alexander [19): 

Theorem. A single-valued transformation can be indefinitely 

approximated by a single-valued simpiicial transformation of a 
subdivision of K into A". 

Observe that it was not necessary to subdivide A", for as 
a result of single-valuedness, a subdivision of K impresses 
one on G, whose mesh tends to zero with that of A. 

Remarks. I. As far as the preceding results are concerned 
A ^immaterial whether K, K' are of the same dimension 

11. Suppose that T were single-valued only over K _ L 

l , a '“ally connected subset of K. Then we could treat all 
but a neighborhood ot L x A" on O as we have treated 0 
itsel and apply Alexander’s theorem. The new transformation 
w ould then be simpiicial over all but any assigned neighborhood 

U1 Oil A— A. 

12 . Conditions for the homeomorphism of two 

complexes (Alexander). This is the proper place to bring 
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up a fundamental proposition proved by Alexander in the 
paper just quoted, [19], giving necessary and sufficient con¬ 
ditions for homeomorphism between two complexes K and K'. 
We shall merely describe the theorem without proof, first 
because it does not enter into any ulterior argument, next 
because it is really the first theorem in an alternate treat¬ 
ment of combinatorial topology. 

The theorem is expressed in terms of subdivision sequences 
and pseudo-identical transformations which we first define. 

A subdivision sequence {A”*} of a complex K , is an infinite 
sequence of subdivisions of K % such that K i+1 is a subdivision 
of K*, and that the mesh of K { tends to zero with Hi. 

Let K' be a simplicial subdivision of the simplicial complex A". 
A pseudo-identical transformation T of K' into K , is a single¬ 
valued simplicial transformation, such that every simplex of 
K' is transformed into a face of the simplex of K that carries 
it, or else into that simplex itself. It is easy to see that T 
is an approximation to the identical transformation in the 
sense of No. 11. We are now in position to state 

Alexander's Theorem. In order that K, K' beliomeomorphic, 
it is necessary and sufficient that there exist an infinite sequence 
of complexes {AT ? } and transformations such that: (a) {A 2 *} 
and {A 2i ‘*h} are respective subdivision sequences of K and A . 
(b) T l is a single-valued simplicial transformation of A into 
K i . (c) T 2i T 2i + 1 is a pseudo-identical transformation of K 2i + 2 
into K 21 , and this for every i. 

§ 4. Transformations of the Cycles 

13. We now return to the question as it was left at the 
end of No. 8. We confine our attention to transformations 
that satisfy our assumptions. For a T of that nature, there 
exists a characteristic r n of appropriate type, such that all 
n-cycles in coincidence with it, are homologous to a multiple 
of it in a sense already defined. Given then T, we have 
to choose a definite cycle tr n . It is natural to take 
t= z fcl, and to consider more especially one of the two 
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cycles ±r n as the cycle representing- T. There still remains 
the choice of sign. We shall obtain a natural selection of it 
as a result of a closer study of the effect of T on the cycles 
of the manifolds. 

14. Single-valued transformations. These transfor¬ 
mations, highly interesting in themselves, give us the key 
to the whole situation. 

We take again a manifold K—L, and subject it to a single¬ 
valued transformation T into a subset of K' — L', whose 
closure d K'—L', so that T is a T- lb . 

We have seen that the image G of T on KxK', carries 
a characteristic fundamental /'„. the homeomorph of the /'" by 
which the circuit K—L is oriented. This r n is then the 
representative n-cycle of T. We have the choice between 
l n end but of course in this case there is no hesitation: 

The cycle to be taken is the image of T■ /'° itself, orientation 
included ; /’„ is a certain ^-circuit, and its indicatrix is the 
image of an indicatrix of I To be precise, we may assume 
that G is decomposed into the very cells which are the images 
of those of K or, here, are projected into those of K. Then 
the indicatrix of r n has for projection that of r“. Adopting 
permanently the convention of No. 9, we shall designate in 
the sequel by K, in chain and cycle relations, the circuit 
and by K' the similar circuit for the second manifold. Then if 


( 4 ) 

we shall have 

(o) 


K = 2 El , 

In = 2@,i, 


where has for projection E l n . 

15. We have already considered a first polyhedral approxim¬ 
ation in No. 11. It had the advantage of being simplicial, 
and above all, of representing likewise a single-valued 
transformation. Unfortunately the representative cycle, say 
I'n, was not a subcycle of KxK'. For our immediate 
purpose it is imperative to have a representation by a subcycle. 

As usual when we deal with that type of question, we 
may have to replace K, K' by simplicial subdivisions whose 
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meshes are small. To avoid complications, let us agree to 
denote at any time by K, K' arbitrary simplicial subdivisions 
of the initial complexes. We shall designate by e the 
corresponding mesh of KxK', and remember that under the 
circumstances it can be chosen arbitrarily small. We recall 
also that under our choice of metric for the product, the 
meshes of K and K' are also at most e. 

16. As we have seen then, we have for suitable K, K', the 

simplicial approximation 

( 6 ) n = 2 


_____ • I • 

where @,7 is a simplex on a closed cell Elx El* of KxK', 
projected on El into K. As for r' n , it is derived from P n 
by a certain e deformation, such that the projections of all 
points of r„ on K remain fixed. Let A’ x A" be one of the 
vertices of @7, and therefore of the carrying cell E,\ x E» 
of K x K. The cell El x A'\ is then a face of El x E' n \ and 
its projection is likewise El. If P is any point of A7„, 
there correspond to it points PxA" and PxQ on E n x A 
and 6,7 projected into it, and therefore on the same Px K'. 
Furthermore, as A'' and Q are both on E„ , ther e is a unique 

segment A' 1 Q on K', and therefore a unique segment PxA' 1 PxQ 

on KxK. The set of all these segments defines a deformation 
of El x A'* into G7, again leaving the projections of all points 
undisturbed. The deformation chain D'„ of the boundary of 
El x A'\ is on F(El x En), and we have 



(£7 ~ El x A' 1 -f- D n , 
K ~ ^ El x A' 1 



The cycle at the right is reducible to a subcycle of Kx K , 
in accordance with the deformation theorem for combinatorial 
complexes, Ch. II, No. 45. This is done without displacing the 
cells in the first sum which are already cells of the product. 
As for the second sum, its elements undergo deformations 
during which they never leave their closed cells on K x K. 
Therefore they remain constantly on cells of types E n -1 * 
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The deformation introduces then no cell of type E„ x A', so 
that finally 


( 8 ) 


r' 

1 n 




2 


En X A 


rl 



ken 


to El X ElU = An. 


Again let P be any point of K—L , PxQ the unique 
corresponding point of r' with the same projection P, Px R 
any point whatever of A with that projection. Owing to 
the mode of deriving A from I ', P and Q are again on the 
closure of a cell o f A , a nd there are uniquely defined seg¬ 
ments RQ and PxRPxQ on A" and Kx K'. Therefore 
J is likewise deformable into /', hence also into I\ by an e 
deformation S> £ (e for no point leaves its closed cell), leaving 

all projections on K invariant. This is the basic property of 
A for our purpose. 

IT. Let now C p be any chain on K. It is the projection 
of a chain E ;) , which is the image on r„ of T-C r . The 
transform C’ p = T ■ C p is the projection of (£,, on A''. 

Let in particular C p be an absolute cycle CIA'— L. Then C' 

is likewise an absolute cycle, and since the projection of 

a chain is in any case a singular image of it, ()', is again 

an absolute cycle. We propose to determine both g„ and Cl 
in terms of the cycle C p . 

Consider now the two chains r n and C p x A". The first is an 
n-cycle on Ax K'-sP mod -A, the second an (n +^)-cycle on 
A x A si mod si\ Therefore their geometric intersection, 
which coincides with d A x A"— si. Hence they have 
a well defined intersection r,„ which is an absolute cycle! That 
intersection is defined as a family of cycles homologous about 
the geometric intersection, that is about (£„ (Cli. IV, § 3). 

Let {/•;} be one of the constituent polyhedral sequences 
of the homologous set, and 91 a neighborhood of (W on 
A x A • 1 say that for i above a certain value 


(9) 


r e ~ =t on 91. 


More precisely: Except for its sign, (£ /( is homologous 
ts neighborhoods to cycles of the homologous family 
p which defines the intersection cycle r n .C p xK'. 


on all 
about 
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18. Let us deform C p homologically into a subcycle C p 
of K*, the dual of AT— L. As a consequence we have 
the approximation C p x A'* to C p x AT',. and it is a subcycle 
of the dual K* n of K x K' — A x . It is understood of course 
that K'* is the dual of K'—L'. The deformation in this 
case is 2s. It follows that A n ■ C p x A"* is an appropriate 
approximation to r„ • C p x A'. If the complexes A, K' run 
through a sequence of subdivisions of the initial complexes, 
whose meshes tend to zero, the corresponding sequence of 
the cycles A„ ■ C* x A'* is a sequence {/^} of our homologous 
set about Therefore the proof of (9) is reduced to that of 

(10) A n .C P x A'* ~ ± on 91, 

for e sufficiently small. 

From (21) of Ch. V, we have now, 


( 11 ) 


An ■ Cp X A" 


2 E» ■ Cp X A ' 1 ■ K' + 2 El ■ c; X Eli-p ■ K 


/* 


19. Let us apply to A the deformation 2) e reducing it to r. 
As a consequence each chain at the right goes over into a chain 
on r whose projection on K is the same. The projections 
of the cells in the second sum are the cells Ek-C Pf whose 
dimension k -j -p — n<Cp. Therefore the second sum is de¬ 
formed into a zero-chain. As for the first, its projection on 
K is K-Cp = Cp. Therefore it goes over into the chain 
(Z*, on r n whose projection is Cp. But associated with the 
reduction of C p to Cp on K, there is a parallel one on r n 
which amounts, say, to an n deformation, where rj tends to 
zero with s. Hence the cycle at the left in (10) is (2*+ '/)- 
deformable into (Zp. Since 2e -f- // is as small as we please, 
(10) holds, with the sign +, and therefore likewise (9) with 
the sign +. The sign— would prevail if r n were projected 
into the circuit — K, i. e. if its indicatrix were projected 
into an inverted indicatrix of K. The sign is then in any 
case that of the Kronecker index (r n - Ax K'), where A is 
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any point of A —A. Let .4* be a vertex of K* nearest 
to *4, and let it be on Eh. Then, with r„ oriented as agreed, 

(/W x A') = (A„.A* x K'*) = ( + Eh x.4"..4* x A'*) = + 1. 

If An is oriented in opposite fashion the index is — 1. There¬ 
fore in all cases, 

(12) r„ ■ Cp x K’ ~ // (£j> on 21; 

(13) rj = (r„ . A x A"), C p = Projx (£ p . 


Remark. To simplify matters we have taken for C p an 
absolute cycle. But it is evident that we might equally well 
ha\e allowed it to be a cycle mod L. The attending modi¬ 
fications are insignificant, the chief one being that G ; ,, like 
l n itself, is now a cycle mod./ 2 on Ax K ’— 

20. The general case. When T is not single-valued, 
gi\en C p it is not possible in general to determine a unique 
G,, of r n whose projection on A is C p . For there may exist 
points of A which are the projections of an infinite number 
of points of r n . That happens whenever there are points of K 
having an infinity of transforms. Thus zl„ of the preceding 
discussion is the image of a T transforming certain points 
into cells of dimension >0. T is single-valued on the w-cells 

K L but not necessarily elsewhere. 

For the general case then we define (£ p by means of a 
relation analogous to (12), with V = ±l accordingly as 

(r„ • A X A") is -f- or —. The elements /’, C, will have 
to be interpreted in suitable manner. 

Wten the index (/),. .4 x A') + 0, we shall agree to orient 

n m snch ma nner that this index he positive; when it is zero 

tn such manner that (r n . A x A') > 0. Then (£„ is defined 
by means of 

^ Fn * C p x K' ~ (£ y) on 

where 2} is now a neighborhood of the geometric intersection 
Of r n and Cp x A . 

A restriction tnat we impose on C p is that it must be such 
as to enable us to determine the intersection cycle at the left in 
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accordance with the procedure of Ch. IV, § 3. This restrictive 
condition merely requires that r n and C p x K' do not meet 
each other’s boundaries on K x K f — A . As in all appli¬ 
cations to be made of (12') in the sequel, r n and C p x K r 
will always be cycles of two dual types (on KxK '— A 1 
mod A 2 and K x K' — A 2 mod A 1 or vice versa), the condition 
in question will always be naturally fulfilled. 

We have just defined & p by analogy with the case of single¬ 
valued transformations. However, we can justify our definition 
on stronger grounds. Suppose that T is a single-valued trans¬ 
formation of a certain open subset G of K—L into a subset 
of K' — L '. We can approximate G as closely as we please 
by a manifold K — L°dG, where L d L° and furthermore 
L° is a subcomplex of a subdivision of K . Then T is a single¬ 
valued transformation of the manifold K — L° into a subset 
of K' — L\ Its representative chain rH, as a transformation 
of K — L °, is a subchain of r„. Let Cp, (£° p be the parts of 
C p and on K — L° and r°, respectively. is then the 
image of T • Cp on ( K — L°)xK\ Given any neighborhood 
9i° of (i°p, we can find a representative of the left hand side in 
(12') such that 

(14) r n . Cp x K r ~ rj (£° p mod (K x U + L° x K') on ; 

(14') // = {r° n • A x K'). 

Thus except for the sign of //, the parts of corresponding to 
the images of what may be described as “single-valued portions” 
of r n , bear the correct relation to the projections on A. 

We are not able to insure that -rj = + 1 everywhere, and in 
fact, it is easy to show by an example that such a choice 
would be inadvisable. Suppose indeed that T is polyhedral, 

and let r n = A°+r,lH-, the rest of r n representing 

transforms of points not on K — L°. Let T,?, rh have a 
common (n— l)-cell E n -i , not on the boundary of F n . Further¬ 
more, let both represent single-valued transformations (as 
regards local elements) over K — L°. It may then very well 
happen that they both carry cells En , Eh with the same 
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projection, E n , on K. The two cells will have to be 
oppositely related to E n —\* else r n would have a boundary 
cell on KxK' — A . Hence their projections on E n will be 
oppositely oriented. From this it is easy to deduce that if 
A is a point on E n , 

(r» • A X K’) = (A° ■ A X K’) = — (En • -4 x K’) 

= —{rl-Ax A"). 

As a consequence, if Cp is a subchain of K * on E n , 




r (' ■ 

1 n • ' p 


X A 


■p ’ 


In ■ C* X A" 




e! 


p > 


where G° and S 1 have the same 
projection Cp on K. The signs 
have to be taken oppositely in 
order that (£°p — be without 
boundary cells on En-x . Fig. 16, 
which corresponds to n = 1 , 
illustrates the situation. 

21. What is left from now on, 
is largely a matter of working out 
a few formulas. 



K 

Fig-. 16. 


Consider the cycles 7^, I' 2 n of No. 8. They stand for a pair 
of cycles /’ la , according to the interpretation given 

to the symbols a, • • •. The formal relationship is the same for 
the three cases A, B, C. We propose to apply (12') to the deter¬ 
mination of the constants e, v in (1). To determine the f's we 

take r n — r n and C p = bi; for the ,fs, on the contrary, 
we tak e T n = rl, C p = a’;. 

We have then from (1) and (21) of Ch. V, 



But b ,j x K' = b' J , 



hence 
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We have then from (12'), being the 
image is r„, 

r I\ ■ bp ~ ProjK' 2 ■ ■ 


transformation whose 


But the term explicit in the sum in (15) is a chain whose 
projection on K' is b,i—^. When n — p<.p, that chain is not 
to be counted in T x ■ b h p \ when it is >p, (i + P~n< 0 and 
a^-bj, = 0. Therefore 

T\ ■ bp % Projx' 2 Jr a 'n-p ■ bp x bp. 

But 

Pro ]k • a'n-p • bp x b' J p = (a'n-p • bp) b' J , 

since the barred intersection consists merely of a certain 
number of points each taken with a -f- or—sign, the total 
number being the index that appears at the right. 

From this follows finally, 

( 16 ) T,-b h p^ 2 U-P • bp) 4 . 

As our problem has been formulated (No. 8), the effect of T, 
on the V s must be considered as known. Therefore we have 
a set of known homologies 

(17) T x • bp 2fo bp, 

in the proper relative sense depending upon the case. Hence 



As for the a’s, they are also known numbers—the indices 
for the cycles of two complementary bases {d n - p ), {b p \. 
Therefore a n ~p y fp are known matrices. Furthermore, when 
the two bases just mentioned are not vacuous (i. e. when the 
Betti number R n - P for the cycles a n - P is ^ 0), | « n_p | = ± 1, 
(Ch. IV, No. 17), hence a n ~p has an inverse. From (18) we 
find then, 

(a n -P)' e n ~P = fp y 

e n ~P = (( a n ~P )')~ 1 . fP. 


(19) 
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In the exceptional case there are no cycles of type a n x bj,, 
nor cycles b p . Therefore we may define t n ~r and f 1 ’ as botli 
zero. Hence the second relation (19) holds, provided that 
we make this convention, to be adhered to in the sequel: 
Whenever the Betti numbers (both equal) for the types a,,-,,, 
b p are zero, a"-P is to be replaced by the scalar multiplier 
unity, and likewise for its inverse. 

Similarly, if T 2 corresponds to rl, and 


(20) T, . a h p « £ 9 r,j a'f, 

we find 



(—1 )(”+!'p ctP r\ n ~v = gv 

n n ~ p = (— 1) (B+1 >P («e)-l gl\ 


22. The extreme cases p = 0, n are highly instructive 
when we have a T b or T c . The extreme matrices «,/5, e, 
t], f, g are then of order zero or one. We designate the 
only term then present by «°, /3 n etc., respectively. The first 
two reduce to + 1 whenever K, K’ themselves can be taken 
as fundamental sets, absolute or mod L, L', for the dimension n. 

We first observe that K x A' is an n-cycle of type rf 

or if, while A x K' is a rf or if. Therefore, in view 
of (19), e° ==/", hence 

rf or rf py /" A x K' + .... 

Similarly by (21), >j n = y°, so that 

rf or rf Si y° K x A' + 

Referring to No. 9, and the conventions in No. 20, we 
find that f" is Brouwer’s degree. It is, in fact, the degree 
exactly as he defined it: the algebraic number of times 
that T. K covers K' mod L', which is precisely the 
definition of f n . Let T' be the polyhedral approximation 
transforming simplexes of K (or of a subdivision of it still 
called K) into simplexes of K'. Any a n oiK' — L' will be 
covered with r transforms of positive n-simplexes of K—L 
oriented like a n , and m oriented oppositely, and r — m is the 
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degree. In particular, for a T 2 & or T 2c , r = m and the degree 
is equal to zero. 

When the degree >0 the transformation is sense-preserving ; 
when it is <0 the transformation is sense-reversing. 

Both cases are merged when we deal with transformations 

of absolute manifolds into one another. Since the cycles are 

• • • • 

all absolute, we take b l p — a p \ bp = a p , and write 


r ~ ^ 


V 


We have this time 


r-4 




2 ffS a 'p , 


n 


€jj Up X Uti—p 


g p = («»-*)' e n ~ p , 

* n =/, *° = g n , 

r n « g n AxK' + g 0 KxA'-\ -, 


and the degree is g n . 


§ 5. The Numbers of Signed Coincidences 

and Fixed Points 

23. Let us substitute the expressions found for the e’s 
and rfs in (2), with s replaced everywhere by p. There 
results the following fundamental coincidence formula: 

(22) (ri ■ rl) = Z(— 1)"~ P trace (a p )~ l g p p p ( f n ~ p )'. 

This very compact relation is valid for all choices of bases 
on K , K'. If the bases are canonical , that is, if a p = 1, 
p p = 1 , the coincidence formula, after replacing/? by n — p, 
assumes the simpler form, 

(23) (rn • r 2) = trace g n ~P (f p )'. 

The coincidence formula can also be put in another form, 
which is sometimes more convenient. Instead of the matrices 
/, g , introduce the matrices <p, y of the indices of the 
transformed cycles and the cycles b\ a ' or 

9% = (aO-p • Ti bfr, 
r?j = (T, dp ■ bt-p) ■ 
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From (17) and (20) we find readily, 

(fry = (pn-p)-'.<pr- gP = (yP)tfP)-K 

Substituting in (22) we have this time 

(24) ( Fn ■ r„) = £ (—1)«-P trace Y p <p n ~ p ■ 

Remarks. I. In comparing formulas of the preceding type 
with one another, it is well to keep in mind the different 
forms which they may assume, owing to the following 
properties: 

(a) trace ab = trace b' a' 

(b) trace aba~ l = trace b . 

From this follows 

trace ab ••• c = trace b ••• ca, etc. 

Therefore in the matrix products at the right of all our 
formulas the cyclic order of the terms alone matters. 

(c) Since the summations are from 0 to n for we may 
substitute everywhere n — p, for p . 

II. In the derivation of our formulas we have assumed 
that K — L y K' — L' are connected. When they are not 
connected, any continuous transformation of one into the 
other is equivalent to a set of transformations between the 
connected parts. From this follows readily that the formulas 
hold also in this case. 

24. While the same formula holds for the three cases A, B, C, 
the symbols have different meanings. The following tables 
summarize the situation: 


Cycle 

a 

a 

b 

b ' 

Case A 

on K — L 2 
mod L 1 

on K' — L ' 1 
mod L ' 2 

on K — L 1 
mod L 2 

on K' — L ' 2 
mod L ' 1 

Cases 
B, C 

absolute 
cycle on 
K—L 

absolute 
cycle on 
K'—L' 

on 

K mod L 

on 

K' modi' 
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a cycle on Kx K'—Ai mod A\ = 1, 2. 

A = KxL' + Lx K'. 


Case A 

L 2 — L — L\ L' 2 = L'—L' 1 ; 

A 1 = KxL^ + LxK' 1 -, a 2 =A-a\ 

B 

C 

A 1 - KxL A 2 = A — A\ 

A 2 = L x K'\ A x = A —A 2 . 


25. The coincidence formulas which we have just derived 
include as special cases all those of our papers on the 
question [8, 9]. This will be shown explicitly below. The 
greater generality of our present result is largely due to the 
more general duality relations obtained in Ch. III. The method 
followed here is substantially the same as in our papers, 
with the improvement due to Hopf [7], that in deriving (19) 
and (21) we make use of projections. In our paper, we 
rested the derivation of the relations in question, on the 
following formula, quite interesting in itself: 


(25) (T n • C p X C,i-]i)kxK‘ ( l) 7 ’ (TCp • Cn-p)h", 

where C p , Ch- P are suitably restricted chains. In particular, 
we may choose C p = a P or b p , with C‘ n - P = a'J- P , b' n J - P 
respectively. Except for the notations, (25) is the same as 
(59.2) of [8]. 

As for (24), it extends and includes the relation [40.5] of [9], 
which in turn generalized a similar formula derived for the 
two-dimensional case by Alexander [9]. 

26. Transformations of a manifold K—L into itself. 
We first take cases B, C, and apply our results by choosing 
for K' another copy of K , with L' as the image of L. It is 
then natural to choose for the bases on K' the images of 
those on AT, or a p , b p as the images of a p , b l p . We shall 
have then ctP = fir. and in place of (22), 

(26) (ri ■ rl) = 2 (— 1 y-v trace «r x gp OP (f»-P )', 
while (23) remains as before. 
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• • • • 

In case A, we can take for b'fi a'/, the images of a), , 6/,. 

Then ^ = (—i)p<*+n («>*— 2 >)' 7 and we have this time: 

(27) (rj.iw) = £ (— l) w(p+1) frace ^ («”-»)' (/*-*)'. 

27. Fixed point formulas. By taking the identity 1 as 
one of our transformations we obtain the number of signed 
fixed points of a T in cases B or C. 

Let Vn be the cycle corresponding to 7. To have con¬ 
sistent definitions, if J n corresponds to T , we shall define 
the number of signed fired points as the index (r n • r°). 

The identity unmodified can be considered as a T\ b or T 2c - 
Hence we have the possibility of obtaining the number of 
signed fixed points, or coincidences with 7, for a T 2b or a T u , 
directly from our formulas. 

By means of an additional device it is likewise possible 
to find the required number for T xb or T 2c - It is based on 
the following observation in line with Remark II of No. 4: 
We are only interested in the case where T has a finite 
number of fixed points on K — L. Hence we may assume 
that there exists a neighborhood X of P, without fixed points 
of T. If we slightly modify 7 on N we shall add no new 
fixed points, and if we can thus turn I into a T lb or T u we 
shall be able to apply our formulas once more. 

Replacing K, if necessary, by a subdivision of sufficiently 
small mesh, still to be called K, we can assume that N is 
the /^-neighborhood of L , and that it is normal. 

Let a > be the boundary of X . Since A r is normal, 
through every point R of X—L, there passes a unique 
segment PQ, with P on L and Q on <Z>. We define a single¬ 
valued transformation /* of K—L , which is a T 2b , modification 
of 7, as follows: On K—X it coincides with the identity; 
any point R of N—L is transformed into the point P' of 
the corresponding segment PQ such that QR f = %QR. The 
coincidences of this modified identity with T lby will yield 
the fixed points of the latter. For the fixed points of T lc , 
we take 7*- 1 as the associated modification of the identity. 
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We verify at once that: (a) When T lb or T ie is I or I 

modified, every fp = 1. (b) When T 2t> or T 2c is I or I modified, 

every gi> = 1. Designating by r® the cycle corresponding 

to I or I modified, we have from (26) the number of signed 
fixed points: 

For Ti b or T lc , 

(28) (F,l • Tn) =£( — 1)p trace f p . 

For T 2b or T 2c , 

(29) (r'n • rH) =2( —l) 7 * trace g p . 

We recall that the g's correspond to the transformations 
of the cycles of K — L, the f s to those of the cycles of 
K mod L . 

Application. Let T be a deformation of A —L into 
a subset of K— L (interior subset). Such a transformation 
is a T 2 i, whose effect on the absolute cycles is the same as the 
identity. Therefore, for the fixed points we have to apply (29) 
with gp = 1 for every p. But in that case the trace of g p 
is equal to its order, which is E P (K—L) = R n - V {K ; L), 
(Ch. Ill, No. 34). Therefore this time 

(30) ( rl. r„) = (— l ) n Z (— i ) p Up {K\ L). 

This proves the 

Theorem. The number of signed fixed points of a de¬ 
formation of the or tent able manifold K — L into an interior subset 
of itself is equal to (— 1)" times its Euler-Poincare characteristic. 

28. Absolute manifolds and manifolds with regular 
boundaries. Our results include all those for fixed points 
obtained in our papers [8, 9] for these manifolds, as very 
special cases. When we have an absolute M n , we may choose 
of = af — bi P , if the sets are not canonical, and then 

(aP) f = (— l)/»<»+i> a n ~P, (pp)’ = (— l)P(n+i) (fn-P, 

Hence (22) can be put in the form 

(31) (rl ■ rl) = 2(— 1)* trace (g n ~p)' («p) —1 fp 
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which, except for the notations, is the same as (39.1) of [9]. 
The coincidence formula (10.4) loc. citfor the transformations 
of M n into itself, is obtained by taking ,P' = (t>\ As all the 
coincidence formulas for an absolute M n , are reducible to 
these two, the identification is complete for the absolute M„. 

For an M„ with a regular boundary L, the identification 
of (35.3) of [9], the basic coincidence formula, with our (22) 
offers little more difficulty and need not be taken up here. 
The fixed point formula (36.2) of [9] is actually a special case 
of the present fixed point formula (29). It is true that the 
matrices which figure in (36.2) of [9] are the transformation 


matrices for the absolute cycles of K itself, whereas in (29) 
there appear only the same matrices for the absolute cycles 

of K — L. It follows however from Ch. Ill, No. 44. that when 

' / 

the boundary L is regular, every cycle of K is homologous 

to a cycle of K — L. Therefore, when the boundary L is 

regular, (29) is identical with the formula of our paper. 

We have given as an expression for the number of signed 

fixed points of a deformation (loc. cit., formula (37.1)), theEuler- 

Poincare characteristic of K itself, whereas above, we merely 

assert that it is ( 1)” times the Euler-Poincare characteristic 

of A L alone. However, when L is regular, we have shown 

in Ch. Ill, No. 45, that the characteristics of K and K—L 

are equal. The extraneous factor (—1)" is due to a reversal 

in the order of the cycles /),. r". Thus the discrepancy 
is only apparent. 

29. Cells and spheres. Let T be a single-valued trans¬ 
formation of a cell E n into itself, the cell being assumed to be 
a manifold with regular boundary. The formula to be applied 
is (29). Since the only absolute cycle 4 0 is a point, g°= 1, 
9 V — 0 for p > 0. Hence 



For a single-valued transformation T of an H„ which is 

an M n , the situation is the same, save that now a point 

and H„ itself are 4 0, hence the degree g" also comes in- 
we still have g° = l. Hence 
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(r n . A 0 ) = l + (— l)*g*. 

We have therefore 

Theorem I. The number of signed fixed points of a, single¬ 
valued continuous transformation of a closed cell into itself, is 
one; for the n-spliere it is 1 + (—1 ) n g n , where g n is the degree 
of the transformation. 

Theorem II. The following single-valued continuous trans¬ 
formations leave at least one point invariant: (a) Trans¬ 
formation of E n into itself, (b) Sense preserving (reversing) 
transformation of HmX^n+i) into itself, (c) Transformation 
of H n into itself whose degree is 4 1 in absolute value. 

30. The preceding results were given for ordinary (non-com- 
binatorial) cells and spheres by Brouwer [7]. He also derived 
from them analogous propositions for projective spaces. A good 
exposition of his work along that line has been given by 
Feigl [2]. 

Brouwer [7) has shown that the fixed point theorem for E n 
follows from Th.IIc for the sphere. His reasoning is as follows: 
Take another copy E,[ of E n and bring into coincidence the 
points of the boundaries that are the images of one another. 
The sum of the two closed cells is then an H n which is an 
M n (Ch. II, No. 49; Ch. Ill, No. 35). Let T be a continuous 
single-valued transformation of E n into itself. We associate 
with it a continuous single-valued transformation T' of H n , 
such that if A is a point of E n and A its image on En, 
T'.A = T'.A = T-A. If g n is the degree of T', we 
must have T'-H n g n H n . But T'-H n d E n , and hence ~ 0 
modify* Therefore g n = 0, hence T' leaves at least one 
point of H n invariant. But T '• E,i d E n . Hence only points 
of E n can be left invariant, and as T' coincides with T 

over E n , T has a fixed point on E n . 

The preceding method is the one which we used in our 
paper [9] to reduce the coincidence and fixed point problem 
for an M n with regular boundary to the same problem for an 

absolute M n . 

31. Vector distributions. Suppose that we have given 
a distribution 2) of directed segments or vectors over K—L, 
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continuous and single-valued functions of their init ial points. We 
can associate with 2 a small deformation, such that if V is 
the vector applied at P, the point P undergoes a translation 
t V, where e is a continuous function of P, which remains 
very small. If the vectors along L all point towards K — L , 
or if the reverse holds, we agree to choose t such that 
e V points towards K—L along L. Finally, where the vector 
is indeterminate, we take e = 0, but it is not to be zero 
elsewhere. The deformation thus defined, has for fixed points 
the points of indetermination of the vectors. Therefore, the 
problem of finding the points of indetermination of a vector 


distribution on a manifold, falls under the category just treated. 
We can treat it by our method only when the vectors all 
point towards K — L, or away from it, along L. The de¬ 
formation is then a T ic . Therefore when the vectors along 
L point alike, the number of signed indeterminate positions of 
the vector distribution is equal to ± the Euler-Poincare 
characteristic of K—L. When L is a regular boundary for 
the manifold M, the number in question is equal to P the 
Euler-Poincare characteristic of M. 


Suppose that we have two vector distributions 2. 2)' such 
that: (a) The vectors of both 2) and 2)' point inward, or else 
outward, along L. (b) They are never collinear along L. 
(c) Their positions of indetermination are distinct. Then we 
can ask for the positions on K—L where their vectors are 
parallel. To answer the question we choose the corresponding 
multipliers, such as e above, equal at all points except those 
of small neighborhoods of the positions of indetermination 
and near L. Then the required positions are the coincidences 
of the associated deformations. Let us designate the defor¬ 
mations likewise by 2), 2)'. Now, keeping 2) fixed, we may 
modify 2)' near L (taking its e equal to zero along L) so 
as to reduce its representative cycle to the type . For 
evident reasons of continuity, the modified deformation 2)" 
belongs to the homology class of the identity considered 

Therefore the number of signed coincidences 
of 2, 2 is also given by (30). But the reduction of 2' 
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to ®" can be accomplished without modifying the coinci¬ 
dences. Hence the number of signed positions of indeter¬ 
mination of the two given vector distributions is again (—l) n 
times the Euler-Poincare characteristic. 

32. In combination with the degree, systems of vectors 
have been found very useful in defining an index for the 
fixed points of a transformation. Let K—L have the property 
that each point has for neighborhood an ordinary n- cell, and 
consider a single-valued transformation T of the manifold 
K—L into itself, having an isolated fixed point P on K— L. 
We will take as a picture of an n -cell neighborhood on P, 
a region 91 of S„, and assume P(Z9l. Let us then choose 
a very small (Euclidean) sphere H n -1 surrounding P. If Q 
is any point of H n - 1 , its transform by Twill have an image 
Q' ( ^ Q) on S„. The ray from P parallel to the directed segment 
Q Q', meets H „-1 at a point Q", and the correspondence 
between Q and Q'' is a continuous single-valued transformation 
U of H n -1 into itself. We orient the E n bounded by H n -1 
as an indicatrix of 91, hence of the initial manifold, then 
H n —i in such manner that E n -*■ 4~ H n —i • Under the circum¬ 
stances, U has a uniquely defined degree r, describing the 
algebraic number of times that Q" covers H n -i when Q covers 
it once. It is not difficult to show that r is a topological 
character of T (Brouwer [7]). The number t, introduced 
by Poincare [1], is called the index of the fixed point P. 

Suppose that T has a finite number of isolated fixed points 
pi ..., pr on K—L. Then we have an index r,- for P l , 

and we can calculate the sum 

£ = 2 T i • 

If the fixed points are not isolated, we modify T slightly into 
a simplicial approximation T' whose £ is then considered as 
the f of T itself. It turns out that £ is an invariant of the 

homotopy class of T, (Brouwer [7]). 

It is not difficult to identify l with the number of signed 
fixed points. From its mode of definition follows almost at 
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once that we can assume that the cycles P„, P°, respective 
images of T and of the identity, intersect at isolated points 
on «-cells of the cycles and on 2n-cells of K x K', each 
point counting only for ±1 in the Kronecker index 
(r„ • r „). But then if P is a fixed point, T behaves in the 
neighborhood of P like an affine transformation. If T is 
a repulsion from P, the transformation of H n -1 is the 
identity and r = -f- 1. If T is an attraction towards P, 
each point of H n -1 is transformed into its antipode, hence 
UH n -1 — (— \) n H n -i and r = (—1)". Taking coordinate 
systems, after the manner considered in more detail in Ch. VIII, 
§ 2, or else as in our paper [8], No. 60, we find, by the simplest 
possible calculation, that the respective contributions to the 
Kronecker index, are respectively (—1)" and + 1. Therefore 

(— i) n £ = (p„-p»,) 

or more accurately: When the fixed points are isolated, the 
contribution of each to (P' n . /'“) is equal to (—1)" times its index. 

Suppose that we have a continuous vector distribution 2) over 
K — L, and also a local coordinate system about any point P. 
Then if P is any point of indetermination, we can draw as above 
an H n -1 with center P. If Q is any point of H n - X , we draw 
from P the ray parallel to the vector of 2) through Q. If 
it meets the sphere at the point P, the transformation 
from Q to R is again a continuous single-valued transfor¬ 
mation of H n -1 into itself. Its degree r is called the index 
of the indetermination point P. We can again calculate the 
sum £ of the indices as above. When the vectors along L all 
point inwards, £ is (—l) n times the number of signed fixed 
points of the deformation associated with 2), and by No. 28 
£ = the Euler-Poincare characteristic of K—L. When 
the vectors point outwards along L, the distribution obtained 
by reversing them all, is of the preceding type, and has its 
£ as just stated. But the reversal of vectors changes r into 
— r, hence £ into — £, and therefore, in this instance, the 
sum of indices is minus the Euler-Poincare characteristic 
The indetermination in sign of No. 31 is thus removed 



278 


TOPOLOGY 


Let Pbe a transformation into itself of an n-manifold K—L , 
which is a subset of S n . If Q is the transform of any point P, 
the directed segments PQ determine a vector distribution whose 
C is precisely equal to (— l) n times the number of signed fixed 
points. With that particular type of manifold, the coincidence 
problem comes down to the same question of vectors. For 
if Q = T-P, Q' = T'-Py we have the field of all vectors QQ' y 
and their indeterminations correspond to the coincidences 
of T and T ’. 

For further information concerning the properties of vector 
distributions, and their relation to the fixed point problem, 
see the summary by Feigl [2], where quite complete references 
will also be found, notably to some recent work by Hopf. 
See also Ch. VIII, No. 15. 


§ 6. Special Properties of Single-Valued Transformations 

33. In a recent note 18] Hopf has obtained a noteworthy 
relation between the matrices e or rj of a cycle P„, image of 
a single-valued transformation T y from which certain highly 
interesting results follow. 

Without committing ourselves for the present, let us observe 
that T is a Tv ,, T 2 b or P 2c . In any case the degree d of T 
is the coefficient of A x K' in P„, or the number of times 
that T-K covers K'. Let P' be a polyhedral approximation 
transforming simplexes of K or of a suitable subdivision 
(called K in any case) into simplexes of K'. When Pis single¬ 
valued so is T ', but for the present single-valuedness need 
not be assumed, d = r — m , where r, m are as at the end 
of No. 22. Any cell En of K'—L' is the projection of 
r + wi simplexes of the cycle representing P', of 
which, say the first r, are projected on K into + E’ and the 
others into — E'. It follows then, essentially from § 4, that 
if (Tp is any simplex on Eh it is the transform of rA-m 
simplexes cr- / on K — L, each on one of the cells transformed 
into Eh, and that among the oPs, r are transformed into %o p 
and m into —where ? = ±1 and depends solely upon 
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n and j)- As we shall see, its value is determined without 
difficulty. 

Let now K, K' be absolute manifolds and T single-valued. 
Then T' is likewise single-valued. Owing to the single¬ 
valuedness, o', is the sole transform of all simplexes aL Hence 


p ! p / 
rjM pi 


-1 


o„ 

O' 

' V 


? <5 , 
? <5 C '. 


When we pass to the cycles we may replace T' by T provided 
that we substitute ss for =. Hence 


(32) 

Let then 


TT 


— 1 


■n 


T 


— 1 


a 


n 




i 3 r' on A". 


29*/ a J r 


The sets a, b may be taken coincident, and similarly for 
a !, b ', so that we can write 


If we set 


r n ~ 2 f ‘j a), X an -,,. 


T-ai 


a 


V 

V 
• • 

v 


2oij a v ; 

• • 

(a,, • a. n —p ); 


T- 1 .ai*2ti P aj,; 


v 




(a'/, ■ a'n J - p ), 


we find as in No. 21, and partly from (19) or (21): 


(33) 


J s 


p 


(a n ~P)' s n ~P t 


I ff *P = (— 


Hence, from (32), 

(34) g*P . gp = (_ l)'-7< ($n- P y ( e ,,y ( a n-,,y f n- P = £ ( y 

where the numerical factor J<5 at the right stands for its 
product by the unit matrix of the proper order. A similar 
remark holds for the matrix relations below. 

The number S depends solely upon n and j). To determine 
it take K = AT', the bases on K' images of those on K 
and for T the identical transformation. Then 6 = l a p = 3 v- 
g p = 1. Hence, from (33), 

(an-py s n ~P = 1; ( a py =z 1. 
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Under the circumstances, also 

(fin-py _ (—pp == a p % 

Substituting in (34) and passing to the determinant, we have, 
in view of \aP\ = ±1, finally £ = (— i)»<i>+i). From this, 
after an obvious and elementary modification, we have the 
required relation 

(35) (ePyare n -ppp = (_ i)jx»+i> d. 

34. From the relation just obtained we can, with Hopf, 
deduce a number of interesting consequences, of which we 
list a few: 

I. When there exists a single-valued transformation of K 
into K' whose degree d ^ 0, the rank of eP is equal to 
Rp(K') for every p. 

II. If T represents a transformation of K into itself the 
matrices e are square, and their determinants satisfy 

(36) | |. | e n ~ p | = d R > iK) . 

III. An H n cannot have for single-valued transform by 
a T whose degree 4 0, an absolute M n with an R p ^ 0, 
p 4= 0, n. 

IV. The transformation T multiplies every Kronecker index 
by the degree d. Hence when 6 ^ 0, intersecting cycles 
are transformed into intersecting cycles. 

The proofs of I, II are immediate. Regarding III, the right 
hand side of (35), in this case, is R p (M n ) , that of the left 
hand side zero, since op = 0. Therefore R p (M n ) = 0. As 
for IV, by a simple calculation we find: 

Ut4-toL,)\\ = g p ? p (gr' p Y 

— (— iyn+up aP s n ~P pp (eP)' aP 
= daP. 

Hence 

(TUp • T(li p) == ^ (ftp ' Un—p) • 

Then by the distributive law for indices, IV follows. 
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§ 7. Extension to Arbitrary Complexes 

35. A most curious result was obtained recently by Hopf 
[7, 11]. Let T be a single-valued transformation of an 
arbitrary simplicial w-complex K into itself whose fixed 
points are on the n-cells of K. Its representation on 
KxK ', where as previously, K' is a copy of K, is this 
time by a complex homeomorphic to K . Let A n be the chain 
sum of the w-cells of that complex each oriented by means of the 
image of the indicatrix of the corresponding cell of K . Let 
An correspond in similar fashion to the identical transformation/. 
The fixed points of T correspond to the intersections of A n 
and A° n . If PxP' is any such point, and Pis on Eh of AN 
then P' is on the image En of Eh on K'. If we reorient 
E l we have to reorient E n , and hence we do not change 
the orientation of their product. On the other hand, this 
reversal of orientation is accompanied by a reversal of 
orientation for both A n and An. It follows that it does not 
change the contribution of Px P # to (A n -Ah). Hence this 

index has a value independent of the orientation of the 
cells of K. 

Now if the effect of T on the cycles of K is still represented 
by (20), Hopf shows that 

(A n • A,° t ) = —1 ) p traceg p . 

In other words, (29) is applicable in the present instance, 
as if K were an absolute manifold. This appears, at first sight, 
as a most peculiar result, when we remember how essential 
a role the manifold conditions have played in deriving our 
coincidence and fixed point formulas. Hopf informed me some 
time ago, that the above result seems to stand by itself, and 
to hold only for single-valued transformations, and seems to 
break down for the more general type. This would explain 
why his proof is so very special, and seemingly not susceptible 
of being extended to other transformations. 

We propose to attack the question from a wholly different 
angle from Hopf’s. We shall show, following our recent 
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papers [17, 18], that, properly interpreted, all the results of 
the present chapter can be extended to arbitrary complexes 
and indeed to arbitrary closed sets. At the present time we 

confine our attention to complexes; the complete extension 
will be taken up in the next chapter. 

The treatment is based on a new class of cycles, called 
Vseudocydes, associated with neighborhoods of the complex 
or set considered. Between cycles and pseudocycles there 
exist duality relations entirely analogous to those for mani¬ 
folds. By means of them, the scheme of things leading to 
°ur formulas can be extended to complexes in the case of 
pairs of transformations of type B or C. However, the extension 
itself is based on the consideration of pairs of transformations 
of the general type A associated with certain auxiliary mani¬ 
folds. Hence the type A plays here an essential, if indirect, 
part. 

36. The pseudocycles of a complex. Let K be a given 
normal n-complex. We can always find an absolute simplicial 
orientable manifold S? r , having a subcomplex K ', whose structure 
is the same as that of a simplicial subdivision of K. We 
may and shall impose upon Si the following additional con¬ 
ditions: (a) r — n is even; (b) the ^-neighborhood of K' is 
normal. 


We can always find an S r , such that r — n is even, and that 
it carries a polyhedral image n n of a subdivision of K. Close 
S r at infinity by a point, thus obtaining an H r . The sphere 
can be decomposed into simplexes, and then by Ch. I, No. 61, 
Lemma I, there exists a subdivision Sl r , of the complex cove¬ 
ring H r , having a subdivision K' of TI n for subcomplex. Since 
SI can be replaced by its first derived, we may also assume 
that the Sl-neighborhood of K' is normal. Since S? is an abso¬ 
lute manifold, we have shown that a Si such as postulated at 
the beginning can be found for every K . Thus its existence 
implies no topological restriction on K . In particular, the 
^-neighborhood, N , of AT, will be normal. 

Since after all we are only concerned with topological 


properties of K, we may well replace it by K ', 


or what is 
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the same, assume that K is a subdivision of SI having the 
properties of K'. 

Remark. There is a good deal of arbitrariness as regards r. 
We can always replace S r by any S r +'>k ZD S r , and hence we 
may take for r an arbitrary number of its parity above a 
certain value. The condition that r — n be even, is on the 
whole, essentially a convenience. It will result in an automatic 
extension of all formulas involving Kronecker indices and 
intersections of cvcles. 

37. Let C r - P be any (r — p)-chain on St r , and let ns examine 
under what condition there can be found a chain C,'- p not 
meeting K, such that 

(37) ). Cy-J, % C'r-p on St; /. | 0. 


If C,'—p exists, we can find a subdivision St' of St, 
if N' is the St'-neighborhood of K, Cr- P dSt '— 
Then we shall have, as a consequence of (37), 


such that 
X' = S'. 



C’r-p % 0 mod S' on St. 


Therefore the boundary of C r - P is on S', and hence it does 
not meet K. 


Let us apply now Th. I of Ch. IV, No. 17. with K = St, 
L l = S', IJ 0. As a consequence, if r p is an arbitrary 

absolute ^-cycle of K, hence a cycle of St' — S', we shall 
have 





Conversely, if F(C,— P ) does not meet K, and (39) holds 

whatever the absolute cycle r v of K, then C r - P behaves as 

required. For we can choose S' as above, such thatF , (C,_^)CZS'. 

Then C r — P is a cycle of St mod S', and by the theorem already 
quoted, 

Cr-p ss 0 mod S' on St'. 

Hence there exists a 

C'r-pH -*■ XCr—p 


C'r-p, l f 0, C'r-p C2'. 
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Since Cr- P does not have any points on N', it does not meet K, 
and therefore (37) holds with Cr- P as in that relation. 

38. Let now { a l p }, i = 1, 2, .. JR p (K), be a minimum 
base for the 79 -cycles of K and Since N is normal the 
cycles a l p are independent on N. For if a linear combination 
of them were the boundary of C p +i d N, we could deform Cp +1 
along the projecting segments of N onto K, without dis¬ 
placing the a’s. Then the latter would have a linear com¬ 
bination ~ 0 on K, which is ruled out. Given arbitrarj r 
integers U it follows then from Ch. IV, Nos. 17, 39, that we 
can find a chain B r - P , which is a cycle of $ mod £ (= $ — N) y 
such that 

= t -, i = 1 , 2 , • • •, R p . 

As above, F{B r -ji) CZ 2, and hence it does not meet K. If Br- P 
is any chain whose boundary does not meet K , and such that 

(a* . B’ ) = t. 

' P r— P ' x 

for every i. we shall have 

K • B r _ p -B' r _ p ) = 0. 

But if r p is any 79 -cycle of K, we have 

I p ~ x t a} p on K, hence on N. 

Therefore, 

(r p -B r _ p -B' r _ p ) == 2 x i (a l p • B r _ p B' r _ p ) = 0 

and hence, again by Ch. IV, No. 17, Th. I, B r - P — B' r - P 
is on to a chain which does not meet K. 

Conclusion. The integers U individualize, on every 
a unique family {B r - P ) of chains whose boundaries do not 
meet K , and such that the difference of any two is ~ on 51 
to a chain which does not meet K. The totality of all such 
families, for all choices of 5Ts, will be called an (n — p )- 
pseudocycle of K , and designated by b n - p . A pseudocycle is 
uniquely determined by a set of integers U. 
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The chains B r — P , upon which the existence of the pseudo¬ 
cycles rests, are after all merely the cycles of 51 mod 5?— K. 
The situation is then the reverse of what it has been throughout 
this book so far. The analogue of our former L, which is 
the present K, is here replaced by its complement, and we 
have the cycles of the closed set mod the complementary 
open set. This is quite in line with the definition of Ch. II, § 1 
or of our paper [141. Incidentally the “cycles of a point” 
that Van Kampen [3] used in proving the invariance of 
manifolds are what the B' s become when 51 is any complex, 
and K a point of it. 

It must be observed that it is only by taking the class 
of all B's for all 5I’s, that we obtain pseudocycles bearing 
a topologically invariant relation to the given complex K. 

39. The pseudocycles just introduced may be considered 
as absolute pseudocycles. There is no difficulty in introducing 
the relative type. Let L be a closed subcomplex of K, and 
L l i closed subcomplex of L. with U = L — L l . Take for 
the a’s the cycles on K—L l mod L 2 . Then we have the 
pseudocycles of K—U mod U, by taking for the B's cycles 
°f ^ L~ mod 2 -\- L 1 , and similarly when the indices 1, 2 are 
interchanged. If U = 0, the pseudocycles of K—U = K—L 

are absolute; otherwise they are relative. Similarly with U 
and U interchanged. 

Another, and our last extension of the pseudocycle, is as¬ 
sociated with a product K x K'. We designate all elements 
associated with K' by accents: 5?', n, .... Then the families 
of products a v x B' q , B p xa'q, define pseudocycles to be de¬ 
signated by a p x bqi-n'—r' , b p + n —r x a' q . It is always understood 
that the differences n — r, n'—r are even. 

40. We are now in position to define homologies x;, inter¬ 
sections, products, for combinations of cycles and pseudoc}’cles. 
The meanings of the various symbols are always referred to 
the B's. Owing to the fact that r—n, r'—n' are even, the 
behavior of the intersection or product symbols under per¬ 
mutation is as for manifolds. The following examples will 
serve to illustrate the situation. 
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I. By definition: 


• 

4 _ 

II 

II 

! 
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ii 

— ti , 
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II 
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£ 

II 

II 

4 
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£ 

II 

= (— l) J,(r+1) (ap-Br-p) 


— 

= (— D*<»+» (Op-bn-p). 


II. Let K and $ be as in No. 39. The difference between 
the dimensions of St x St and K x K.' is v -|- v — n — tC\ here 
also >0 and even. The product family B r -pXB' r L p - is 
uniquely defined (up to zero divisors) on each $x$', and it 
determines an («+«'—p — /)-pseudocycle oiKxK' design¬ 
ated by bn—pXbn’—p'. Writing more simply q, q for n — p, 
n'—p', we verify by reference to the B’s, that 


a p x a'p■ ■ b q x Rj (— 1 



which is essentially the extension of (22) of Ch. V. 

41. The only homologies that are to be considered are Jvi 
and they suffice for all interesting applications. 

To the pseudocycles correspond Betti numbers which we 
designate by o in place of B, as for instance q p (K; L). 
We have, then, by means of the indices, as in Ch. IV, § 2, 
also directly from the duality relations of Ch. Ill by proper 
choice of the sets IS: 

Duality Theorem for the Pseudocycles: The duality 
relations are those obtained for the Betti numbers of manifolds, 
(Formulas (3), (7), (9) of Ch. Ill) when on any one side of 
them R is replaced by q. 

42. Application to transformations of arbitrary com¬ 
plexes. Let the situation be as previously in this chapter— 
except that all manifold restrictions are dropped. We take then 
two distinct transformations of a subset of K into a subset 
of j fiT', and examine their coincidences. We can assume K, K f 
to be subcomplexes of $, where the latter are two com¬ 
plexes whose dimension may be taken to be the same, say r 
(No. 36, Remark). 
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We first introduce the extension X of T. It is a trans¬ 
formation of a subset of 51 into a subset of il' which acts 
like T as between K and K '. A contraction is a X associated 
with T as follows: Let PQ be one of the projecting segments 
of the normal neighborhood N of K , () its end point on K. 
Then X • I J Q = T- Q. In short, the transform by X of any 
projecting segment is the same as the transform by T of 
its end point Q on K. An expansion is similarly related 
to T~ l . W e now make the following restrictive assumption, 
analogous to those of No. 4 for manifolds: 

Assumption : Any transformat ton T to be considered possesses 
an extension X with a unique representative r-chain except 


f or the possible ambiguity in sign occurring in Xo. 20. The 
r-chain determines an n-pseudocycle representative of T, of 
type a x h or h x a (No.39), which is again unique except 
for a sign ambiguity associated with that of the r-chain. 

We will say that two pseudocycles are complementary 
whenever they are of respective types a x 1 /, b x a , where 
in each pair (a, b ), (a', b f ), the as represent cycles of any 
particular type and the U s the associated type of pseudocycles, 
or vice versa. Here we no longer insist upon the as being 
strictly cycles and the Us pseudocycles. 

If we have a pair l \ c , jT 2 &, of transformations of L into L' 


whose extensions are an expansion X x and a contraction X 2 . 
these extensions will be represented by complementary pseudo¬ 
cycles, Tn, fn formally given by homologies (1). They may 
be considered as a pair Tib, T 2b , as between N, N r , with 

L+O, L'-|~ O' in place of the former Us. The coincidences 
being the same as those of the given transformations T lc , T> b , 
the derivation of (22) can proceed exactly as before, yielding 
here also an invariant number which may be considered as 
the index of the coincidences. It is understood in each case 
that the f s describe the effect of T Xc on the Us, and the a’s 
that of T 2 b on the a’s. Therefore 


Theorem. The fundamental coincidence formula (22) holds 

also for complexes under the interpretation just given for the 
various terms entering in it. 
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43. Remarks. I. When we have orientable manifolds every¬ 
thing reduces back to the earlier situation. For the B' s now 
intersect K in cycles of same dimension as the pseudocycles. 
If b y b * are a pseudocycle and the associated intersection cycle 
K-By the numbers ( a-b ), (a-b*) are equal, from which follows 
readily that we can substitute everywhere b* for by i. e. go 
back to (22) in the strict sense. 

II. The extensions can manifestly be replaced by any pair 
of transformations ©, ©', of St into St', which have the 
following properties: (a) They transform K like 7\, T 2 . 
(b) They transform N into a subset of N'. (c) Their coin¬ 
cidences in the vicinity of K, K ', are those of T x , T 2 . We 
shall consider an example in the next number. 

44. Fixed point formulas. Let L be a subcomplex of K y 
and T a transformation acting on K—L as a Tb or T c , 
which satisfies our basic assumption. Depending on circum¬ 
stances, we have to have the identity or the identity modified, 
as the other transformation. As an example, suppose that T 
is a T 2 b- Let its extension I be a contraction and set 
2 = Z + (A T —iV). X transforms every point of N into one 
of K—LCZN—2. Therefore it is likewise a T lb as acting 
on (Ny 2) in place of our customary pair ( K , L ). The assump¬ 
tion of No. 42 means, in this case, that X has a representation 

B r ~ Tjij Bp-\-r—n * ttn—pi 

where ai- p is an absolute cycle of K — L, and a n -p its 
image on the copy K' of K. In an evident sense, then, T 2 b 
is represented by the pseudocycle 

r n J bp X Cln—p • 

As to the identity, we take for its extension the identical 
transformation for It is representable as 

Br ~ € ij Up X Br—p 1 
and determines the unique pseudocycle 

£ £ ij up x h ' n -p • 
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^ 3 on the pseudocycles is represented 
by f 1 ’= 1 for every p. Therefore (29) gives here also the 
number of signed fixed points, exactly as it stands, the g 's 
representing again the effect of T upon the absolute cycles 
of K—L. Similarly for the case T lc . Regarding T v , and 
T ic , the application of our method requires that we define 
them as follows: A T u , or T lc , for the pair (A', A), is 
a transformation which possesses some extension 2, which 
is a Tib oi Tic for the pair (A, A-f- (D). In this case we 
take for the extension of the identity, the transformation 
reducing every projecting segment on V to its end-point on K. 
Under these circumstances, (28) gives the number of signed 
fixed points, with the f's representing, this time, the effect 
of T on the relative pseudocycles. We have, then. 

Theorem. The number of signed Jhced points of a trans¬ 
formation Ti or T c , of a subset of K—L into a subset of 
itself is given bg (28) or (29). It is understood that the f’s 
and g’s represent the action of T upon the cgcles or pseudo- 
cycles, according as /» is of type V« x // 0 r V(,x with 
the first factor a pseudocycle or a cycle. 

45. Remark. Suppose that all fixed points of T are on 
the w-cells of K. We can approximate T, as closely as we 
please, by a polyhedral transformation T’ whose fixed points 
behave likewise. Let P be one of them, on E n of K, and 
let J„ be the n-chain image of T’ on A'xA", and 4° the 
analogue for the identity. Then P is an intersection of 4„ 
and 4„, as well as of T r and r° r . By an elementary conside¬ 
ration of indicatrices or else by the vector method of No. 32 
very convenient here, it is then ascertained that the contri ’ 
butions of P to (4 „. 4°) and (!). r° r ) are equal. Under the 

circumstances 

(4„.4“) = (r,..r,°) = (r„. r°). 


In other words the number of signed fixed points is here 
again the actual Kronecker index of two n-chains on KxK' 
The argument goes through in the case of the fixed points,' 
but not of coincidences, due to the reason brought out in 
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No. 35: If PCI E n and Eh is the image of E n on K', the 
orientation of ExE' is independent of that of E. 

46. Single-valued transformations. Let T be a con- 
tinous single-valued transformation which is a T 2 b or T 2c . 
The contraction defined in No. 42 is then likewise con¬ 
tinuous and single valued, its type being the same for N, 
2 (= L-j-St — N), as that of T for K, L. Therefore in the 
representation of T, in the form axb' or b x a', the first 
factor is a pseudocycle. Hence from the proposition of 
No. 44: 

Theorem. For a single valued Tzi or T20 the formulas 
(29 ), (28) hold respectively in the strict sense, i. e. with the 
matrix g representing the action upon the cycles and not 
upon the pseudocycles. 

When L = 0 we have to use (29) in its strict form. 
Coupling this result with the Remark oj No. 45 this is precisely 
the result of Hopf mentioned at the beginning of the section. 

Application. Let K be a projective plane. Then R 0 ( A ) = 1 , 
BAK) = R*(K) = 0. Also f°= 1. Hence the number 
of signed fixed points = 1 . Therefore every continuous single¬ 
valued transformation of the projective plane into itself has 
at least one fixed point — a well known result due to 

Brouwer [2]. 
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INFINITE COMPLEXES AND THEIR APPLICATIONS 


If we wish to extend any combinatorial result obtained 
foi finite complexes, for example the duality theorems, we 
usually face two difficulties: a) Passage from arbitrary sin¬ 
gular chains on the finite complex K to subchains of K. 
b) Passage from a subcomplex L of K to an arbitrary closed 
subset L of K. The first is taken care of as a rule by 
a deformation theorem of some sort, the second by the inter¬ 
vention of an infinite complex. This becomes clear when we 
observe that the most natural way of correlating the topology 
of K and L is by means of a sequence of polyhedral neigh¬ 
borhoods of L each contained in its predecessor. The sum 

of the differences of pairs of consecutive neighborhoods is 
an infinite complex approximating K — L. 

Infinite complexes arise also in another important connec¬ 
tion. For Alexandroff has shown [10] that the topology of 
a compact metric space L is intimately connected with the 
properties of a certain infinite sequence of finite complexes 
whose dimension is equal to the Urysohn-Menger dimension 
of L. Here also we have an infinite complex. 

The preceding considerations justify the investigation of 
infinite complexes and manifolds for their own sake. This 
investigation constitutes the subject matter of §§ 1 - 3 . The 
most elusive task proved to be the determination of the'bases 
or the various types of cycles considered and the extension 

° £ ?-“ y theorems of Ch - ln for open manifolds (§ 3) 

the chief difficulties being caused by the infinite Betti numbers 

that may occur everywhere. Following this we have applied 
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the general theory of the infinite complex to the homology 
theory of compact metric spaces, the separation of Euclidean 
spaces by their closed subsets: Alexander’s duality relation 
and its consequences, (§§ 4, 5). Finally in § 6 we extend 
to all compact metric spaces the coincidence and fixed point 
formulas of Ch. VI, obtaining what we believe to be a basic 
and final theorem in that direction (No. 61). Our general 
coincidence formula is thus one of the most important and 
most general formulas in topology. 

The only explicit contribution to the theory of the infinite 
complex in the literature are the investigations of Kerekjartd [10J 
on the infinite M 2 for which in particular he has given a classi¬ 
fication similar in many respects to that of the finite M 2 . 
This is an interesting question, but like the classification of 
the finite M 2j it stands largely by itself, and practically none 
of the questions taken up here were considered by Kerekjartd. 


§ 1. General Properties of Infinite Complexes 

1. The infinite complexes under investigation are ^-com¬ 
plexes, with a finite number of cells incident with any given 
cell. They are defined as the finite t} r pes (Ch. I, Nos. 5, 51, 
Ch. II, Nos. 43, 50) except that the polyhedral image is now 
assumed on the parallelotope of Hilbert space 

£>: 0 <; Xi 4 , i = 1 , 2 , •••, + °°- 

§ is a compact metric space, the distance function being the 
usual Euclidean distance function. We have thus a metric 

attached to K. 

The set of cells of K will be assumed enumerable. Regarding 
the dimension n of K, it is important to bear in mind that 
n = +oo is not excluded; i. e. while the dimensions of the 

cells must be finite, they need not have an upper bound. 

It will be sufficient to consider only normal complexes 

(Ch. II, No. 50), the boundary of a g-cell being a combl " ato ” a 
(q — 1 )-sphere which is a finite (g—D-subcomplex of K . ihe 
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complex has incidence matrices infinite botli ways but the 
number of terms ^ 0 in any row or column is finite. 

Since K is normal, it possesses a simplicial first derived K' 
by means of which it is possible to define regular and semi¬ 
regular cells, and hence also manifolds. 

Since we have infinite complexes, we will naturally have 
also infinite chains. Let {Ej,\ be an infinite sequence of 
cells on K, singular or otherwise, but with the double 


property that every E p meets at most a finite number of 


closed cells of K, every closed cel! of K at most a finite 


number of cells E‘ p . The set of all the points on the closed 
cells Ep associated with a symbol 



is a ^3-chain on K. It is infinite when the number of t's 
not zero is infinite. In the non-modular case the t's are 
allowed to be arbitrary rational numbers. It has the im¬ 
portant consequence that when C p is infinite it may not have 
any multiple which is an inteyral chain (chain with integral 

1 y a t variance with the case of 

finite chains. 

We shall consider only the non-modular case and rational 
chains. The treatment will apply directly to mod 2, and, 
with unimportant modifications, to modm as well. 

I he boundary relations and homologies, the cycles and also 
the homology characters, are defined as in the finite case. 
However with rational chains allowed, we cannot define 
torsion which is essentially a diophantine property. There¬ 
fore in the domain of rational chains the sign ss must prevail 
throughout. 

The defin iti°n of orientable or non-orientable circuits is 
again as before. 

Where a subdivision of a complex or chain occurs, it is 
understood that each cell of the complex or chain must be 
subdivided into a finite number of cells. In short, locally 
the behavior on K must be as on a finite complex 
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2. The first and simplest question before us, is the extension 
of the first deformation theorem (Ch. II, No. 15). The second 
deformation theorem (Ch. II, No. 45) is then proved as in 
the finite case. 

We consider a K v (singular or not) on a simplicial K 

having the same property as the infinite chain: every closed 

cell of K p meets at most a finite number of closed cells 

of K and vice versa. 

• • • 

Let K n - 1 , Ei , i* H J be as in the proof for finite complexes. 
Denote by S a generic cell of K p . By modifying slightly 

the treatment loc. cit. we shall show that the theorem holds 

___ ___ • 

provided that the diameter of any G which meets Ei , is less 
than a certain £/, that may depend upon j. We may again 
proceed here by recurrence. We have then an aggregate 
of £’s for K n - 1 . Let denote the smallest of them for all 
(n — l)-faces of Ei. The theorem holds^ by assumption, for 
any complex on K n -1 such that every © having a point on 
the boundary of E J n is of diameter <Cj, for every j. In order 
that the proof for the finite case be applicable, it is merely 
necessary that the following two conditions be fulfilled: 

(a) Any G that meets K n -i is exterior to the spheres H . 

(b) The projection G' of such an G from the P’s onto K n -u 
is of diameter less than the £' corresponding to any E n 
which it meets. 

In order that (a) be satisfied we merely need to take Cj 
less than the distance from F(Ei) to the sphere Hj . 

The diameter 0 of the projection from the P’s onto K n —1 


of any set of diameter « that meets F(Ei) tends to zero 
with cc . Hence there exists an «, say «/, such that every 
corresponding /£<£/. If we take condition (b) will 

hold, and the theorem will be applicable. 

When the cells of K p do not possess properties (a), (b), it has 
a subdivision K p whose cells do^ For any G of K p meets 
at most a finite number of cells Ei. The least of the corre¬ 
sponding numbers Cj is a certain d, and we take for K p 
a subdivision such that its cells on G are of diameter > 
this for every G — a condition that can obviously be fulfilled. 
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The extension of the deformation theorems is therefore com¬ 
pleted. 

As in the finite case we have the following two important 
consequences. 

(a) The homology characters determined by means of the 

subchains of A are the same as when all singular chains 
are allowed. 

(b) The homology characters calculated in accordance with (a) 
(combinatorial characters), are topological invariants, and 
similar]}' for the circuit properties. 


§ 2. Ideal Elements 

3. The more interesting and difficult part of the theory of 
infinite complexes, especially in view of the applications, is 
found in the relations between a complex and its ideal ele¬ 
ments. We must first introduce these elements. 

An infinite K is locally compact: every point possesses 
a neighborhood N, here its /v-neighborhood, such that ^ is 
compact. On the other hand K is not compact as a whole 
for the set of its vertices has no limit point. 

The most general category of ideal elements is to be ob¬ 
tained by sequences of neighborhoods, analogous to those 
which are used in turning the non-compact set of rational 

nibeis into a compact set, through the addition of mutually 
inclusive neighborhoods. In topology such ideal elements 
have been considered explicitly by Kerekjfirtd [10] in his work 

dory min^s ^\ Primenden introduced by Caratheo- 
dor 3 l] m his investigations on the boundaries of two-cells 
aie al so very closely related to them. ’ 
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By an ideal element , L , of K we understand then a se¬ 
quence {A T *}, i= 1, 2, • • •, +oo, of sets open on K such that 


I. 3 N ** 1 ; II. n Ni = 0 • 


If L — {A 7 *}, L' = {A 7 ' 2 } are two ideal elements we define 
LCZ L' b}' the condition that for every j there is an i such 
that A^CZxY^. We say that L'includes L. When both LCZL' 

and L'CZL we say that L = L!, and call the sequences 
equivalent . 

The sequences {A 7 *} have two simple properties, the first 
of which is obvious: 

(a) Every sequence is equivalent to any one of its sub¬ 
sequences. 

(b) {A 7 *} is equivalent to an {A'*} such that every A T/ is 
an exact sum of cells of a fixed subdivision K' of K. 

To prove (b), observe that in view of conditions I, II, the 
boundaries of at most a finite number of sets A" 1 meet a given 
cell E of K . The numbers d(F{N i ) • E, F(N l ~ l )-_E) corre¬ 
sponding to all pairs F (A Tz_1 ), F(N l ) meeting E , have a 
positive lower bound d for that cell. If there are no such 
pairs for a given E we take as d the diameter of E . Sub¬ 
divide K into K' such that the cells of K' on E are of diameter 
< d, and this for every cell of K . The set {A T, *| of all cells 
of K' whose closures meet A 7 * is open. Moreover {A T "} satisfies I 
and the condition of equivalence with {A+ by construction, 
hence also II. Therefore it is a sequence defining the same 
ideal element, and of the desired nature. 

Since we are free to replace K by any simplicial sub¬ 
division, whenever we shall deal with a finite number of ideal 
elements—and this is the situation throughout we shall 
legitimately confine our attention to the neighborhoods that 

are exact sums of cells of K . 

4. Let E h ,h = 0, 1,2, • •., + cc, be the cells of K and con¬ 
sider the sequence of closed finite subcomplexes, K l , of AT formed 
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as follows: K 1 = E l \ K i+ * = the closure of the A-neighborhood 
of K iJ rE‘. If we set now' 97 1 == K —A?, it is a simple matter 
to verify that A = {'37'} is an ideal element. Therefore every 
infinite complex possesses ideal elements. More important how¬ 
ever, is the fact that A includes every other ideal eleynent. 

For if L = {A 71 }, since A"—97' is a closed subcomplex 
of K, there must be an N* without points on it, and 
hence CZ 97', so that Ed A. We will call A total ideal 
elemoit or set. 


We will now consider the former ideal elements such as L, 
as closed elements, and define the open elements in terms of A. 
Essentially they are the complements of the closed elements, 
but we must describe them in terms of neighborhoods. When 
L = {IV 1 } is closed and L ^ A (i. e. there is at least one 
element CT^) there exists an A 71 ' such that K — N‘ is an 
infinite subcomplex of K. For otherwise, by the very con¬ 
struction of {97 1 }, there would exist some AT' = K — 977 
Z )K — A r< and hence A' 1 Z) 97'', L ZD A. Since also L CZ A, 
we w’ould have L = A, contrary to assumption. Since K —A’ 1 
is infinite it possesses some closed ideal element L' — {A T "}. 
We have N n CZ K — N*. The totality of all elements L' 
so defined is said to be an open ideal element, and that 
open element is called the complement A — L of L re¬ 
latively to ^/. A closed element {A 7,! } = L' is said to be 
on A—L, {L' CZ A—L), whenever there exists i , j such 

that N' J dK—N l . 

5. The cycles mod ideal elements. We shall now 
introduce cycles of two dual types relatively to twrn com¬ 
plementary ideal elements. They may be defined in various 
ways, as is frequently the case when passing from the finite 
to the infinite K. One will w'ant to have definitions that are 
as natural as possible, and also such as to yield a duality 
theory which comes nearest to that of Ch. III. These con¬ 
ditions are fulfilled by those to be given presently. 

We will designate the two complementary ideal elements 

by L\ L\ with L 1 — {A 7 *} as the closed element, and we 
will set = K—N 1 . 
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(a) The chain C p is defined as on K — L 2 , whenever it has 
at most a finite number of cells on every K\ It will be 
considered as on K —i 1 whenever it is on at least one K *. 

(b) A chain C p on K — L\ will be considered as a cycle 
mod L-' - ( i,j = 1, 2; z ^j) whenever it has no boundary. 

Observe that we do not exclude the possibility that L 1 
or L 2 = 0. In particular when L 2 — 0, i 1 = A, the cycles 
on K — L 2 mod i 1 are the cycles on K mod A, i. e. the in¬ 
finite cycles of K, while those on K —I^modZr* are the 
cycles on K — A, i. e. the finite cycles of the complex. When 
L 1 = A , K' is a finite complex, when L 1 4 1 it is infinite. 

(c) The homology 

(1) C P rj 0 mod L 1 on K — L 2 , 

signifies that for every i there exists a chain C p +1 on K — L 2 , 

• ■ • ^ 

and a chain C p on N l , such that 

( 2 ) c;+i - Cp- ci ,. 

(d) The homology 

(3) C p ft! 0 modi 8 on K — L 1 , 

signifies that there exists at least one complex K\ such that 
if A * is its total ideal set, 

(4) C p ft* 0 mod A 1 on K i . 

Since A i (^L 2 , we may also conveniently write this in the form 

C p 0 mod i 2 on K*. 

When L 2 = 0, L l — A, (1) becomes 
(1') C p 0 mod^f on K. 

It means that for every i, 

(2') 5ft 1 ZD C p x Cp on K. 

We may think of (1') as implying that C P Xi a chain on the 
total ideal set, or “ideal chain”, or according to (2'), that 
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it is a: to a chain on any assigned ‘‘neighborhood'’ of .4. 

This homology is different from 

(5) C p PS 0 on K, 

which implies that C p is the boundary of some C p +1 on K. 
The sequel will show however that the homologies (l'j are 
the more important of the two. The distinction between the 
two types must be kept clearly in mind. 

When we make L 2 = 0, L l = A in connection with (3), 
we have 

(3') on K — A, 

whose interpretation is that for some i, 

(4') C^O on K — 91*. 

In other words (3') implies that C p is a finite cycle sy 0 
on a finite subcomplex of K. 

The homologies that we have just introduced are “finitely” 
additive, that is if a finite number of chains C p , ■■■, C p , are 
~ 0 in accordance with (c) or (d), so is any linear combination 

r 

c P = 2 tj Ci . 

j= i 

Since our cycle moduli may. be expected to include linear 
combinations of an infinite number of chains, we make the 
additional convention: 

(d ; ) Let the chains of the infinite sequence [C J P ] be all on 

the same fixed K\ and let each C J P K, 0 in the sense 
of (d). Then if 

C P tj C J P 

represents a true chain on K it is likewise 0 mod L 2 
on K — LK 

Thus (d), (d') represent the conditions in order that (3) 

be satisfied. When L 1 = A, L 2 — 0, since a finite chain 

has only a finite number of cells on K—W, the sum just 

written must be finite. Hence in that case (d') does not sro 
beyond (d). 
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If L is a subcomplex of K we may introduce the cycles of 
K — A — L, K mod L, K mod (A-\- L ), K — A mod L . The 
formal modifications are insignificant. Thus for the last type 
which corresponds to the finite cycles mod L, we must merely 
add the mention “mod L ” in (3') and (4'). These new types 
of cycles are not important in the applications, but they will 
be found useful in developing the theory of the two initial 
types. 

6. To the various cycles ^ 0 just introduced there corre¬ 
spond relations of dependence for their types. Since we allow 
rational chains throughout, we have to give up zero-divisors 
and hence torsion coefficients, but we may introduce the 
Betti numbers, which may however be finite or infinite. In 
particular, the numbers corresponding to (T) will be designated 
by E P (K] A), those corresponding to (5) by R P (K). 

The Betti numbers may serve in defining the circuit as in 
the finite case. It is then immaterial whether we use R n (K\ si) 
or R n (K ), for when p = n, the boundary relations are 
merely the identical linear relations between the cycles, so 


that R n (K\ A) 


Rn(K). 


Since the various relations introduced are intrinsic relations 
between K and its chains, preserved under a homeomorphism 
of K alone, the corresponding Betti numbers and the circuit 

properties are topological invariants of K. 

7. The bases for the cycles mod ideal elements. 

Given any particular type of cycle and the associated homo¬ 
logies, if the corresponding Betti number is finite, any maximal 
independent set of the cycles is a base for the type. When 
the Betti number is infinite, however, the problem is much 
more complex, and it is that problem which we shall now 
consider. Besides its intrinsic interest, its solution will enable 

us to extend greatly the scope of later results. 

Let 2R be a modulus of ^-chains, 3JJ° its zero-modulus. 

The term modulus is to be understood as in Ch. I, No. 21, 
except that rational coefficients are allowed. A base 
is defined as a set of elements of 2K independent mod 2W 
such that for every element C p of 9M, we have 
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C P as IS ti Cp mod S JR°. 


A base may be finite or infinite. We distinguish the following 
types of infinite bases: 

I. Semi-Jinite. Then for every element of s DHhe sum in (G) 
is finite. 


II. Totally infinite. The sum in (6) may be infinite. 

III. Semi-infinite. In this type the base is of the form | Cp}, 
with both indices running from 1 to -foe. Every element is 
represented in the form 


( 6 ') 


a 




v 


tij Cu mod 9JT, 


o 


ij 


one of the indices i,j remaining finite but not necessarily 
the other, and we have the following two possibilities: 
(a) One of the indices, say i, remains finite for every C p , 
independently of j. (b) i remains finite for every j, but its 
range varies withy. We will say that the corresponding bases 
are semi-infinite respectively of the first land and second kind. 

In each of the types described, all the independent elements 
mod®! 0 are obtained by making the t’s take arbitrary values 
consonant with the particular type considered. Thus in Ilia 
we have an element by assigning arbitrary values to the 
rational numbers Uj, i ^ It, and taking Uj = 0 for i>h. 

Suppose that every Cp of a totally infinite base is a sub¬ 
chain of K: 



Then, every linear combination 



being a proper element of 201, the coefficient of the cells in 

the last sum are all finite, whatever the numbers U. This 

can occur only when each cell is found in at most a finite 

number of elements Cp. That property will characterize 
totally infinite bases. 

Suppose that {Ej,} is the set of all cells of K in some 
fixed order. Then if 

C p = tj E p 
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is any subchain of K, with the indices j in ascending order, 
the cell Ep corresponding to the first coefficient U ^ 0, is 
called the first cell of C p . If {C p } is a set of chains, a suf¬ 
ficient condition that no E J P occur in more than a finite 
number of chains Cp, is that their first cells be all different. 

8. The cycles that primarily interest us are those of the 
two basic dual types on K — V modZA As a preliminary 
step it is necessary, however, to consider first the simpler 
types involving only the total ideal set, and also perhaps 
a subcomplex L of K, as at the end of No. 5. 

The various moduli 90? corresponding to the cycles and 
homologies of No. 5 are of three distinct types, according 
as the cycles are infinite on A , L 2 or L l , and we will treat 
the bases in that order. Owing to the deformation theorem, 
we may assume that we have only subchains throughout. 

I. The cycles are infinite on A. The mode of becoming 
infinite is then unrestricted. The cycles may be absolute 
cycles of K, cycles mod A, cycles of A'— L. In the latter 
two cases { E l v } consists only of the cells of K — L , but 
except for that the treatment is the same. We will designate 
by r pi A p generic elements of 2ft, 2ft°. The homologies will 
all be understood mod 2ft°. 

Assuming that 2ft is not vacuous, the aggregate of cells 
that are first cells of subcycles of K in 2ft, is a subsequence 
{ E ^‘} of {E' v ) . Consider the cycles whose first cell is E\ 

We select some p-cycle of 2ft with E 1 ^ as its first cell, prefer¬ 
ably a A, if one is to be found. Dividing the cycle by the 
coefficient of E^ 1 in it, we will have a cycle 


CO 


r l 

1 p 


e ;‘ + h e';* 1 + • 


9. The sequence { r l p } has the following properties: 

(a) No p-cell occurs in more than a finite number of ele- 

0 

ments r*. Therefore 


( 8 ) 


r 


p 


2 xi r* 


is a cycle of 9 Jl whatever the rational numbers x. 
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(b) Every p-cycle of 2Ji is representable in the form (8), 
to be precise with = replaced by when it is not a subcycle. 
We have to prove this statement only for subcycles. Now if 


the cycle 





and in its expression there enter no cells E } \ This is im¬ 
possible however, since its first cell is of that type. Hence 
Ep — 0, and r p is of the required form. 

(c) If in the expression (8) there is a single /'/,, not a A, 

r p ^ 0 . 

For let /;, be a A, and I' J p the first cycle in the sum not 
a A. Omitting a finite number of A's in the sum, we have 
a A whose first cell is E h J . But, by assumption, if there are A's 

with E 1 '/ as their first cell, one of them is to be chosen as 
• • 

■T/y, hence r J p is a J, and this contradiction proves (c). 

We will now remove the A's from {/^} and continue to 
designate the remaining sequence by {r p }. If {/!],} i s the 
removed sequence we have for every r p of : 



2 Xi r p + 2 !/i A 


]> 


The second sum is a cycle having the property that the 

order of its first cell can be raised indefinitely by suppressing 

a finite number of A's. With the present type of modulus 9Df, 

this means that the second sum is homologous to a cycle on 

an 91* with i as high as we please, and hence 0. There¬ 
fore 




Thus every cycle of 9J l depends upon the cycles r p and since 
these are independent by (c), {rj} is a base for This 
base is totally infinite. 

10. II. The cycles are infinite on L 2 . The important point is 
that the ideal element L 2 is an open ideal element (L* = A _ L l ) 
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K, K 




0, and let {E™} 


and we do not exclude L 2 = 0, in which case the cycles 
are finite. 

Let K‘ = K — X* with N° = 
designate the ^>-cells of A? — A”' -1 , where i is fixed for the 
present. Let r v , A p be as before. We will select a set of 
cycles {/’//} on K l in the same manner as previously, except 
that the cells { E l p } are alone taken into consideration: rj , 1 
is a r having in its expression a first cell of the set {Ep ( }, 
whose order a is least, etc. We break up, here also, the 
sequence { rtf } into two, the one consisting of cycles that 
are not 4’s, which we henceforth designate alone as {/’//}, 
the other a sequence {A 1 }!). 

Let us denote by E r p the cells Ep\j<i, regrouped in 
some order. Suppose that E p l is the first cell of the set 
found in an infinity of cycles I' 1 /. Whatever t, /*', the cycle 
rjf + t r'p^ t' is a I'd K\ and with the same first cell of 

Furthermore we can always choose 
t, ft' such that the new cycle will lack E p l . This yields a 
new base {/;/*} with the same first cells of { E l p } as before 
but in whose cycles every E^, will be found at most 

a finite number of times, and E p l not at all. Let E r p - y 
(y 2 ^>/i)> he the first E r p found in an infinity of new cycles 
T'p , r'p\ .... We treat the latter as before for suppression 
of Ep\ and so on. Thus there will be obtained a final 


the set { Ep“ } as r iS 


sequence { f'jf } such that every cell of K l appears in at most 
a finite number of cycles of the sequence, and that the first 
cells of {E l “) in these cycles are as before. 

A similar treatment maybe applied to {A)?). This being 
done, every finite or infinite linear combination of the cycles 
rjf, Ajf with rational coefficients is a K\ and in fact a 
A if it includes only cycles of the second category. 

11. Consider now any cycle F p infinite on L 2 . It will be 
on some A 1 . Let K l correspond to the least i such that 
r p d K l j and let xp, yp be the coefficients in T v of the first 
cells of I'*? , when only cells E p a are considered. Then 
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is a cycle on K* which has among its cells E l p none that is 
first cell of a rlf or A'j!. Therefore in the expression of r p 

• X * 1 

there enter no cells E p ( , hence r p d K l Repeating the 
reasoning we find in general 


1 V 

r h V T*— h *P 

— Ip J £%i—h,,S*p 

P 


r° r • 

1 p 1 p > 

r; — o. 

Hence, 

by addition, 


(9) 

Ep = Xjp Pj, 

+ 2 yj? & J p > 


and therefore, by (d') of No. 5. 


( 10 ) r p « Z XJP r P . 

j = i\ ft 

The cycles at the right are independent, for r p ^ 0, implies 
that the cycle is a A and by the first cell argument repeatedly 
used, applied this time to {E p c ), this may be ruled out. There- 
fore the double sequence {/’/“} has all the properties of the 
base. When L 2 4= 0, the base is in general semi-infinite of 
the first kind. When L~ = 0, the cycles of 9J1 are finite, 
the complexes K l are finite, and so are the partial bases 
{/^“}. Hence in that case the base is semi-finite. 

Remark, We may replace throughout K' by K l — O’, 
where is the boundary of N\ This is equivalent to sub¬ 
stituting everywhere A 71 ' for A 7 '. 

12. III. The q/cles are infinite on L 1 . This time 901 consists 
of the absolute cycles of K — L 2 , that is, the cycles mod L x 
on K — L 2 . The treatment of this case will be based on 
the notion of ad of a subchain. The cut of the subchain C p 
by O l , is the part of the subchain which is on K l , or sum 
of its p-cells not on N i . If C p is infinite on L 1 , its cuts are 
all finite and conversely. 

Consider in p articular th ose cuts, C p a , of the ^-cycles mod L\ 
which are on K l — A? -1 . T hey constitute a special class 
of finite cycles of K l — K l ~ 1 mod ® ! . By the same scheme 
as in the preceding case, we obtain a base {<?*} for such 
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cycles, the preferred cycles A being now the boundaries of 
finite chains on K\ and {E*/} the set of ^-cells of K l — ® l 
— (AT * -1 — 

• • 

Let then r' p “ be the cycle mod L 1 having C p ‘ for its cut. 

If r p is any cycle whatever, and t ia the coefficient of the first 
cell of the cycle r p in its expression, when only cells E p 
are taken into consideration, 

(11) r p X £ t itt r' p “. 

• • 

For in the first place, the cut C p of r p by K l being finite, 
the number of cells of K l in I is finite. It follows that in 
the sum at the right, the number of coefficients U ^ 0 with 
given i is finite, and therefore the sum represents a true sub¬ 
chain of K , whose cuts are cycles mod the respective 
hence a cycle of the type considered. The difference of the 
two sides of (11) has for cut by ®\ 

Cl — ^ tui C ]! ( « 0 mod O 1 on A' 1 — A 2 , 

for it includes no first cell of the cut of any cycle ^0. 
Therefore, 

rj, = F p — £ tut r)“ 0 mod N l on K — A 2 . 

We may therefore replace F p by a cycle on A 1 — A~, to 
which the same reasoning may be applied, etc. Hence (11) 
holds mod A Ti ’ on A"— IJ for every/, therefore also mod A 1 
on K — A 2 . Due to the very mode of constructing the 
cycles r p \ we cannot replace r p in (11) by zero unless 
every t = 0. Hence { F l f } is a base which is in general 

semi-infinite. 

13. The preceding results prove: 

Theorem. There exist bases for all the types of cycles intro¬ 
duced and related homologies. The base is infinite for Type I, 
semi-infinite of the first land for Type II, of the second hind 
for Type III when the cycles are infinite, semi-finite for the 

same three types when the cycles are finite. 

Remark. A base for ordinary linear dependence and all 

subchains is obtained by adding to anyone of the preceding 
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bases a certain set {J),} consisting of cycles ^0, and also 
the set of all cells { E l p } not first cells of cycles of 9)i, whether 
relatively to all cells ordered in a specific way or only to 
a certain subset {E l p a } , as the case may be. An important 
property is that the A’s may always he chosen finite. For an 

infinite A is a linear combination of finite J's. one of which 

/ 

will have the same first cell, and hence can take its place 


in (4). 

14. Product of two infinite complexes. The results 
of qualitative nature obtained in Ch. V, are extended 
without difficulty. The question of the base and the 
relations between the Betti numbers require further con¬ 
sideration. 

We shall use the notations of Ch. V, § 3. except that the 
A’s are now ideal elements and no manifold conditions are 
imposed. It is more in keeping with the question to call A, A' 
the total ideal elements of K, A", reserving A for the total 
ideal element of KxK'. We shall denote the analogues of 
N‘, ■■■ for K' by N' 1 , .... Then A = [K x + 9T x A"}. 
It has for closed subset A 1 = {A x W" + iV* x A'}, its 
complement being A* = si — 


i 1 


Let {r«} be the base for the //-cycles of K —A 2 mod A 1 , 
obtained in the preceding numbers, and merely rewritten as 
a single ordered sequence. As a by-product of the con¬ 
struction of the minimum base, we have a sequence {J^} of 
boundaries of finite (// + l)-subchains, which is a maximal 
linearly independent set for the cycles of type A. To have 
a base for all //-subchains and ordinary linear dependence, 
we merely have to add to {Ai}, {A‘ u }, the set {A^} of all 
Zt-cells which are not first cells of -a A or A. The same 

configurations for K' are designated by the same symbols 
with accents. 

15. Since no //-cell of K is found in more than a finite 

number of the elements r, A, E, and similarly for AT', no 

cell of A x A' is found in more than a finite number of the 
elements 



a;x 


r'J 


r l x A'J, ... El x E'J. 
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Hence every linear combination with rational coefficients of 
those for which // + v — h , is a proper /j-subchain of Kx K'. 
On the other hand, since every //-cell of K is a linear com¬ 
bination of the elements r uy A u , E Uy and similarly for the 
r-cells of K\ every li- cell oiKxK' is a linear combination 
of the product elements of dimension h. Since the factor 
elements of a given dimension are linearly independent, this 
is also the case for the product elements. Therefore these 
product elements constitute a base for all /j-subchains of 
KxK ' and linear dependence. 

Let then yk be an /*-cycle on KxK' — A 2 mod^/ 1 . We 
first reduce it to a subcycle and continue to call the latter yn> 
According to the above, 

(13) n = 2 f’u X r' h l fl + ... + Ej, X Ekift , 

where we have nine sums corresponding to the same number 
of types of product elements. To simplify we have omitted 
the coefficients throughout. 

We observe first that, since the cycles A, A' are boundaries 
of finite chains, we can choose for their bases some of the 
cycles A\ t = F(Ep+i), 4j£ = E(E/U i). Next, it is easy to 
show that the F 9 s and A's may be so chosen that the first 
cell of the set [Ejf} of No. 12 associated with any one A 
is found in no other A and in no F, and similarly for the 
cycles r' y A'. Hence if CxC' is any term in one of the 
sums in (13) with C or C a A t some point A x A', ACIC, 
A'dC'y will actually be a point of yn. As a consequence, 
if we pick out any group of terms such as just considered 
in (13) the chain which is their sum can only be infinite 
on A 1 like yn itself. 

Referring now to the boundary formula (6) of Ch. V we 
find: (a) Since F{E ), F(E') are linear combinations of a finite 
number of cycles A f A', the boundaries of the terms ExE' 
in (13) do not cancel out, as they must since yh is a cycle. 
Therefore these terms are altogether absent in (13). (b) Owing 
to the form of Yh, and in view of the remark made above 
concerning the infinite parts of its subchains, the terms with 
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one factor a A and the other a r or J, make up a C h which 
is the boundary of a Ch+i infinite on A 1 , and hence Ch ^ 0 
mod^ 1 on KxK' — A 2 . Therefore tlie terms in question 
may be suppressed in (13) with ^ in place of =. (c) For 

similar reasons, and in view of the relations 

ExE'^ExA'±Ax E' « 0, 


we may replace all terms E x A' by terms AxE'. 

Owing to these properties then, yn is homologous to a similar 
cycle in whose expression there are only terms rxf, rxE', 
ExT and AxE'. The consideration of the boundaries shows 
however that the sum of the boundaries of the terms AxE' 
must be =0. Hence, if the reduced yu contains a term 
A' x^ tj Eh-p , its boundary must be =0, and therefore 
Z,tjE)i-n must be a cycle of K '. But that cycle must have 
its infinite part on L 1 . Hence it is a cycle on K—IJ mod L\ 
which is excluded since every cycle of that nature is a linear 
combination of cycles F, A. Thus there are no terms AxE'. 
We can show similarly that there are no terms rxE', ExF'. 
Therefore the reduced cycle includes only terms F x F', or 
explicitly, 

(14) yh tij F^x F/jLp mod A 1 on K x K' — A 2 . 


Let K\ O l be as before and K'\ O n 


the same for K'. 


The assumption y h ~ 0 implies dependence of the products 
of the cuts of the cycles on K l xK' 1 mod A" x O n ® l x K'. 


Dependence of the latter, on the other hand is reducible to 


dependence of such products on a product of finite complexes, 
whereas we already know by Ch. V, No. 28, that independence 
of the factors implies that of the products. Hence the cycles 
F^x r/tCp are independent. 

As the elements of {rjxr^) are independent, and each 
cycle of KxK’—A 2 mod A 1 is expressible in terms of them 


in the form (14), the set is a base for the cycles of this 
type. Thus the base is obtained in the present instance as 
in Ch. V, No. 28, regardless of whether the Betti numbers 


are finite or not. As a consequence, formula (26), Ch.V, holds 
here also. 



310 


TOPOLOGY 


The same results are now readily deduced for the cycles 

of dual type. For let n be a cycle of KxK' — s/ 1 modxf*. 

• • 

There is a K l x K /l ZD Yu* Hence by the result just proved, 
applied to K l xK'\ yn depends upon the products of infinite 
cycles on K l xK' 1 , and hence upon the products of cycles 
of the bases for K — i) mod// and K' —A' 1 mod A'“. A similar 
reasoning shows that the latter products are independent and 
hence those of dimension h constitute a base for the cycles yn- 
16. The preceding choice of complementary ideal sets A\ A 2 , 
is the analogue of the choice of such sets in Cli.V, No. 26. 
Another one more important for the applications, is the 
less symmetrical choice similar to that of Cli.V, No. 29. This 
time A, A' are replaced by the total ideal elements A, A' 
of AZ A'; we take^/ 1 = {A'x s Ji"}, which might be designated 
as Kx)J , and, as before, si* = si — A 1 . The reasoning is 

exactly the same as above with the following interpretation 

• • 

of the elements: The cycles /’/<, -41, are cycles of K —A 
(finite cycles of /v), the corresponding accented cycles those 
of K' mod A' (infinite cycles of A"). The result is again as 
before. We have then proved 

Theorem. When si 1 is one of the two ideal sets 
{K x N' 1 N* x A"'}, {A' x 9t'*} and A 2 is its complement , 
the bases for K x K r — si 1 mod si-* are obtained as in the similar 
situations of Ch. V. 


17. Application of ideal elements. We now return to 
the single infinite complex A\ so that A, L\ L 2 are again as 
in No. 5. 

A case of great importance in the applications is when K is an 
open subset of a compact metric space St. With each ideal elem¬ 
ent L there is associated a unique closed set l CL St — K — A, 
the total ideal element si being now the closed set A, that 
is the complement of K relatively to il. Let A 1 correspond 
to Z 1 ; then If corresponds to A — l l = / 2 , and the infinite chains 
on K — L i are actual chains on the set it — /*, and similarly 
for the cycles. In the calculation of the homology characters 
an important observation is to be made: In considering the 
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cycles on St —Z 2 mod If we may take in only the finite cycles, 
or else all the cycles. Accordingly as ice do the one or the other , 
we may obtain different values for the homology characters. 

Let for example C p be a finite chain on $ — l*. We may 
apply the deformation theorem to the part of the chain on K , 
and if C p has points on V that will automatically turn C p 
into an infinite subchain of A"—A 2 mod A 1 . However there 
may exist infinite chains of the same type not derived from 
any finite chain, and the cycles of such nature may affect 
the Betti numbers as mentioned above. 

It will be understood that in all similar cases ice agree to 
take the largest class open to our choice. Here then all the 
cycles are to be included. 

When A, V and S? are locally connected, the finite and 
infinite chains give rise to the same homology character's. For 
in that case, if {A 72 } = A 1 , and C p is the cut of any infinite 
cycle C lt on St — / 2 by an N*, i sufficiently large, C v — C p 
can be deformed onto l\ and C’ v into a finite cycle on 
St — l 2 mod l l . By considerations similar to those of Ch. II, 
§ 5, we may then show that the finite cycles can take the 
place of the infinite cycles, without affecting the homologies 
between them, and similarly with l l and l 2 interchanged. 

18. Application to finite complexes. In the preceding 
chapters the central configuration under discussion has been 
practically throughout an open set A—A, difference between 
the closed complex A and its closed subcomplex A. As we 
have observed on several occasions, A might as well have 
been replaced by any closed polyhedral configuration on A. 
The theory developed has then been the topology of open 
complexes, or open polyhedral sets. The infinite complex 
enables us to extend most of it to the case where A is any 

closed subset of A, that is to arbitrary open subsets of 
a finite complex. 


Let indeed the St of the preceding number be a finite 

n-complex, with A as a closed subset. Let St* be the it h 

derived of ft, (ft 0 = ft), the ^'-neighborhood of A. Then 
the infinite complex 
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K = $ — 9i° + 2^ (W — 9l 1+1 ) 

coincides with St — A. If Z 1 is a closed subset of A, and 
Z 2 = A — Z\ the results of the preceding numbers are directly 
applicable here. 

In various parts of Chs. II, V, we have obtained a number 
of propositions regarding a finite complex and certain subsets 
L , L\ L 2 restricted at the time to subcomplexes. What we 
have just said implies the extension to similarly rela ted arbitrary 
closed sets , of the part or all of these propositions in which ~ 
alone enters. As an example, the theorems of invariance of 
Ch. II, § 5, hold for a perfectly arbitrary open subset A"— L 
of a complex K . The infinite complex appears to be the ideal 
tool for all extensions of the properties of A"—L, A a sub¬ 
complex, to the same with L an arbitrary closed set on K . 

The power of the method is perhaps well illustrated by the 
proofs which it yields for Brouwer s theorem on invariance of 
dimensionality. To avoid special considerations of boundaries, 
we will take for SR a region on an (ordinary) ? 2 -sphere H n . 
Then A = H n — 9? is closed, and we can construct an infinite 
complex K coincident with 9i. If K' is a maximal connected 
part of A", it is a circuit mod A, and hence coincides with an 
n-cycle mod (A, 2). The number of such circuits is B n (K\ A, 2), 
since no two have any points in common. Since all cycles 
of dimension n + i are ^ to subcycles of K mod A, all numbers 
R n +i(K ; A, 2) vanish. Hence n is the largest p such that 
R P (K\ A, 2)^0, and A n (A"; A, 2) is the number of connected parts 
whose sum is s Jt. Owing to the invariance of the Betti numbers 
of the infinite complex mod its total ideal set, if 9t and 9?' 
are homeomorphic them dimensions are the same. 

§ 3. Infinite Manifolds and their Duality Theory 

19. Infinite n-manifolds, (n finite), are defined as in the 
finite case. We propose to extend to them as much as possible 
of the theory of finite manifolds, and in particular to prove 
the duality relations for the Betti numbers mod ideal elements. 
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On the qualitative side there is nothing new. In particular the 
theory of cycle intersections goes through without modification. 
We may take advantage of the generalized polyhedral inter¬ 
sections of Ch. IV, § 6, and define the more general type by 
means of these. The treatment of Ch. IV, §§ 3, 4, is appli¬ 
cable with unimportant modifications, mostly in the nature of 
replacing distance conditions by neighborhood conditions. The 
intersecting chains are now subjected to the restriction that 
they do not meet each other’s boundaries on K. As a con¬ 
sequence, the proposition of Ch. IV, No. 29, is replaced by 
the following: Owing to the restriction on the boundaries, 
and in the notations loc. cit., the fundamental complex K may 
be so chosen that if G p , C q are respectively deformed over their 
K- and ^-neighborhoods, into C“ • C*“, all cycles ('“. C* a 
thus obtained, are homologous on s Ji. The rest of the treat¬ 
ment is similarly modified, wherever necessary, and the results 
are as in Ch. IV. 

Regarding (C p • C n -p), it is to be observed that the number 

of isolated intersections and the index may be infinite. 

%/ 

For the sake of clearness, whenever we have cycles of two 
dual types, we shall designate the cycles of one type by A, 
say those of A" — A 1 mod A 2 , the cycles of the other type 
by G . Then / or G ~ 0, will be understood in each case 
in the sense appropriate for the type. Thus, for the G just 
considered, it is mod A 1 on K —A 2 . 

As regards all indices ( l ' p • G n - P ), it is to be observed that 
they are always finite. For there exists in every case a readily 
detected submanifold M of K carrying one of the two cycles, 
and which meets only a finite number of cells of the other, 
hence their intersection is as if they were finite chains on 
a finite manifold. 

We shall establish the following propositions, in which the 
two dual types are as in § 2, relatively to a pair of com¬ 
plementary ideal elements A 1 , A 2 with A 1 closed. They con¬ 
stitute further extensions of the intersection theorems of 
Ch.IV, §2, (Poincare-Veblen-Weyl), and of the duality relations 
for the Betti numbers (Ch. III). 
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Theorem I. In order that one of the cycles T p , G n - P ~ 0, 
it is necessary and sufficient that 


(15) (r p • G n - P ) = 0 

whatever the other cycle. 

Theorem II. The bases {T p ), { Gn — P } may be so chosen that 

( 16 ) (r“.oLp) = daft. 

The cycles T v , G n - P have then the representations 



From the representations follows: 

Theorem III. When the base { Gn - P } is totally infinite, 
(general case), there exists a G n - P such that the indices(I p • G n — P ) 
have arbitrarily assigned values , and similarly for the cycles T v . 
When the bases are semi-finite or semi-infinite, the choice of 
indices is arbitrary only in so far as the resulting represen¬ 
tations (17) are of the type demanded by the bases. 

As an example if {Qn— P } is semi-finite we can assign 
arbitrarily a finite number of indices ( T a • G ), but the rest 
must be zero. 

As a consequence of the pairing off of the cycles of the 
bases we have: 

Theorem IV. Fundamental duality relation fw the Betti 
numbers: 

(18) R P ( K—LL 2 ) = R n -p (K — 1?\ L 1 ). 


In particular when L l = ^/, L 2 = 0, 


(10) R P (K — yf) = R n — P {K\A). 

Formula (19) is the duality relation for the finite and in¬ 
finite cj r cles as the associated dual types. It extends (9) 
of Ch. III. 

Theorem V. The numbers r of Ch. Ill satisfy 

r p (K — A) = r n - P {K — A). 


( 20 ) 
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Theorem VI. The preceding propositions hold alien any one 
of the ideal elements V , A is increased by a subcomplex L 
of K whose infinite part , if it has one , is on that element. 

The addition of L does not appreciably modify the proofs, 
so that this proposition need not be considered separately. 
It is stated explicitly in view of an important application later. 

Referring to Nos. 17, 18, 19, we can translate our theorems 
into theorems on certain compact spaces, and in particular on 
manifolds K —A, where K is a finite complex and A an 
arbitrary closed subset of K. They imply: 

Theorem VII. The intersection properties of Ch. IV. §2, 
in particular the extended theorem of Poincare-Yeblen-'Weyl, 
likewise the duality relations for the Betti numbers given in 
Ch. Ill (formulas (7). (20)), are valid when the sets L> IT 
are arbitrary closed sets oti K , with L l \ L. 

The best definition of the manifold K — A is that when 
K —A is turned into an infinite complex, as in No. 18, the 
latter is a manifold. It implies that every cell of a sub¬ 
division of K which is on K —A is regular for that sub¬ 
division. The invariance of the manifold conditions (Ch. Ill 
§ 4) shows then that the definition does not depend upon 
the particular mode of constructing the infinite complex. 

As the sequence of our propositions shows the proof of the 
fundamental duality relation rests on the extended Poincare- 
Veblen-Weyl theorem—a reversion to Poincare’s first attempted 
proof of his own duality theorem. In this we are in agreement 
with all recently published proofs of extended duality relations, 
notably our own [9, 12, 14], those of Alexandroff [6, 10], 
Pontrjagin [1]. Frankl [1], Van Ivampen [1, 3], exception being 
made however for Alexander’s proof of his duality relation [8] 
(the first beyond Poincare’s), and its extension by Alexan¬ 
droff [8]. 


I am advised by Alexander that he has developed the 
duality theory for a closed subset of S r and its residual set, 
likewise for a closed subset of a Hilbert parallelotope. I take 
this occasion to state that we have both worked entirely 

independently. 
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20. The crux of the whole question, is the proof of 
Theorems I, II. Almost all the difficulties are already found 
in the treatment of an analogous but somewhat simpler case, 
which we have to take up as a preliminary step. It refers 
to a manifold K —X, X a subcomplex of K , the dual types 
being the cycles G n - P of K —X mod A (infinite cycles of 
K —X), and r p of K—A mod X (finite cycles of K mod X). 
The first three propositions of No. 19 hold for them and 
will be proved together. After that the theorems for the 
case that interests us primarily will offer very little difficulty. 

Let here K' = K —9i*, and let W 1 be the sum of the cells 
of the boundary O l of 91* not on X, and -0* the subcomplex 
common to X and K\ The complex K 1 is finite and closed, 
with S2*, S2 i as closed subcomplexes, and K l — l I Ji — & 
is a manifold. 

The same argument as in Ch. IV No. 39, shows that the 
condition in Th. I, is necessary in order that X or G 0, 
and its sufficiency alone needs to be proved. 

Let then (15) hold for a fixed G n - P and arbitrary r p . The 
cut Cn-p of G by l l jl is a cycle of K l — S2 l mod l P l . Any 
j>-cycle of K l — l l si mod S2* is a r p and since it intersects G 
only on Ch - P , 

(r.x 0 = ( r.G) = 0. 

Hence (Ch. IV, No. 17), 

C l ~ 0 mod l P i on K* — S2 l , 

for every i, and therefore (? f^O. Thus the condition in Th. I 
is sufficient to make G sz 0. 

21. It is much more difficult to derive the same result for 
X, and we can obtain it only in a roundabout way after 
proving Th. II. 

Consider then a base {X^} obtained as in No. 10, but with 
K i replaced by K l — O*', as described in No. 11, Remaik, 
and let us construct the other base so as to satisfy (16). 

From No. 11 and the same Remark follows that if {X/} 
is a base for K *— l V l mod S2 l , 

r}f ^ X/, 


( 21 ) 
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where the only numbers t ^ 0 are those for which / ,£ C K l — liJ \ 
and the homologies are mod L on K — /, as for all cycles 

It follows from Ch. IV, Nos. 20, 39 (Tli. Ill for finite com- 

• • • • 

plexes), that there exists a cycle ('h- P , of K‘ — S>’ mod l l J \ 
such that 

( 22 ) (if.C'Lp) = t% ( . 


Let then r p _K l — <7 /J . We shall have 

(23) r p r^f mod ii' on K l — l I J \ 

(24) r p ^ ^ y £ r p , 

where by No. 11, ye = 0 when r p Cjl K l — l I J \ Thus the 
homologies (21), (23), (24) involve only a finite number of 
cycles throughout. In fact, they are homologies between 
finite chains on some finite complex. We can therefore eli¬ 
minate the cycles rtf between (21) and (23), the latter being 
taken mod L on K — st, which is weaker than mod S2* on 
K l — WK As a consequence, we find 

(25) r I> ^'Zx ? t% r‘. 

Since {/^} is a base, the expression of every r p in terms of 
it is unique. Therefore the coefficients in (24) and (25) must 
be the same, or 

( 26 ) = y £ . 

But from (22) and (23) we find 

(27) • cL P ) =2>/J 4* = y«, 

and in particular 

(27') (rf-CLp) = 

As the index (27) is independent of i provided that 
r p d K l — l I /i , we may replace in it i by i + 1. But if D n - V 
is the cut of C'n- P by */ yl , it includes all intersections of Ch- l p 
and r p . Hence 

(r P ■ JJn- P ) = (r p ■ citi) = yu. 
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From this follows that Ch- p — D„- p , which is a cycle of 
K l — S2 l mod l I /l , has the property that 

<T. C 1 — D) - 0, 

whatever the cycle r of K ‘— W' mod -Q*. By Ch. IV, No. 17 
(Th. I for finite complexes), 

Cu - P — D n - P RJ 0 mod tP* on K l — S2\ 

There exists then a subchain D' n - P of W 1 , which is also 
a subchain of 91'—9B +1 — L, such that 

Cn-J ,— Dn- P ~ D'n-p on K ‘— Si\ 

Therefore 

dt), RJ ci-p + (dt), - Dn- P - D'n-p) on K i+1 - S2 i+ \ 

Consequently we can replace C/i-J? by the chain at the right, 
and (22) will continue to hold with Ch— P replaced by Cn- P . 
Let Dn—p denote the chain in parenthesis, which is a subchain 
of — 9l* +1 — L, and let li be the least integer such that 
K h — vS 1 r*. We will now construct Ch- P for every i as 
follows: (a) For i < h we take Ch- P = 0. This is in ac- 
cordance with (22), since the numbers are then all zero, 
(b) For i > h we take 

cL-p = cL P + dL p . 

Since D\- p d & — 9i ,+1 , W 1+1 d only two consecutive D 's 
intersect. Hence 

Gn- P = Cn— P + Dn-p 

i = h 

represents a proper subchain of K — L , for when it is written 
as a linear combination of the cells of K , all coefficients 
are finite. Furthermore, since the cut Cn- P has no boundary 
cells on K 1 ” 1 , Gn- P has none whatever on K — L , hence it 
is properly a cycle of type G. Finally the D s do not 
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meet F py since they are separated on K by the boundary of 
some From this and (27') follows 

(r/ . Gn-i) = (r/ . Cn-p) = dap, 

which is (16). Similarly from (27) we have 

(28) (r p . Gn- P ) = y a . 

Now if there is at least one ^ 0, and therefore 

at least one index (F-GO^O. This is the part of Th. I 
which was still left unproved for the present dual types r, G. 

22. The sets {/^}, \Gn- P ) satisfy then (16), and the first 
is a base by assumption. It is easy to show that this holds 
likewise for the second. In the first place, by construc¬ 
tion Gn- P has cells on K l only for i above a certain value; 
hence any cell of K occurs in at most a finite number of 
cycles Gn- P . As a consequence ^y n 0“-^ is a G whatever 
the rational numbers y. Let now G n - P be arbitrary. We 
first reduce it to a subcycle, still to be called G n - P . Since 
every /'“ is on some K\ and the cut of G by O l (its part 
on K 0 is finite, the indices (f“ • G) are all finite. Therefore 


r*9 

^ n—p 



is a G. Now any particular rP intersects G, G\ and the 

cycles G a which it meets, on a finite submanifold of K , and 

it meets only a finite number of the cycles G a . It follows 
that 

(r P ■ G'n-p) = (/'/ • Gn- P ) - 2 ( 0 “ • Oh-p) (/'/ • (?“-„) = 0 , 


and hence (/'. G r ) = 0 for every r, since each a linear 
combination of a finite number of cycles r a . By Th. I then, 
already proved, G' % 0; consequently G is representable in 
the form (17). If a linear combination of the cycles G“ is 
we find, by means of Th. I, that every coefficient = 0, hence 
the cycles G“ are independent, and {G*-p) is a base. 

To complete the proof of Th. II, all that remains to be 
done, is to show that every r admits of the representation (17). 
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But that is implied by the fact that the coefficients y of the 
representation (24) satisfy (28). 

Thus Theorems I, II are completely established in the 
present instance and therefore Theorems m, IV follow as 

in No. 19. We have, of course, in place of (18), the duality 
relation 

(29) R p {K — st \ L) = R n _ p ( K— L ; A) . 


23. The ground is now prepared for the theorems of No. 19 
concerning the cycles r of K—L 1 modi 2 and their dual 
type O, the cycles of K—L 2 modi 1 . We will set here 
K l — K — N\ O' = the boundary of N', so that K { — O' is 
a manifold. 

The necessity of the condition in Th. I is established, as 
regards a fixed G n - P , in the same manner as in Ch. IV. For 
if G n —p ~ 0, it bounds a C n - P +i which meets r on some 
finite submanifold of K. Since r is an infinite cycle, (20) of 
Ch. IV holds and hence (15) is verified. Conversely, let (15) 
hold for a fixed G and arbitrary r. Then, if Ch— P is the cut 
of G by CD 1 , (r . C l ) — 0 for every r d —CD 1 ’. Hence 
by Th. I, proved for the dual cycles of No. 20, applied to 
K l — CD*, 

Cn-p ~ 0 mod CD* on K l — L 2 . 


Since this is true for every Thus Th. I is com¬ 

pletely proved for a fixed G. 

24. When r p is the fixed cycle the proofs are here also 
more difficult. Let K * be the dual of K constructed as in 
Ch. Ill, and let us reduce r p as usual to a subcycle of K, 
but G n -p to a subcycle G n - P of K . 

Supposing now we will take advantage of the 

fact that some K l — O i ZDT p . By (9), and in its notations, 


(30) 


p 


2 yjp Ap 1 *. 


Now any jp-cell of K l belongs at most to a finite number 
of 4’s. Furthermore Gn- P has only a finite number of cells 
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with points on KK Hence G* meets at most a finite number 
of cells of r, or cycles 4#, present in (30). As a consequence, 
if we substitute for /’, G *, and the J’s, their expressions in 
terms of the cells of K or A"*, we verify directly the relation 

(r.G*) 

Hence (/’• G *) = 0 if 

(31) (AJP.G*) = 0. 

But every A is either 0 modi, 2 on some K' 1 — O' 1 , or else 
it is a linear combination of J’s of that type. By repeating 
the argument everything is reduced to proving that (J.(?*) = 0, 
when J 0 modi 2 on some K h — O h . But if 



O h 



C 


p +1 



Cp +1 and G*-p intersect on some finite submanifold of K\ 
hence the intersection properties of Ch. IV, § 1 hold, and in 
particular, formula (20) of that chapter is verified. It follows 
(A.G*) = 0, and hence (r. G*) = 0 = (r.G), that is (15) 
holds. In other words r?sO implies (15) whatever G, or 

the condition of Th. I is also necessary when r is the fixed 
cycle. 

25. From this point on the treatment is practically as in No. 21. 
We construct the bases {/’*“}, { rtf }, by means of a fixed 
numbering of the p-cells of K. We have again (21), (23), (24). 
Here also in (21) only those coefficients t are ^ 0 for which 
r p CX 1 -®', Furthermore by No. 11, for a given e, $ e = 0 
when /3 exceeds a certain value. On the strength of this we 
justify passing from (23) to (27) as follows: Owing to the 
property of the V s the coefficients in (27) are all finite. Hence 
(25) represents a true r p C K*. Since each jj-cell of K occurs 
only in a finite number of cycles r“ r*, from the expressions 
of the cycles r“ in terms of the cells, together with (21) 
and (23), we can compute the coefficient of any one cell 
at the right in (23) and in (25), and we find the same co¬ 
efficient in both. Therefore (23) and (25) represent the same 
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jp-cycle. The rest is exactly as before, except that in place 
of Theorems I, II, III for finite complexes we must apply the 
same theorems for the infinite manifold K—L of No. 21. 
Our Theorems I, II, III of Nr. 19 are therefore completely 
proved. 

26. Regarding Th. V (formula (20)), a proof of a similar 
nature might be used, but actually it may be obtained by 
a mild modification of Poincare's matrix proof of the duality 
relations for finite absolute manifolds, which we will not 
take up here. As for Th. VII, it is a direct consequence 
of the considerations of Nos. 16, 17, 18. 

Remark. The chief difficulty offered by the basic case just 
considered arises from the more general homology condition (d') 
of No. 5. On the other hand, the primary justification for 
this condition, is that it is the most general condition which 
preserves the fundamental property: (/'• G) = 0 when /’~ 0. 

27. Formulas for coincidences and fixed points. 
The machinery is now all set up for extending the formulas 
for the coincidences and fixed points of Ch. VI to trans¬ 
formations of infinite manifolds when the Z7s of Ch. VI are 
two complementary ideal elements, and similarly for si 1 , si* 
and K x K'. When the Betti numbers are all finite, so are 
the matrices ctP, , and the fundamental formula (22) holds. 

Suppose that some or all the Betti numbers are infinite. 
With arbitrary bases we are unable to carry through the 
computations of Ch. VI, No. 21, since we do not know how 
to find the inverse of an arbitrarv infinite matrix. We have 
shown however how to construct associated pairs of bases 
satisfying (16), and hence such that ct p = 1, $ p = 1 • This 
time the computation goes through, and we obtain (23) of 
Ch. VI. This is then the formula to be used for infinite 
manifolds. 

The resulting fixed point formulas (28), (29) of Chap. VI, 
also hold here, and by passing from the special bases to 
arbitrary bases, it is easily verified that they hold regardless 
of the bases chosen. Here however we are not at liberty 
to introduce a modified identity, and we can only apply 
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(29), Ch. VI. to a transformation T ib and (28), Ch. VI, to a T lc . 

In particular (29) gives the number of signed fixed points of 

a single-valued transformation of K into a finite subset of 
itself. 

Referring to No. 18, we have 

Theorem. The formulas (23), (28), (22) of Ch. VI, for 
coincidences and fixed points hold when the L’s are arbitrary 
closed subsets of finite complexes K, A", with K — L, K' — L' 
manifolds, and A 1 Cl A, A' 1 Cl A'. 

Thus (28) gives the number of signed fixed points of 
a single-valued transformation T of an arbitrary open sub- 
set A of a finite complex K , when A is a manifold, in case 
T-ACf A. The generality of these results need not be 
emphasized. \\ e still have left the extension of the results 
of Ch. VI, §7, but it demands a study of the cycles and 
homology characters of general metric spaces, and this 
constitutes our next topic. 

28. Conclusion. Referring to No. 18, and taking into 
account what we have obtained since, we have this: In all 
questions regarding a finite K and its closed subsets A, A 1 , 
(A C L 1 ) treated in the previous chapters, all restrictions 
concerning the A’s may be dropped provided the field is 
lestricted to homologies Thus the minimum base must 
be replaced by the base, torsion disappears, etc. On the 
other hand, there is but little weakening of the fundamental 
formulas for coincidences and fixed points. 


§ 4. Compact Metric Spaces and their Homology 

Characters 

29 Theorem. Every compact metric space A has a homeo- 
morph on the Hilbert space parallelotope 


0 5S Xi < ~ 

l 



1 , 2 , 


+ 


This fundamental theorem was first proved by Urysohn [1 21 
in his work on metrisation. He actually proved it for all 
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separable metric spaces but in the case of compact spaces 
it can be established very quickly. See on this question 
Chittenden [1]. 

Since L is also separable there exists on it an everywhere 
dense enumerable set of points [P'}, i— 1, 2, • ••, + oo. If 
P is any point of the space we will set 


Xi(P) = 


L d ( p. pi ) 

i i + d{p, po 


and call Q the point of £> whose coordinates are Xi{P). 

Let 2 be the subset of .£> consisting of all points Q thus 
obtained. To every P of L corresponds a unique Q of 2. 
Conversely given Q on 2 there is at least one corresponding 
point P and there can be only one, for if P' were any other 
we would have d(P, P l ) = d{P', P l ), and since {P ! } is 
everywhere dense on L, this can only occur if P=P'. 
Thus we pass from L to 2 by a transformation T which is 
one-to-one. From the difinition of distance it follows readily 
that d(P, P ! ) is a continuous function of P, hence T is 
continuous. Since L is compact, by a well known theorem 
in real variables T -1 is likewise continuous, hence T is 
a homeomorphism, and the proof of the theorem is complete. 

From this point on we identify L with its image 2, i. e. 
take L on •£>. 

It may be observed that in the present section & plays 
merely the role of background. We could very well dispense 
with it, and reason directly on L, after the manner of \ ie- 
toris [1], or Alexandroff [10], but by making use of the 
elementary linear properties of £>, we shall be able to proceed 

more speedily. 

30. We understand by an infinite p-chain, C p , on L, an 
infinite chain on §, with simplicial, convex or other cells, 



such that the diameter and distance of E p from L on $ tend 

both to zero with 4 -. If F{C P ) is a finite chain, C P is said 

l 
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to define a {p — \)-cycle, y P -i, on L. When C p differs from 
an F(C P + 1 ) by a finite chain, we write on L. Further¬ 

more, every finite 71 -cycle defines a (p — l)-cycle saO on i. 
We add the condition that every infinite sum of finite cycles 
which is an infinite 71 -chain on L, likewise defines a 
on L. This is entirely analogous to the condition (d') of 
No. 5 for infinite cycles on an infinite complex. 

Since we have cycles and homologies between them, we 
have a definition for the Betti numbers of L. It follows 
from our definitions that in the homology theory we may 
consider solely simplicial chains with vertices strictly on L, 
the more general type having been introduced more as a 
matter of convenience than anything else. Hence if Z,, L' are 
two homeomorphic compact metric spaces which are both on §, 
the p-cycles on L, L' are in one to one correspondence with 
preservation of the homologies between them. Therefore the 
associated Betti numbers are the same. Hence they are 
topological invariants of L. 


Remark. There is considerable latitude in the definition 
of the homology characters. Thus, if we consider only integral 
chains, we have one type, whereas rational chains yield an¬ 
other. The proper choice to be made, is the one which yields 
a theory in closest analogy with the known invariant theory 
of complexes. Thus here we take rational chains, and not 
integral chains, for they are the type that enables us to ex¬ 
tend the duality and separation theorems of Ch. III. See in 
this regard our paper [14], 

? The operations of subdivision, section, deformation, on the 
Cp's, are to be understood in the same sense as for finite 
chains on an S r . The only criterion is that these operations 
transform an infinite chain on L into an infinite chain on L, 
and involve only infinite chains on L as deformation chains.’ 

31. A fundamental complex for L. We shall apply 
a most fruitful idea, recently introduced by Alexandroff [ 2 , 10 ] 
to obtain a fundamental infinite complex for L, to whose 
homology theory we shall reduce that of L. A concept similar 
to Alexandroffs was communicated to us several years ago 
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by Alexander, but it never appeared in print, and it is scarcely 
necessary to state that Alexandroff’s result was obtained in¬ 
dependently. 

The basis lies in the following immediate corollary of the 
Borel theorem: For any £>0, L is the sum of a finite 
number of open sets of diameter <ie. Denoting such a covering 
by {(?“}, a = 1 and putting F a = G a , we say that [F a ] 

is an e-covering of L\ e is called the mesh of the covering. 
A new covering {F* a } of mesh e can be constructed from { F a } 
as follows: - 

«—i 

F* 1 = F l \ F* tt = G a —G a Z Ft*. 

/» = ! 

Such a covering has the property that no two of the F*’s 
have an inner point in common. 

A covering {F*/*} is a subdivision of {F“}, if each F * is 
a subset of some F, and each F is a sum of F*’s. If [F a ] 
is an ^-covering of L, and {F*'*} is an ^-covering, there is 
a covering of L which is a subdivision of both {F a } and 
{F*/*}. Put G*P = G“ G*P, and then [F"P}, where F“P = G *fi, 
is the required covering. The mesh of the new covering is 
the least of the two numbers e t and e 2 . There may be con¬ 
structed, therefore, a sequence of coverings 2 ’* such that 
each is a subdivision of the preceding, no two sets of any 2 
have an inner point in common, and the mesh ** of 

decreases monotonely to zero with 4-. 

32. Let [F ia ] be the closed sets that make up 2 l . We 

shall choose points A* a , one for each F ia , at a distance <*i 

from it and in such an order that no A* precedes an A j when 

j -O’. Furthermore, if at any time we have already selected r 

of the points, the (r+l)st is to be so chosen that together 

they are the vertices of a non-degenerate o> on £>. All these 

conditions can manifestly be satisfied. We will now construct 

the simplex A ia • • • A*P, wherever F ia • • • F l P have at least 

one point in common. The set of all these simplexes includes 

the faces of any simplex of the set. Therefore, owing to the 
mode of selecting the points A ia , the sum of the simplexes 
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is a closed complex O' . The sequence {O’) was introduced by 
Alexandroff [10], who made a thorough study of its properties 
in relation to L. It constitutes the point of departure for 
the construction of our fundamental complex. 

We introduce with Alexandroff a mapping g, of O' on 0>~ l 
defined as follows: For each F ia we choose one F' 'A ZD F'" 
and have m map A'“ on ,4' _1 A. Owing to the construction 
of the O's, the vertices of any simplex of O' is mapped on 
those of a single simplex of O'- 1 . We extend to the 
complexes by making it barycentric. 

Suppose that by our procedure a p of 0‘ is mapped into a q 

of O'- 1 , and consider the segments joining corresponding- 

points. Their sum is a (^ + l)-cell which is not flat, called 

the joining cell of the two simplexes. By construction a p a q 

is a non-degenerate a t ,4 - ? +i which carries the joining cell and 

no two such o-’s intersect, nor do they meet the cells of 

the O’s. Hence the joining cells are non-singular and no 

two intersect. As any face of a joining cell is a joining cell 

or else a cell of a O, the sum of the O’s plus the joining 

cells is a complex, which is our fundamental infinite complex K 
for L. 

33. We shall assume that {-'} begins with 2° and call 

the initial complex O instead of O 0 . The sum of the cells 

of K consisting of all Oi’s, j>i, the cells joining them, 

and also O' to O l+1 , will be designated by A‘, (N° = K). 

It is an infinite open subcomplex of K whose boundary is O'. 

and {A Tt } defines the total ideal element of K. On § we 

havej:= A + L so that I is a closed subset of the closed 

set K. The sets {IV*} constitute a sequence of sets, open 

in K, whose closures in <q have for common part precisely. 

L, so that in a sense L may be identified here with the 
total ideal element of K. 

An important property of K, evident from the construction 
of the joining cells, is that through every point P of N' there 
passes a unique arc projecting it onto any OJ, j < i. it i s 
a sum of the segments that arise in the construction of the 
joining cells one of which, PQ passes through P, projecting 
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it on Q of a certain O h 9 k ^ i 9 the next one projecting Q 
onto O h ~ 1 9 etc. 

Remark. As we shall not utilize the internal properties 
of the cells of A, the fact that they are not flat does not 
matter. However if it be desired to have simplicial cells, 
all that is necessary is to replace yt by a succession of bary- 
centric deformations into intermediary complexes each of 
which has one vertex not belonging to its predecessor, the 
first being <Z>* and the last CD*- 1 . 

34. Deformation Theorem. Every infinite chain on the 
compact metric space L is reducible by subdivion , section , 
deformation to a subchain of the fundamental complex K. 

We shall need the following property of {2 i } y readily ob¬ 
tained by elementary metric considerations (Alexandroff [10]): 

For every 2 l there exists a di>0 tending to zero with 4-, 

such that if a simplicial E p , whose vertices are on A, is of 
diameter <Cdi, the sets F w which carry its vertices have 
a point in common. The cell E p will then be called proper 
for When it is proper for 2* it is also proper for any 
preceding 2. The number of improper cells for 2\ in any 
infinite chain on A, is always finite. 

By subdivision and deformation we reduce the initial chain 
to a simplicial chain with vertices on A, then discard all cells 
not proper for 2°. We can express the new chain in the form 

c P = 2 c}, 

where: (a) the chains C p are finite and no two have any 
common 79 -cells; (b) C p consists of all 7 >-cells of C p proper 
for 2° but not for 2 1 ; (c) C p , i> 0, consists of all p-cells 
proper for 2 i but not for 2 M y not found in its predecessors, 
plus all p-cells having a vertex in common with C p ~ . 

Any cell of C p can be put into one of three classes ac- 

• « 

cordingly as (a) its vertices are all on C p ~ ; (b) some but 
not all are on C p ~ x \ (c) none are on Cp'" 1 . 

Now it is an immediate consequence of the definition of 
proper cells, that C p can be mapped into a subchain of 
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of E p into two convex cells E 


" p " 
pi J ^p i 


each vertex B going over into a vertex A'“ whose F I,C ~Z)B. 
The mapping of the vertices of C\, thus obtained will be 
designated by A f . If a vertex B of C is common to C],~ l 
and Cp, it is not a vertex of any other C J P , hence it receives 
exactly two assignments by the A's, one by A,-—!, the other 
by ?.{. If E p . of C}, is of type (a) or (c), we leave the mapping 
of its vertices as fixed by /*_ i or A,-, respectively. 

Suppose now that E p is of type (b), so that E p = A 0 • • • 

• • • A' 1 B° . • • B r — a q a rj q -f- r+ 1 — Pi where & q includes all 
vertices also on C l p ~ l . Then we have unique simplexes A/_ x o (n 
of A 2 -or 7 , A/<7 r , XiG q o r of CD 1 , also a joining cell G of 
and ).i(Jq . We make a section of E p separating a q and a r and 
introducing new vertices on A-* B k . Such a section can 
always be made since the simplex E p is the join of a q and a r . 
As a consequence of the section there results a decomposition 

whose vertices are the 
A 's and P’s for the first, the P's and P's for the second. 
Map A j on , B k on ?uB k . P jk on A j for every k, 

then extend the mapping barycentrically to the cells E' and E" 
There results a mapping of E" into A a q a r , and E' into the 
joining cell G. The total mapping thus described is consistent 

This proves the theorem. 

35. Let Cp +1 be an infinite chain representing a p-cycle, y p > 
of />. By the preceding theorem we can reduce it to a sub¬ 
chain of K still representing a cycle ^ y p , and with a finite 
boundary F p . Let C^ i he the cut of C p +i by d*', and F l p 
its boundary on 0\ where / is sufficiently high to have 
Fp Cl K — jY 1 We can remove C£+i from C p +i without 
affecting y p . Then, by sliding the points of E p along the 
projecting lines of K, it can be deformed successively into 
subcycles of CD*- 1 , (Z)* -2 , . ••, ( D , and the resulting deformation 
is represented by a subchain C p \\ of K, under our very con¬ 
struction of K. As a consequence, y p will be represented by 
an infinite cycle of K mod<7>, l p+l = C— C i +C fi . 

Theorem. The two homologies y p ^ 0 on P, P p+1 0 mod O 
on K , are equivalent . 

The second homology implies the first by definition, 

whether T p+1 bounds an infinite C p + 2 , or is an 
infinite sum of such cycles or is a sum of finite cycles, each 


throughout C p 
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of the latter being ^Omod ©, as deformable along the pro¬ 
jecting lines of K onto 0. When the first holds, r p+1 may 
be a sum of finite cycles. By the observation just made each 
of these sa 0 mod O, hence likewise r p+1 % 0 mod ©. Suppose 
that r p+l is not such a sum or else r p+1 is an infinite 
sum of such cycles of the preceding type and we need mere¬ 
ly carry out the following argument for one of them. 
There exists then on L a C p + 2 -> r P+1 -f- a finite C v+1 . From 
the deformation theorem , we can reduce the new chains to 
subchains of K at the cost of replacing perhaps I' p+l by 
a homologous cycle mod ©, still to be called F p+U which is 

clearly permissible. Now for a certain *, and all chains 
being subchains, 




+ D p . )-i; 




Let D p + 2 be the deformation chain corresponding to sliding 
Dp+i along the projecting lines down to O. We have 



Dp+ 1 + C p +i 


C 


y'+i 


Hence 


7>+l 




/C 




But the last cycle is a finite cycle mod ® y hence reducible 
to ® by sliding it down along the projecting lines of K. 
It follows that it is ^ 0 mod ® y and so is /> H . 

COROLLARY. The homoloyy relations for the p-cycles of L 
ate the same as for the infinite (p -f -\)-cycles mod® of K. 
It follows, in particular } that there is a totally infinite base 
for the p-cycles of L (No. Id). 

36. The Vietoris cycles. The homology theory of L 
may be built up along somewhat different lines (Vietoris [1], 
Lefschetz [14]). We consider with Vietoris ^-chains and cycles 
on L. They are finite chains or cycles such that the dia¬ 
meters of their cells as well as their maximum distances from L 
are O. An *-cycle /' p is € ^ 0 if there exists an *-chain 
Cp+i-^Tp. A Vietoris cycle y p on L is a sequence {T p ) 
such that all cycles I' p whose i exceeds a certain value are 
^-homologous to one another. By definition y p ^ 0 whenever 
for every € the cycles r p whose i is large enough are e 
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From the deformation theorem applied to we infer 

that every Vietoris cycle can be represented by a secpience 
{rj,}, where rj, is a subcycle of O . Furthermore, the f-homo- 
logies between the r s can be replaced by bounding* relations 
for finite subchains on an X* whose i is large enough. 

We will now compare the two representations for the cycles 
on L. Let y p be a cycle under our previous definition, and 
r p +i its representative infinite cycle mod O . The notations 
being as before, we have 


1) 


;>-rl 


<7* 


^ P- T 1 


1 

V 


fi-Tl 

V 


% 0 on A T/ —A T * +1 


Since the cells of X 1 — W+ 1 tend to zero with 


1 


f 


I /’? I is: 
l 1 p< lb 


a Vietoris cycle. 

i/ 

Conversely, let {/’/,} be a Vietoris cycle already reduced to 
the type with /)) a subcycle of O'. We have boundary relations 


D 




r l 

1 V 


r i f 1 

1 P i 


where the D 's are again subchains, and D'CZ such that 
j increases indefinitely with i. By extending each 1) down 
along the projecting lines of A”, it is a simple matter to replace 
{/;,} by a cycle {-V'/j, A 1 ^ C such that the corresponding 



is on A 


r h t 


N h ‘+' 


Then 




is a cycle mod O associated in the same manner as pre¬ 
viously with a Vietoris cycle {A) t ), A^dO 1 , having {d^} as 
a subsequence. From this follows readily that both define 
Vietoris cycles homologous on L. 

37. We have thus paired off the two types of representations of 
cycles of L, in such manner that with every r p + 1 mod O de¬ 
fining a cycle y v on A, there is associated the Vietoris cycle 
i r p) consisting of the parts of the boundaries of its cuts 
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on the complexes © f . This pairing off associates with one 
another the representations of arbitrary linear combinations 
of any given set of cycles. To show that the resulting 
homology theories are the same, it is sufficient to prove the 
Theorem. Let /p+i be a cycle mod O representing y p of L 
in the sense previously defined, {r l p } the associated Vietoris cycle . 
The two homologies T p + 1 ~ 0 mod CP, {/j} ~ 0, are equivalent. 

it 1 ® r p+i is a finite or infinite 

sum of bounding cycles any one of which can replace- it in 

the argument. For such a cycle we have immediately a 

Cp+i -* r p+ i mod 0 . 

Hence, passing to the cuts by 0\ 

Cp+ 2 Cp+ 1 4 ~ C'pjf i mod 0 ; Cp+i d 0 i • 

Since 0 and C p \i do not meet, and C p +i + Cp +1 is a cycle 
mod ©, the boundary cells of C p+1 on 0 l and all those of Cp +1 
must cancel one another; hence 

— F(Cp-f\) = r; ss 0 on 


for every i, or the second homology follows from the first. 

Conversely the second homology implies that we have, for 
every i, a finite chain 



where if j is the highest integer such that N J ZD D', j increases 
indefinitely with i. Now 

r p+ 1 = eUl - c£\ - (D l p+ 1 - DpVi) - o, 


so that r p +1 is a finite cycle. The number of such cycles 
having cells on any K — N l being finite, their sum, for 
i = 1, 2, • •., + oo, is a proper infinite chain on K. If we add 
up however we obtain precisely Tp+i • Hence r p +1 is an 
infinite sum of finite cycles, and therefore it is mod CP. 

Since the Vietoris representation and the representation 
by infinite cycles yield the same homology theory under the 
correspondence between them, we are justified in defining as 
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identical the ^-cycles defined by r or by the associated 
sequence {/'/}, the two constituting two different represent¬ 
ations of the same -y p on L . 

38. Remarks. I. When L is locally connected the present 
homology theory does not differ from the old. For the 
characteristic property of /> is that chains sufficientlj neai 
it can be deformed onto it without leaving its vicinity, the 
argument being exactly as in Ch. II, § 5. Therefore if 
{r l p ) is a Vietoris cycle for L, above a certain i all 
the r s are deformable onto L. Furthermore, when on L 
they are homologous to one another on any assigned neigh¬ 
borhood of L. The chains that they bound in pairs are 
then deformable onto L for i large enough, hence the 
cycles imbedded in L (on L in the strict sense) whose i 
is large enough, all belong to the same family of homo¬ 
logous cycles in the earlier sense of the term. For the 

same reason, if {/'/,} ~0, the C p +i-^ 
value, is deformable with r p onto L, hence r p ^0 on L. 
Thus the homologies are preserved when we pass from the 
Vietoris cycles to the cycles on L. But if / v is a cycle 
on L, all that is necessary is to subdivide it indefinitely and 
to take the sequence { r p ] of its subdivisions as the Vietoris 
cycle. The correspondence in the reverse direction manifestly 
preserves the homologies. A similar argument has been 
applied recently to complexes by Vietoris [3]. 

II. Brouwer [13] and Alexandroff [7, 10] have defined 
homology characters without having recourse to infinite chains 
or sequences. If o(f) is any particular homology invariant 
defined for (finite) f-chains, they set ^(L) = lim e( f ). An 

-» o 

e(a> 1 '). 


of the term. 

F p for i above a certain 


equivalent precedure is to take q(L) 


e - 

lim 

-> 4-co 


We 


have shown [14] that the Betti numbers thus obtained are 
the same as those derived from rational (not integral) chains 
by infinite chains or Vietoris cycles, whenever L is a subset 
of an S r . 

III. If L l is a closed subset of L, we can define the Betti 
numbers of L modL 1 as follows: Considering L as the total 
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ideal element of K, Z 1 is a closed ideal element which is 

a subset of Z. A C p+1 subchain of K, such that F(C p+l ) is 

a cycle mod A 1 defines a ^-cycle mod A 1 , Yp . If C p+1 differs 

from an F(C P+2 ) by a cycle modZ 1 we write r P ^0 modZ 1 

on L. This enables us to introduce the Betti numbers modZ 1 
in the usual manner. 

I\. "\\ e have limited the treatment to compact spaces. 
It can be leadily extended, however, to a locally compact 
metric space L. The number of sets in every { F ia } is then 
in genei al enumerable but not finite. As a consequence 
the O s are infinite complexes, and the space L plays the 
part of a closed ideal element of K , but it is not its total 
ideal element. In place of the cycles considered, we have 
then those of K L mod_L, where U is the open ideal 
element complement of L . These cycles define here also 
the absolute cycles of L, but otherwise the rest is as before. 

39. The dimension of a space L and its bearing 
upon the homology theory of L. We owe to Urysohn [3] 
and Menger [1] a definition of the dimension of an arbitrary 
separable metric space L which has become classic. 

Both authors first define the dimension of L at a point P 
of the space, basing it upon the notion of e-separation . The 
point P is e-separated by the subset B of L if we have 

L = A + B+C ; AZJP: d(A + B)<e ; A . C + A- C = 0. 

We have then the following recurrence for the dimension 
of L : (a) L is of dimension —1 when and only when it is 
vacuous, (b) It is of dimension n at P when it is not of 
dimension <n and furthermore, is ^-separated by a set of 
dimension <C n whatever e % (c) L is of dimension n if it is 
of dimension at most n at every point, and of dimension n 
for some point. 

Around the preceding definition there has been built up 
a far reaching analysis of metric spaces. The following 
theorems regarding the dimension of a compact metric space L 
are particularly closely related to the homology theory. 
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I. The least dimension of any fundamental complex K 
attached to L is n +1, where n is the dimension of L 
(Alexandroff [2, 10]). 

II. Every ^-dimensional compact metric space L has ahomeo- 
morph in S 2n + i (Menger [1]). 

From Alexandroffs result, in conjunction with the definition 
of the relative Betti numbers (No. 38), follows: 

III. If n is the dimension of L all Betti numbers absolute 
or relative, for the cycles of dimension > n are zero. 

Let (i ( L ) designate the highest dimension for which there 
are non-zero Betti numbers (absolute or relative) attached 
to L. In other words there exists a closed subset L 1 of L, 
such that some Betti number F U (L; L l ) 4 0, and // is the 

i 

highest integer for which this holds. Of course L l = 0 is 
not ruled out, i. e. the Betti number 4- 0 may be S u (L) itself. 
Now we already know that when L is an n-complex, // (L) = n. 
The possibility of extending this proposition to an arbitrary 
compact metric space had much to do with our introducing 
the relative Betti numbers some years ago [12, 14] (1927-28). 
That this proposition does not hold in general has just been 
established by Pontrjagin [2] as follows: From the result of 
No. 15, applied to the approximating complexes of the spaces 
L, L ', we derive the relation 

(32) n(LxL') = ti(L) + v(L'). 

Hence 

(33) p(L) — dim L, 
implies 

(32') dim L x L' = dim L + dim Z/. 

Both (32), (32') hold for the dimensions 0, 1, and for these 
dimensions (33) holds. However Pontrjagin has constructed 
an example for which dim L = dim L' = 2] dim L*L' = 3, 
and hence (32') fails. 

It seems probable that (33) holds for a locally connected L. 
See also on this question Alexandroff [11]. 



336 


TOPOLOGY 


§ 5. Closed Subsets of S r 

40. We shall now investigate the closed subsets of S r , 
particularly as regards the relations between their topology 
and that of their residual sets. A considerable part of our 
results holds for subsets of any finite complex, but the ex¬ 
tensions are fairly obvious and there is much to gain in 
adopting the simpler situation at the outset. On the questions 
to be treated in the present section, and as regards recent 
work by Alexander, see also our observation at the end 
of No. 19. 

Let then L be a closed subset of S r . We take r>l in 
order to avoid uninteresting and well known special cases. 
Let E r be a convex polyhedral cell ZJL, O its boundary, 
K an infinite simplicial complex coincident with E — L . 
K is constructed by means of certain neighborhoods N * of L 
which are turned into subcomplexes of K (No. 18). We 
designate by O l the boundary of N*, and take A 70 — AT, 

(D° = </>. 

We shall first correlate the cycles of L with those of AT, 
which will lead us rapidly to the duality relation of Alexander 
and the separation properties of S r by A or of a sphere by 
a closed subset. 

As regards the infinite chains and cycles on L in the sense 
of No. 29, we assume them all immersed in S r > That this 
is not a restriction as far as homologies on L are concerned, 
is shown as in No. 30, when we compared two homeomorphic 
spaces immersed in the Hilbert parallelotope. 

41. Given C p on E , with a finite boundary — 1 , we 
may first reduce it to a subchain. Preserving the same 
notations for the reduced elements, C p will determine, in the 
sense just considered, a cycle, r p -i, of L , and it will be 
a natural extension of our conventions to write 

Cp y P —i r p — i, 

or if C p = r p , a cycle mod 0>, 

(34) r p y p -i mod O . 
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We add the convention that if y p -1 ^ on L, we also 
write 

c p -> d jy — i rp—i , 

(35) r p -» dy,—! mod O . 


We now consider the reverse process: Given d p —i we shall 
find r 7 , satisfying (35). 

Assuming first p> 1, if D p is the chain defining d, we 
may write 

Dp = 2 b),, 


where IJ), is finite and on jV rli ~ 1 . 
ciated Vietoris sequence {} 


There exists then an asso- 
such that 


Up ^ ^p— l ** P —1 • 

• • 

Since E r is a cell it contains a Cp -> . From this follows 

Cp +1 — Cp — D),-* 0. 

Since p> 1 the absolute cycle at the left ~ 0 on E r , or 

(36) E r 3 c i P+ x -> c;' +1 - <?; - D^p . 


^ e can take the J's and C’s polyhedral as regards the initial 
complex E r , then so subdivide K and the C’s that the sums 
of the cells of the latter not on N* (their cuts by O' in the 
sense of § 2), are subchains of K — N\ This will then also 
hold when N' is replaced by any We designate 

the cuts by an upper index j as C%, etc. We also have 

< 37 ) 

a finite subcycle of O j . From (36), and since d N i+1 , 
we find by passing to the cuts by O', 


C l P \ i 



r-H-M 

C'P 


^P r '-'p > 


where C p is a subchain of O l . The right hand side being 
a cycle its boundary is zero. Hence, owing to (37), 
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C fii pit 

p ‘ > 1 p—1 1 p —1 j 

i _ /nri-f_ rii+l,t+l 

L/p Op “* l p—1 1 p—1 

Adding up, we find 

(38) c; ri -> r‘ p t\ — r;_!, r 7 — r* ; 


where Cp 1 is a finite subchain of A Tl — N i+1 . In the sequence 
{Cp l \ only consecutive chains have cells in common, therefore 



c ?+ z cjr 


is a proper infinite subchain of K. By (37) and (38) we find 
r p -> 0, hence it is an infinite cycle. The corresponding cycle 
on L is Yp-i = {Fp-i } and r p , y p satisfy (34). But 

N l id c; — cy -> 4-i — 4-i • 

The chain C p — C p l tends to L as i increases indefinitely. 
Since it can be replaced by an f t -chain where ** tends to 
zero under the same circumstances, the boundary relation 
just written proves that y p -\ ^ $p-i on L . Therefore f P 
and dy,-! are related by (35), where as a matter of fact 
mod O may be omitted. 

When p = 1 everything that we have said holds provided 
that the boundary relations are taken mod<Z>. In that case 
we have again (35) but mod O cannot be suppressed. Its 

role is thus seen to take care of the case p = 1. 

42. Let us understand for the present by r p a cycle mod O, 
and by y p —i the corresponding cycle on L satisfying (34). 
Theorem. When j)<r the two homologies 

(39) T'p ^ 0 mod y P -i ~ 0 on L 

are equivalent. { 

We take for r p a subcycle, and call r p -i the part on & 
of the boundary of its cut by O 1 , so that {/}>- 1 } is a Vietoris 
sequence for Yp— i« Now the first homology (39) implies 

rp SS; o mod ( O + ©0 on K—N l . 
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From this relation, plus the fact that O and O' do not meet, 
follows that there is a finite subchain C p of 0\ -+ r p - x for 

every i , which in the Vietoris sense implies y P -1 = { r } ]-i } % 0 
on L. 

Conversely suppose that the second homology (39) holds. 
Then there exists an N tt ' ZD C p —► E p —\ , where increases 
indefinitely with i. Therefore r p — C p is a cycle mod O 
on E y , and since p r, it is % 0 mod <Z>, or 


ErUC, 


P-rl 


E 7 ) — C p mod O. 


Taking the cuts by 0 (<i , which we designate by an upper 
index a iy we have then 


which means that 



mod N Ui , 



mod N a *. 


Since a 7 increases indefinitel}’ with i this implies the first 
homology (39). 

For p = r the situation is the same as regards the 
homologies 

r r ~ tEr mod O, 0 on L, 

and it need not be taken up in detail. 

43. Application to the sphere. Alexander’s duality 
relation. The Jordan-Brouwer theorem. The preceding 
results find ready application to a closed (true) subset L of 
a combinatorial H n which is also an M n . All that is neces¬ 
sary is to take for E n the combinatorial cell obtained by 
removing a point of H—L from the sphere. The result 
0f No - 42 combined with the duality relation (19), yields then 
the extension of the separation properties of Ch. Ill, No. 34, 

and in particular formula (17) of that Chapter, or Alexander’s 
duality relation [8], for an arbitrary L. 

(40) R P {H n L) = Bn- P -i{L) + i p o — 


^p, n —1 • 
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For p = o it gives the number of regions into which L 
disconnects H n : 

(41) Ho (H n — L) = Bn-! (L) + 1 . 

When to = 2 this reduces to the following relation, first given 
by Brouwer 113], 

B 0 (H 2 — L) = B , (L) + 1 , 

which describes the separation of the two-sphere or Euclidean 
plane by their closed sets. The fundamental relation (40) 
was proved by Alexander mod 2 and L a complex (not a sub¬ 
complex), then extended to any L by Alexandroff [8, 10]. 
Arguments of a related nature are also found in Alexandroff’s 
investigations [9, 10] on the so-called Phragmen-Brouwer 
theorem, describing the separation of H, , by the sum of two 
closed sets in terms of the properties of their intersection. 

44. The Jordan-Brouwer Theorem. Let L be an absolute 
(to— \ )-circuit on H n . Then: (a) L is oricntable. (b ) H—L 
= 9t'-f 9t 2 , the sum of two regions each totally bounded by L. 

(c) L is everywhere accessible from 91' . 

By accessibility everywhere from 9t* is meant that the points 
of L, which are end points of arcs on 91*', are everywhere 

dense on L. 

We reproduce the very elegant proof which Alexander (8) 

derived from his duality relation. 

Since H, L are (finite) complexes of different dimensions 
they cannot coincide, H — L 4 1 0, and therefore it consists 
of a certain number of regions. But L being connected, 
B n ~i (L\ 2) = 1, hence, by (41) mod 2, 

Bo (. H—L; 2 ) = B n - 1 (£; 2 ) + 1 = 2 ; 

so that there are just two regions, 91', 9t 2 . But 

Bo(H-L) = B 0 (H L\ 2) = 2. 

Hence by (41), taken in the non-modular sense, 

Rn-i(L) - B 0 (H—L) — l = 1 = B n -\(L\2), 

which proves the orientability of L. 
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For the rest we shall cover L with a complex K whose 
mesh < e . Let E n -1 be any cell of A\ and set K' = K E n - 1 . 
Since A" is an absolute orientable circuit, every (n — l)-cycle 
made up of its (n — l)-cells must include them all. As 
a consequence, K' has no (n—l)-cycles, or R n -\ (A ) = 0. 
From (41) follows then IA>(AT— K') = 1, or H — K' consists 
of a single region 3t. Let P be a point of 9t* and hence 
of 9L Q a point of E n - i. Since both C 91, they can be 
joined by a polygonal line d 91 and hence not intersecting K'. 
Its first intersection with A, when we follow it from A to Q, 


is a point Q f on E n -1 and except for its end point (/, the 
polygonal line PQCI9B. Since Q' is a point of any (n 1)- 
cell of a A r n _i whose mesh is covering A, where * is 
arbitrarily small, the set of all points Q' is everywhere dense 
on A, which proves (c).—On QQ r there are points of 9L not 
farther than 2 * from any point of E n -\- Hence E n -\ be¬ 
longs to the boundary of both 91 1 and 9t 2 . Since it is an 
arbitrary closed (n — 1 )-cell of A, and all points of A are 
on such closed cells, this completes the proof of (b), and hence 
of the theorem. 

45. The pseudocycles of a closed set. We return 
to the closed subset A of S r , whose topology is henceforth 
our sole concern. Since A is a subset of the r-complex AV, 
its cycles above a certain dimension n are %0. We choose 
some fixed n having that property, which may or may not 
be the least integer for which it holds. As a matter of fact 
we may take for n the dimension of A, but its particular 
choice is unimportant. 

Sine e S r may be considered as on an S r • whatever r'>r, 
A has a homeomorph on any S r whose r is sufficiently large. 
Since A can be replaced by its homeomorph, we may assume 
that it is a true subset of an S r whatever r above a certain 
value. We shall choose r>2n + l. 

Departing at first slightly from Ch. VI, §7, we define a 
pseudocycle g r — P of A, as a chain of S r whose boundary does 
not meet A, or what is the same, as a cycle mod S r — A. 
By 0 %O, we understand ^0 mod#—A, or that g is homo- 
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logous to a chain which does not meet L. The corresponding 
Betti number will be called Q r - P (L). If we reduce the chain 
to a subchain of K, it becomes an infinite chain whose 
boundary is a finite cycle, and for the same reasons as usual, 
we can confine the discussion to that type throughout. 
Regarding the dimensions we shall be chiefly interested in 
comparing the ^-cycles on L with the (r — /^-pseudocycles; 
therefore we take 0 <p n. Since r>2?i + l, we shall 
have p<Cr —1, 1 <r—p r and this will enable us to 
avoid more or less the awkward extreme dimensions. 

Since we are only interested in the part of g r - v near L y 
we may assume that F(g r — P ) = Gr—p—idEr. It is then 
an absolute (finite) subcycle of K — L . 

Let now y P be a cycle on/,, /;,+! its representative subcycle of 

• • • 

K mod O, Cp. i-i the cut of r p +i by O l , C p the part of its boundary 
on CD*. We will assume for the moment that g r - P has been reduced 
by the deformation theorem (No. 3) to a subchain of the dual 
K * of K. By taking an initial K of suitably small mesh, the 
resulting displacement may be made as small as we please. Since 
Gr - P -1 is finite it is on K — N* when i is sufficiently large. 
The intersection of C p +1 and g r - P is then on the finite mani¬ 
fold K—N i+1 , and (19), (20) of Ch. IV may be applied to it. 
Since G does not meet r p +1 — C p + 1 , these relations yield 

{C'r-gr-r) - (-1 )^\C* +1 -Or- P -i) = (-l) r+i (r p+1 .O r -p-i). 

Therefore (C p -g r - p ) remains fixed when i exceeds a certain 
value. This value is by definition the index (y p -g r -p), or 

(42) ( Y P ■ g r —p) = (— 1 1 ( F P+ 1 • Gr-p-1 )• 

The index (g-r) is then defined by the permutation laws for 
chains on S r . 

46. Lemma I. Every G r - P - i is the boundary of a g T - P - 
This follows from the fact that E r is an r-cell, and that G r - P -\ > 
a cycle of dimension >0 on E r , bounds a chain g P -1 on 

the cell. 
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Lemma II. The homologies g r -p^ 0, G r -p- 1~0 on A Q> 

are equivalefnt. 

The first implies S r — LZ2 g',—p^ H'-p 011 S r - As g g 
is an absolute cycle its boundary = 0, or F(g) — Fig) — G. 
Now g ' may have points not on AY. In that case we slide 
the part of g' not on the cell along the rays issued from 
a point A on E r , and thus reduce g' to a chain on E r with 
the same boundary G. Therefore the second homology is 
a consequence of the first. 

Let now the second homology hold. There is a finite sub¬ 
chain of K — (I ), g'-*G, hence g'—g is an absolute cycle. 
As above, it is ~ 0 on AY, so that g ~ 0 mod K —A, or the 
second homology implies the first. 

Theorem. The cycles y p , g r - v satisfy the duality theorems 

7, IV, of No. 79. 

From the two preceding lemmas, the result of No. 42, and 
formula (42), we infer that the homologies and intersection 
properties for y*g, are as for the dual types T, G. Hence 
our theorem is a consequence of the fact that it holds for 
these two types. 

We point out explicitly: (a) The base {g“_ p } is semi-finite, 

since it is associated with the base {G*-p-\) which has that 
property, (b) We have the duality relation 


Qr—p (A) — R P (L). 

The third proposition of No. 19 enables us to extend the 
definition of the pseudocycles. Henceforth we consider as 
a single pseudocycle, the total class of those for which the 
indices {y • g) have the same value. If we wish to make the 
permutation laws for indices and the like independent of r, we 
may restrict r to odd or even integers. For the present, 
however, it is not necessary to be particularly careful about it. 


§ 6. Transformations of Compact Metric Spaces 

47. The results of the preceding section will now be applied 
to the extension of the formulas for coincidences and fixed 
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points to compact metric spaces. The case of finite Betti 
numbers and subsets of S r was treated in our recent paper [18J. 
The principal difficulties are caused by infinite Betti numbers 
and bases. We first consider subsets of Euclidean spaces, 
and then remove this restriction. 

Let then L, L' be two closed subsets of Euclidean spaces 
undergoing certain continuous transformations. We may 
assume that they are immersed in spaces S r , Sr of the same 
dimension r. The set L may be identified in every respect 
with the L of § 5, whose general notations will be used here. 
In addition, the analogues of A\ n , • • •' for L' will be desig¬ 
nated by K' , n , • • *. The study of the transformations leads 
us to introduce the product space Lx L' , immersed in the 
convex polyhedral cell E r x E' r of S r x S' r . We shall take as 
the neighborhoods of L x L' on S x S' , a subsequence of 

Any subsequence for which no two consecutive 
terms iV z x N' J have the same i or j is satisfactory. 

Just as for complexes, we can expect to solve the coin¬ 
cidence problem only for restricted transformations. Let T 
be a continuous transformation of L into L' . We understand 
by extension X of T a sequence {2/ t } of continuous transforma¬ 
tions of S r into Sr such that the transformation Tn of L in¬ 
to L' induced by Xu, tends uniformly to T with indefinitely 
increasing h. 

Assumption. Every transformation T to be considered has 
an extension X such that Xh has for image on S x S' a pseudo¬ 
cycle, r } f of L x L ', and that all the I "s are homologous 
pseudocycles. 

We wijl now single out two dual types of transformations 
satisfying our assumption, and for which the coincidence 
problem can be solved. 

The following new terms will be found convenient at this 
juncture. X will be called a finite extension whenever 
d(F(I'r); L x L') has a positive lower bound when h tends 
to infinity.—Two pseudocycles I r , r’ r of L x L' will be called 
homologous on the set A , whenever 1—1' « on A to a chain 

that does not meet L x L'. 
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Our first type of transformation, T x , is characterized by 
an extension 2i = {2i/ t }, called an expansion, and having 
the following property: If I'l h is the image of 2i/ t . then, for 
any i, all pseudocycles rl h whose h is sufficiently high, aie 
homologous on X 1 x S' , while the boundary of each is exteiior 
to some S x N*. Our second type, To, has an extension 2o 
called a contraction, whose pseudocycles l r are all homo¬ 
logous on S x X fi for li sufficiently high, while the boundary 

of each is exterior to some A x S'. 

The justification for these terms is immediate: A contrac¬ 
tion is such that the totality of points of S transformed 
by %ih tends to L\ If the contraction is finite, there exists 
a neighborhood N of L . such that 2 2 /i • A tends to L 'when 
li increases indefinitely. The expansion acts in inverse manner, 
and in particular, if it is finite, there exists a neighborhood N' 
of L' such that Z lh W i d S'— N', whatever i above a certain 
value. The similarity with the types Tib, T\ c and Tob, T 2c 
of Ch. VI, is clear. 

It may be observed that the property of T of having an 
extension of specified type, is to some extent independent of 
the spaces in which L, L' are immersed. For let S r CZ &r+i> 
Sr C S r Vi. Let P be a point of S r , QR a segment in S r +1 
bisected by P and orthogonal to £ r . We define the extension 
2' = {T,;} of T associated with Sr+ 1 , Sr+i, by the condition 
that 2 h • QR = Zh • i\ It is then a simple matter to show 
that, by choosing for the length of QR a suitable function 


of P, 2' is of the same type as 2. For example, if 2 is 
a contraction, 2' will also be a contraction, if we take QR 
of constant length. 

48. Suppose that we have T u T 2 , such that their exten¬ 
sions 2 i, 2 2 are respectively an expansion and a contraction 
of which one, say 2i, is finite. We will then begin by taking 
{N' 1 } such that every F(I'l h ) is exterior to S x A T/l , and 
hence to every S x N'\ For every N' 1 we select a 22 h. such 
that rl hi CSx N' 1 . Preserving in {P^} only the elements 
whose h is an hi, and replacing hi by i, we shall then have 
a 2 2i such that, for every i, P^dS x N'\ We then choose 
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an N which, in similar manner we may consider as N\ such 
that F(r'r') is exterior to N* x S'. Finally, we select Zu 

such that f'rdy’ x S’. It follows that Xu, Z 21 are a pair 

• • 

of transformations of type Tib, T->b for N\ JS n . Therefore we 

It 0| 

can determine the signed coincidences {T >• • T;) by the for¬ 
mulas of Ch. VI. 

As i increases indefinitely, the coincidences of Xu, X 2 i tend 
manifestly to those of T\, T 2 on L, L'. If lim (r] 1 . rl l ) exists, 
we may then consider it as the index of signed coincidences 
for T\, T 2 . In particular, if there are no coincidences, there 
will be none for Xu, X 2i when i exceeds a certain value and 
the limit in question will be zero. Hence when it is + 0 
some coincidences must exist. A similar treatment evidently 
holds when £2 is finite. Therefore, when T\, T 2 have exten¬ 
sions which are respectively an expansion and a contraction, 
one of them finite, the coincidence problem is reduced to finding 
lim (Tr l • Ty l ) as i increases indefinitely. 

49. Frequently there will exist an extension X = {2/4 
whose components Xu are all one and the same transforma¬ 
tion U, which coincides then with T on L, L'. The following 
two cases are particularly important: 

I. T is a single-valued transformation. The existence of U 
is then an immediate consequence of a noted theorem on the 
extension of continuous functions, applied to the different 

coordinates, (Caratheodory [2], p. 617). 

II. V is a copy of L, S' a copy of S, and the trans¬ 
formation is the image of the identity for L. Then V is the 
image of the identity for S. 

In the important problem of the fixed points of single¬ 
valued transformations, we have the two cases I, II togethei. 
The solution of the fixed point problem can be given only 
when the two transformations have extensions of opposite 
types, and one of them is finite. The extension in case II 
can be considered as an expansion or a contraction, but it 
is not finite. Hence in the fixed point problem it becomes 
important to obtain an extension of the other transformation 
which is a finite expansion or contraction. 
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A sufficient condition in order that every continuous single¬ 
valued transformation T of L into L' possess an extension 
uhich is a finite contraction, is that the identity for L' possess 
an extension {$;,} over S' which is a finite contraction, where 
the p,’s are single-valued over some fixed A . i or, l being 
as before, \% h U} is the required extension. 

Wien L' is locally connected, the condition just mentioned 
is always fulfilled. For let A 7 ' be a polyhedral neighborhood 
of L', and cover N with a complex of mesh t. Referring 
to Ch. II No. 24. we can choose iV such that it will be de¬ 


formable onto L, the points on L undergoing a displacement 
that tends to zero with e. Take a sequence {#„} monotonely 
tending to zero. If is the deformation corresponding to 
e = e h , {3,,} is an extension of the identity which is a finite 


contraction. 

As regards the fixed point problem, it follows from what 
we have just said that in order that our method be applicable 
to the fixed points of every continuous single-valued trans¬ 
formation of L into itself, it is sufficient that L be locally 

connected. 

50. In the paper [181 in which we treated these questions, 
we stated without proof (p. 278) that all sets possess the 
property just brought out for those that are locally connected. 
As a consequence, the fixed point formula loc. cit. was asserted 
to hold for all closed sets there considered. That some 
restriction is necessary, was pointed out to us by Hopf through 
the following example: Let y, y' be two concentric circles, 
with y as the interior circle, 0 their common center, £ a spiral 
in the region between y and y' , asymptotic to both, and 
meeting every circle concentric to them in a single point, or 
not at all. We will assume that £ winds around 0 in the 

positive direction as it tends to y Take L = y y + £> 
and consider the continuous single-valued transformations T , 
T\ T" of L into itself, defined as follows: Through T every 
point P of £ is translated along the spiral in such manner 
that the angular rotation of the radius vector OP is a fixed 
positive angle o)<2n , while the circles undergo a rotation 
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of cd. Through T', on the other hand, y' rotates by cd, 
y by — cd. Choose some fixed point .4 on £. Anj r point P of £ 
will rotate by an amount that increases monotonely from 0 to cd 
as P describes the arc issued from A and asymptotic to y', 
while it decreases monotonely from 0 to — cd as P describes 
the other arc. For T" the rotations are reversed throughout. 
The fixed point index to be obtained later, (formula (29) of 
Ch. VI extended), will yield for all three transformations the 
index —1, since bases for the cycles are r 0 = A; ri = y y 
l'i = y'. However, Phas no fixed point, hence its index should 
be zero; T\ T " have A as a fixed point. For T it has an 
index readily found to be +1, for T" the index—1. We 
have thus a contradiction, showing that our method can at 
best be applied to T". And in fact there is a corresponding 
finite contraction {2^}. Let indeed d be a circle with center 0 , 
between y and y' , intersecting £ at P, and take A equidistant 
from y , y' . Let 6' be the circle of center 0 through P' = T"-P . 
If QP is the diameter of d through P, we choose Zh such 
that £/i*(c5 — Q ) is an arc of 6' bisected by P', whose angular 
measure is 2 hn, where if q 0 is the half difference of the radii 
of y and y' and q the absolute value of the excess of the 
radius of d over their half sum, 

k - h - e < , h - g 0 ; * - 1 otherwise. 

ri Q 0 n — 1 

If OP is a variable radius vector whose length is fixed and 
exceeds the radius of y', and V, V' are the points where it 
meets y, y', we take 

Z h .OV = T".F; Zk-V^P = T"-V'. 

The extension of T " thus defined is readily seen to be a finite 
contraction. 

For the L of this example, then, the existence of a finite 
contraction is the property of some, but not all, single-valued 
transformations. In particular there is none for the identity 
of the type of {^} of No. 49. 
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51. We must now digress for a moment in order to con¬ 
struct suitable bases for the cycles of A A 1 • 

Let A T, ‘, X J , X k , i<j<k, be three neighborhoods of J,. 

Since they coincide with open finite complexes, the maximum 
number Sj of ^-cycles of N j independent on N l is finite. A maxi¬ 
mal set on N k as regards independence on A ' is also on A A 
hence $k < sj. Therefore the numbers sj for j variable 

and i fixed, do not increase with j, and their minimum foi 

* • 

all values of p is reached, say, for j = ««. Then it k > «S 
every jp-cycle of A is homologous on A to a cycle of A . 
We can thus obtain a monotone increasing sequence 
« i+1 , such that every r p of A^ is homologous on A 7 "' -1 
to a cycle of N ttj+X . From this follows evidently that every 
r p of N“t is the first term of a Vietoris sequence {/'/>} where 


r J 

1 v 


r a 




r 


j fi 




I J P , on A ; 


and all the Ps are homologous to one another on A T L 
52. If we take into account the theorem of No. 42, 
we find that a certain base {for the infinite (p-\-\)- 
cycles mod (J> determines a base {/>J for the associated ^-cycles 
of L. We will call C“i i, r“ j the cut of r “+1 by ® j and Lie 
part of its boundary which is on It is a property of 
that for j fixed and a above a certain value, Z ^-,-1 C A y . 
Since ® is finite. ® ( K —when j exceeds a certain 


value. For such a j (fixed) and « high enough, r p +1 does 
not meet ® and Take then i>j, and let U be 

the highest « such that rf iC\ZX l - According to what 
precedes: 

(a) 


y,U t i+h F’ 

Ip ~ 1 

r“ h ps o 


cd 

V 


V 


on X 1 ; 

on N l for « > zL 

Furthermore: 

(b) The cycles r p h , u <t,, are independent on N l for every 

h>i. 

For otherwise there exists a linear combination T p+1 of 
the cycles r p+x , a < U, with cuts C p+X and boundaries r J p 
of the latter on <Z>A such that 


N* ) D 


*+1 


' p +i 
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Hence 

Dp+i — Cp|}->0 mod CD, 


and therefore j^jO mod O on E r . As a consequence CJp+i 
~ a cycle on N', mod O. As this contradicts one of the 
basic constructive assumptions regarding {/£ +1 } (Nos. 8, 9), (b) 
is proved. 

Let Fp be some r^ 1 , h>i, for every « < U. Owing to 
(a) and (b) the cycles r£ are independent on N\ To have 
a base for the p-cycles of A T * we may have to add to them 
a certain number of other cycles Ap, X = 1, 2, • • • , Si, where 
Si is finite, since A T * coincides with a finite complex. When 
i exceeds a certain value, N* is related to some preceding 
N like N ce * to N l in No. 51. Hence there exists a cycle 


V 


= {Ap) with A^ as its first term, and the cycles Ap with 
fixed X are all homologous on N h . Furthermore, those whose 
j exceeds a certain value (the a,- of No. 51) are homologous 
on N* itself. Now we have homologies 


ip = dj, —^0 on L. 

Taking into account (a) and (b), we find that dp can be 
represented by a sequence {Ap j ) whose first term 

h 

A ,k — a*- _ r a 

<-*p - ^p / ^ 1 p • 

« = 1 

This shows that the Si cycles Ap are likewise independent 
of the cycles Fp on A Tl , and hence together with them they 
also constitute a base. It means that we may choose 
the zl’s such that every on L . 

53. The treatment of the same question for the cycles 
mod O' is now a simple matter. According to the duality 
theorems for finite manifolds we can find a base mod<D*, {g“__ p }j 
« = 1,2,.--, t v {d k r _ p ), X = 1,2, • •, Si, such that 

(/£ • gLp) = <W; (/? • clt-p) = 0; 

{A k . gr-p) = 9; (Ap»d‘ r —p) — d^. 
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In view of (a) we also have 


(if ■ (fr-p) = (if ■ ti-p) = 0 ; « 

Hence the g's and d's are pseudocodes such that, for every «. 


O'” • 




(r a • d ; - ) 

x/ P r—jr 


0 


may be taken as 

kJ 

A 


Therefore: (a) the pseudocycles g a r _ p , « < t % 

the first U terms of the base of No.46; (b) d K r - P ~ 0 as a 

pseudocycle. As usual, we take for d,—p a subchain of the finite 
complex iY\ There exists, then, a polyhedral chain d t — P of 
S r — L, such that d)— p — d° r -„ ~ 0 on *SV. The part of d r - P 


on N l is then a chain ~ d K r - P mod® 1 on aY\ and which may 
therefore replace it throughout. This means in essence that 
we may assume that dt- p does not meet L. \\ e have then 
proved: 

Theorem. The cycles T PJ ct < together with certain first 
cycles of Vietoris chains ~ 0, constitute a base for the p-cgcfes 
of X\ The cycles mod ®\ y a r _ p , a 2S together with certain 
cycles not meeting L, constitute a base for the cycles mod ® l 
on N l . The two bases may be chosen associated canonical. 

54. We now return to the determination of the signed 
coincidences of the transformations T ly T 2 of No. 48. Since 

are transformations of N l into N n of the respective 
types Tit, T> b , and since the bases are associated canonical, 

1 * O j 

the number of signed coincidences (/V* T~ r l ) is given by (23) of 
Ch. VI. To determine it we need to know the transformations 
induced by 2^ on the cycles of N l mod ® l , and by X 2 i on 
the absolute cycles of N*. 

Since the d’s, whose number is finite, do not meet L , we 
can select 2 U - such that r\ l does not meet the sets d x S'. 
This is always possible, for whether 2i is finite or not, 2 U - 
is selected after N*, hence when the d’s are already known. 
Under the circumstances every 2n • d = 0. Hence the 
equations of transformations for the relative cycles under 
2u are 


2 U -, 2 2 * 
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t'i 


ug“_ p SB Z 9 $g'f_ p + 2 *«? d'/- P 


$1 f SB 0 


(« 


1 > 2, • • •, ti) 


od O ri on N'\ 


Since the pseudocycles d' are sbO on L', the first relations 
written as homologies between pseudocycles on U, are 

T, • n a ~ ^ (p pi 0 n'P . 

I y r —p ~ jLj r ccfj V r—p * 


Referring; to Ch. VI, § 4, we find immediately that, since 
all cycles rl l of the type chosen are homologous mod N l x O' 1 
on N l xN'\ the coefficients for a given a, are independent 
of i. In an evident sense then, and as loc. cit. No. 21, these 
homologies are to be considered as the first U homologies of 
the transformations of the pseudocycles by T x : 







•P 

r—p > 


(a — 1, 2, • • •, + °°)« 


Thus <p pi is the matrix of the first ti columns and U rows 
of <p p , the terms of the same rows not in <p pi being all zero. 

There remains then the determination of the transformations 
induced by X 2 i on the absolute cycles. If we take care to 
choose for /£, /)'/, cycles whose index j is sufficiently 

high, the cycles X 2 i • will be as near as we please to U 
and hence will not meet the chains d' r - P of the canonical 
base. As a consequence 

i 

ti 

% 2 i ■ r p rj on N'\ 

P = 1 

(« = 1, 2, • • •, ti). 


For the same reason as before the ip's are independent 
of i. The preceding homologies are then to be considered, 
in an evident sense, as the first U homologies of the trans¬ 
formation which T 2 induces on the jp-cycles: 


(44) T 2 . r a p ^Zn P r'S on L', 

the summation being infinite. 
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We have, in, addition for the cycles J: 



A ▼ / / 

on A . 


55. We 

of Ch. VI. 

and cycles 
^ ’ 


are now ready to apply the coincidence formulas 
The transformation matrices for the pseudocycles 
of dual types are respectively 


(fP* 

(JlP 


0 

| 0 

o ’ 

OP 

N 

TP 


where the terms similarly placed stand for matrices with the 
same numbers of rows and columns. According* to No. 53 the 
bases are canonical (i. e. they satisfy Th. II of No. 19). Hence 
the formula to be applied is (23), Ch. VI, To embody in it 
the effect of the parity of r, we shall designate the number 
of signed coincidences by (— l) r ©,- and we find, after replacing 
in that formula n by r and j) by r— p , 


(45) 


n 


©f = 2" (—l) p (race i)'-'" {<f pi )'. 

p=" 


The summation for p is from 0 to n since the cycles on L 
whose dimension >n are all %0 and hence = 0 for p>n. 

Regarding this expression, it will be recalled that the 
number tf of columns in </>'', if'"' may be taken arbitrarily 
high. For tT is merely the analogue of ({ attached to some 
^ associated with X' and X" may be replaced by any 
interior neighborhood. Now <fi’ has only a finite number of 
terms f 0 in each row, since \g?L p } is semi-finite. Therefore 
we may choose X ' 1 such that <fi‘ l will include all non-zero 
terms of the first tf rows of <p >l and this for every p . Further¬ 
more, for the same reasons the formal product ip (<pp)' i s 
an infinite matrix whose terms are all finite. The coefficient 

of (—1)* in is then merely the sum of the first tf terms 
m the principal diagonal of that product. 
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It is natural to call trace of an infinite matrix the series 
obtained by adding the terms of the principal diagonal in 
their right order. It is important to preserve that order, 
since we have no reason to expect the series to be absolutely 
convergent. If the series converges, its numerical value itself 
is called trace of the matrix. We have then 

= 2 (— l) 7 ' [trace x\> p (<p p )'] t ,, 

where the index t[ indicates the number of terms to be taken 
in the corresponding infinite series. 

The limit of 0, appears then as the limit of a sum of (»+ 1) 
series under the restriction that the number of terms taken 
in the pth series must be tf, as i — 1,2, 3, •••. While 
the sequences {#} are characteristic for L, they present 
a certain indetermination as we shall now show. 

56. Consider the two sets of integers tf -1 for N * _1 and tf 
for N\ We have tf -1 tf. Suppose that the inequality 
holds for one or more values of p. If N oi is any neigh¬ 
borhood between N*- 1 and N { , and t p the corresponding 
integers tf, we shall have tf-i <[ t p < tf. We propose to 
show that if the inequality holds, N oi may be so chosen 
that the set t p coincides with certain intermediary sets between 
tf -1 and tf. Such a set exists only if f>j(tf — tf- i)>l, and 
this we shall assume for the present. 

Now referring to No. 51, we find that when tf— i<C tf there 
exists a cycle y p & 0 on but not on N l . Let N* 1 de¬ 

signate the closed complex left on removing from some complex 
covering N i , also called N*, the ^-neighborhood of® 1 . As 
usual we may assume that neighborhood normal, and then, 
owing to its sliding properties, we find, as in Ch. Ill No. 31, 
that we can replace in what we have just said regarding 
the numbers t, the neighborhoods N l by the complexes N. . 
The insertion of N 01 above is then equivalent to the insertion 
of some closed complex between the iV^’s. This we shall 
now do by adding the zero-cells, the one-cells, etc. of 
N+t-i—N* 1 , one at a time to N* l until we have N**' 1 - 
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The question is now reduced to this: Let the simplicial 
cell E q have for boundary /^-i a subcycle (sphere) of a com¬ 
plex it whose dimension < 7 . Assuming* that E q has no 
points on 51, what are the relations between the Betti numbers 

of St and St' = St + E q ? 

Every 7 -cycle of St' is of the form I q = m E q -f C q , where C q 
is a subchain of 51. If there exists a C q -+ l' q -\, there exists 
a r q , and since the dimension of 51' q , r q ^ 0. On the other 
hand if r q = m'E q + C q is another such cycle, m r q — mV q 
is a cycle of 51. Hence, in the case considered R q (St') 
= Rq (&) +1. The only boundary relation satisfied for 5i' 
but not for 5? is E q -> r q _ 1 . It yields only r q -\ % 0, on St' 
and since C q -+r q - lf the homology holds also on 51. There¬ 
fore here R p (St') = i? 7 , (5t) for ^< 7 . 

If no chain C q ->r q -i on 51, r 7 _! ^ 0 on 51. Hence on 
passing from 51 to 5L we have no new 7 -c.ycle but a new 
homology I q % 0. Therefore R q ~\ is decreased by one and 
the other Betti numbers remain the same. 

Now through the addition of E q the numbers t p can only 
decrease. Hence it leaves them unchanged in the first case, 
and may decrease t (l by one unit in the second. But our 
procedure requires that we add first all the zero-cells, then 
all the one-cells, etc., and when we are through we shall 
have returned to N 1-1 . Therefore it will result in first 
lowering to then t) to etc. Thus if {t?) 

are two consecutive sets there can be found an N oi whose 
set [t p ] is as follows: 



t == any integer between fl-i and t\ including the extremes. 

As for 7 it is any number between 0 and n —This shows 
clearly the degree of indetermination in the sets {t p }. 

Remark. The argument based on the successive addition 
of cells to a complex, is frequently useful. It is due to 
Alexander who applied it on various occasions, notably in the 
proof of his duality theorem. 
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57. We have seen (No. 53) that the geometric coincidences 
of and Z 2 i tend towards those of T x and T 2 on L, L '. 
If Ti, T 2 have no coincidences, Xu, Z 2 i will have none 
when i is sufficiently large and hence lim &i — 0. There¬ 
fore coincidences occur certainly for T x , T 2 on L, L' ivhen 0* 
does not converge to zero. 

When the convergency to zero takes place, the partial 
sum &i is strictly zero if a sufficiently large number of terms 
is taken in the series trace ( <P p )'• When the Betti numbers 
of L are finite, tf^ is finite, 0 t - has a fixed value 0 for 
sufficiently large values of i and we have 

(46) 0 = £(— l) 7 ’ trace V ,7> ( <P p Y• 

This expression also holds when the trace series are con¬ 
vergent, even with infinite Betti numbers. 

It is a simple matter to show that trace (y> p Y is in¬ 
variant when we pass from {y“}, to any other pair 

of canonical bases such that the first is totally infinite. 
Therefore 0 is a topological invariant. 

58. Referring to No. 49 we find that the results just ob¬ 
tained, can be applied to the problem of the fixed points of 
a continuous transformation T of L into itself possessing an 
extension X which is a finite expansion or contraction. The 
identity I is then extended into the identity for S, and 
$ is considered as an expansion or a contraction according 
as X is a contraction or an expansion. We have in the first 

case every <p p = 1, in the second every ty p = 1. 

59. Extension to arbitrary compact metric spaces. 

Let L be a compact set on If we apply the affine 
transformation 

x ' i = \[\ +Xt ) 

we reduce L to an “interior” subset of §, i. e. to a subset 
such that 0<a^<^- for every i. We will designate by 

^ _ _ A 

Jpi, V the projections of £>, L on oa+i — x i+2 — •••• — u - 
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Then a neighborhood TV 1 of V on is the projection 
of a subset of £), which carries L. We can and 
shall choose the i\ T, s such that JV l ’ +1 d and that 
converges to L on £) with increasing i. If we observe 
that due to the convexity of £>, every cycle of dimension 
>0 bounds on it, we find that an arbitrary y p on L can 
be represented by a sequence {/,'}, r p d £>,• , / )\ ^ / ' p on £>*, 
h>i. A totally infinite base is then constructed as 

follows: For every i there is at most a finite number of 

* • 

cycles F l p independent on N l . We take, then, a first group 
of cycles y“, a = 1, 2, •••, tf, consisting of cycles whose 

representatives /)V are independent on iY 1 , a second group 
Y tx+ ^, ft = 1 , 2 , •••, t.f, whose representatives are 

independent of the cycles T' p 1 on iY 2 , etc. 

60. We will now introduce pseudocycles for L. Let us 
first agree to orient §,■ by the coordinates x lf • • Xi as named. 
If E q is any convex cell on JV* the locus of all points of <‘d- r 
projected on E q is a convex E q + r of §,- +r . Let yi, • ••, y q be 
a coordinate system orienting E q in a certain way. Then 
we can choose y i, •.., y q , Xi+ 1 , • • •, x r as coordinates on E q + ry 
and agree to orient the cell b} r these q -f- v coordinates in 
the order just named. We will call E q + r the antiprojection 
of Eq on A T *d If Eq+r is the antiprojection of E q and 


2 HJ Et, 


q-i-r 


2 u j Ej +r , 


Cf+r is called the antiprojection of C q . 

Returning now to the base {>-“}, suppose that -epresen- 

tatives I sjs o on N l appear first for i— v. On A 7 '' there 
can be found t{! convex cycles G%- p mod O’’ (= the boun¬ 
dary of A 7 "), such that 

Xp v . G^,-p) = d a/ j\ cc, 4=1,2,..., t?. 


Taking account of the fact that r“ v r p ' v+r , on £>„, it is 

a simple matter to show that if Gt- p+r is the antiproiection 
of QP_ pt 

at v+r ■ GL P+ r) = 0= 1,2,..., t?, 


O ?"^ ■ G?- P+ r) = 
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for every a and r. Similarly on we have tr+i — 11 new 
cycles rs^O, and hence new cycles mod©H-i> G?+i- p giving 
rise to a sequence of antiprojections G>_ p+r . Thus corre¬ 
sponding to every we shall have an obvious sequence 
{<5*" p } — 9% which we call pseudocycle in an evident sense. 

On each we have between the representatives r p \ Gi- P 
of cycles and pseudocycles the relations 

(r? ■ gI p ) = 6 ap 

which we express by 

(47) {r tt p -9p = V 

Homologies between pseudocycles are then readily introduced 
and g ^ 0 means that some representative of g on an does 
not meet the corresponding projection V of L. 

61. On going over the treatment of transformations of 

subsets of Euclidean spaces it will be seen that every step 
may now be extended to coincidences of transformations T l} T 2 
of two compact metric spaces L, L' , subsets of two Hilbert 
space parallelotopes §, We assume that they possess 
extensions £ x , £ 2 to defined as previously by certain 

sequences {S^}, {£ 2 /*}, whose images on are pseudo¬ 

cycles {(?<*}, \gT) of LxL'. Assuming here also that £1 is 
an expansion, £2 a contraction, one of them being finite, we 
can so dispose of the situation that: (a) The chains G*\ Gi 
represent a pair of transformations of N l into N of the 
respective types Tib , T 2 b for these two i-manifolds. (b) Their 
number of signed coincidences is again given by (45). 
(c) When i increases indefinitely, their actual coincidences 
tend to those of 2\, T 2 on L , L' . The situation is then 
exactly as before and leads to the same consequences. 

62. The results just established are embodied in the 

Fundamental Coincidence and Fixed Point Theorem. Let 

L, L' be two arbitrary compact metric spaces, Ti, T 2 two con- 
tinuous transformations possessing extensions to some Euclidean 
or Hilbet't parallelotopes in which homeomorphic copies of L,L 
may be immersed . Let one of the extensions , say £1 be an 
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expansion, the other 2^2 a contraction , one of them being finite. 
Let <f p he the infinite matrices of the transformations of 

the cycles by T 2 and pseudocycles by 7 \ respectively , of two 
associated canonical bases , and 0/ a partial sum of the terms 
of the series 

( 48 ) O trace l P p (<f p Y 

taken in certain rectangular arrays. Then if 0* does not converge 
to zero the two transformations possess at least one coincidence on 
L, L'. A continuous transformation T of L into itself having 
a finite extension which is an expansion or a contraction, and 
inducing upon the pseudocycles or cycles transformat ions with 
matrices <f p or t| ,7 \ respectively, possesses at least one fixed point 
provided that , under the same circumstances, respectively one or 
the other of the series 

(49) 0 = ^(— 1 )v trace <p p , 0 = ^(— l) p trace if’* 

docs not converge to zero . This is likewise true for single-valued 
transformations and the second series whenever L is locally 
connected . The series are in any case formal topological in¬ 
variants of L, L' and the transformations . When the Betti 
numbers of sufficiently high dimension are all zero, the numbers 
0 are finite and may be considered as the numbers of signed 
coincidences and fixed points. 

Corollary. Let L be a locally connected compact metric space 
whose Betti numbers R p , p>0 are all zero, and whose R 0 — 1 
(continuum ). Every continuous single-valued transformation of 
L into itself has at least one fixed point. 

For every xf> p = 0 except if' 0 , and i|>° reduces to 1; for 
if ;'o is the fundamental zero-cycle of L (a single point), 

y 0 , on L. It follows that 0=1^0. 

The corollary just given is the extension to locally connected 
sets with zero Betti numbers of Brouwer's first fixed point 
theorem for cells. It constitutes a partial affirmative answer 
to a question proposed to us two years ago by Alexandroff. 

63. Important special cases. I. The closed cell of Hilbert 
space, i. e. the homeomorph of the parallelotope £>. Since 
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§ is convex, it is locally connected, and its Betti numbers 
are evidently as demanded by the Corollary which holds 
therefore for the cell. 

This case is the topological translation of fixed point 
theorems due to Birkhoff-Kellogg [1] (1922), by means of which 
they were able to prove with little effort a mass of existence 
theorems of analysis. See also on these questions Schauder [1]. 
In view of the much wider scope of our fundamental theorem, 
further progress can probably be made in the same direction 
today. 

II. Let G be an abstract continuous topological group 
whose image is a connected topological M n i. e. a compact 
metric space whose determining neighborhoods are n-cells. 
From a well known group property it follows that M n can 
be transformed into itself by a homeomorphism T without 
fixed points. Since M n is locally connected, the Corollary 
informs us here that M n has at least one non-zero Betti 
number R p (M n ) whose index p> 0. 

As a concluding remark, we may state that the extension 
of the fundamental theorem to open subsets of compact 
metric spaces, in a manner similar to that of Ch. VI, presents 
no real difficulty. In carrying out this extension the relative 
cycles and Betti numbers as defined in No. 38, Remark III, 
will come into play, but otherwise there is no new argument. 
Together with the results of No. 27 we have, then, completely 
extended the theory developed in Ch. VI. 



CHAPTER VIII 


APPLICATIONS TO ANALYTICAL AND ALGEBRAIC VARIETIES 


Iii the applications of Analysis Situs, one rarely meets con¬ 
figurations conveniently cut into cells, such as we have 
been studying. It is, then, a practical question, to find 
when an assigned configuration may be broken up into the 
cells of a complex or a manifold. The most important, class 
of point sets that possess that property consists of the 
analytical varieties , characterized by local analytical para¬ 
metric representations. As a matter of fact, the functions 
of the representations may be taken merely single-valued, 
with a sufficient number of derivatives, but the relative 
simplicity of analytical functions justifies giving them the 
preference. Furthermore the passage from analytical functions 
to the more general class is by a fairly standard procedure 
of real function theorv. 

The first investigations on Analysis Situs (Riemann, Betti, 
Poincare) were confined to analytical varieties, or rather to the 
more general type just mentioned. In his first paper on Analysis 
Situs (1895) [2] Poincare dealt exclusively with them. He at¬ 
tempted to develop the subject on strictly analytical lines, with¬ 
out the process of cutting into cells. Up to a certain point 
he met with success, in particular as regards orientation and 
the Kronecker index, and the definitions of homology and of 
the Betti numbers. He did not succeed, however, in proving 
the duality theorem in this fashion and missed torsion 

kJ 

(Heegaard [1]). It was precisely in order to overcome these 
difficulties that, in his subsequent papers, Poincare introduced 
the complex and the manifold. 
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These historical remarks indicate that the direct treatment 
of analytical varieties, while perhaps the more natural and 
intuitive procedure, presents serious practical difficulties. 

We will suppose, for the moment, that it has been shown 
as recently done by Van der Waerden [1], that an analytical 
variety is a manifold. The question arises to investigate the 
topology of the variety directly and effectively from the 
analytical representation. This is the question which will 
occupy us in the present chapter. We had planned it sub¬ 
stantially in the present form, intending to integrate and com¬ 
plete our earlier writings on the same topic (see notably our 
monographs [13, 16]), when Van der Waerden’s article appeared 
(January 1930), more or less on the same topic. It is not 

suipiising, theiefore, that there will be found numerous points 
of contact with him. 

'I he varieties on which information is most extensive are the 
algebraic varieties. Some of the most difficult and hidden 
properties of algebraic surfaces are inextricably interwoven 
with their topology, as may be seen from a perusal of [13, 16], 
also from Seven’s lithographed Lectures [5] which appeared 

as we were going to press. These properties are cursorily 
examined in the last section of the chapter. 


§ 1. Analytical Varieties. 

1. Let S„ be the space of the real coordinates x u ---,x n , 
31 a region of £ n , Ft{x u .. *„) = F t (x), i=l ,2,...,r, 

a set of real functions holomorphic on 31. It may be shown 

exactly as in the case of complex functions of complex 

variables (Weierstrass; compare Osgood [1] pp. 91, 132), that 
the system 

(!) Fi ( x ) = 0 


represents a subset of 9t, which consists of an enumerable 
aggregate of connected subsets, any one of which say V P1 
is characterized by the property that the Jacobian matrix 
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I dFi 1! 


is of rank at most n—p < n on T T p ; the subset of I P for 
which the rank does not assume its maximum value is a true 
subset W of V p , which is the sum of an enumerable set of 
varieties analogous to T but with a smaller A To consists 
of isolated points. On Y p itself, the r functions Fi are function¬ 
ally dependent upon n — p of the set. Therefore, if we are 
only concerned with representing Y p , we may assume that 
the system has the form 

(1') Fi ( x ) = 0, i = 1, 2, n p. 

However, we are not assured that (1 ; ) will represent T p alone 
over 91. To have a representation of Y p alone we must 
confine ourselves to a small neighborhood A of a point of T py 
that is reduce 91 to N, and then a suitable system (1') will 
represent Y p alone on N. 

If Q : (a u • •., a n ) or (a), is any point of Y p —IF on 91, 
there is a neighborhood of Q on V p which is an analytical 
p-cell, that is, a cell parametrically represented by equations 




where the y’s are holomorphic in the region | Ui | < s and 
have a Jacobian matrix of rank p at ( n ) = 0. We say 
that Y p is a p dimensional analytical variety , or more simply 
p-variety and that W is its singidar locus. 

The definition can be extended to a (finite or enumerable) 
sum of analytical varieties V Pi , pt^p» We likewise designate 
this more general variety by V p and consider as its singular 
locus the set of all its points on 91 that do not have an E p 
for neighborhood. The type of variety first defined, which 
constitutes a connected point-set, is said to be irreducible , 
the more general type reducible. 

A V n of S n is a sum of regions of S n together with some 
varieties of dimensions <n. 

2. We may similarly introduce the ^-varieties on a real 
projective n -space which we shall designate by 2 n . From 
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our point of view, 2 n is best defined as the totality of sets 
of leal numbers x 0 , • ••, x n not all zero, two proportional sets 
being considered as defining the same point of 2 n . If we 

remove any -£ n _i from 2 n , the residual space is Euclidean. 
A V p of 2 n is then a set which becomes a “Euclidean” 


^-variety in the previous sense on some 2 n — 2 n _ x of our 
projective space. Its singular locus W is the subset of V p 
which becomes the singular locus on the Euclidean variety. 
The analytical 79 -cell is defined as previously, except that the 
differences Xi at are replaced by kXi , where k is a factor 


of proportionality, and the Jacobian matrix 
projective equivalent 


of the (p's by its 



whose rank must now be p + 1. 

3. The connection between analytical varieties and com¬ 
binatorial topology rests upon a simple proposition often 
taken for granted. We believe that its first proof is the 
one recently published by Van der Waerden [ 1 ] and it will be 
substantially followed here. Similar results with weaker 
hypotheses have just been obtained by S. S. Cairns [1]. 

AVe shall first introduce analytical elements and complexes. 
By an analytical p-element e p is meant an open subset of a V p , 
such that € P is also on V p , and that the boundary J p — e p consists 
of a finite number of non-intersecting elements of dimension < p. 
An € 0 is a point. An analytical p-complex x p is made up 
of e's like an ordinary complex of cells. From the elementary 
properties of varieties we find readily that (a) the intersection 
of several *’s is a x; (b) the parallel projection in a suit¬ 
able direction of a * on an S n -i of S n is likewise a *. a 

We shall define x as finite or infinite according^ as the 
number of its e’s is finite or not. Finally, we shall say that 
x covers a given point set, if it coincides with the set. 

Theorem. Let the analytical complex x p ,p<C.n, be on the 
bounded region of S n , and let e] be its elements . There 
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exists a simplified K n covering inth p- and qr subcomplexes 
covering x p and e\ lr When x v is finite and the houndarg oj 
is a finite * n -\> the covering complexes are all finite and 
we mag replace the region by its closure . 

The required theorem being trivial for n = 0, we use 
induction on n. \\ e assume first that tlie boundary of 3\n i s 
a finite x n -\ and also that * p is finite. Then the point set 
xn-x + xj, can be covered with a unique complex 4-i having 
a subcomplex covering x P . A\ e therefore do not introduce 
any restrictions if we assume that * v is a x n —\ having a 
subcomplex covering the boundary of 31,,. 

The projection of on an S n -\ of S n is an iR/#— 1 of S n — 1 whose 
boundary is a finite x ' n -2 and the projection of x n -\ will be a 
covering The conditions for the coincidence of two 

points on the same or on two distinct *'s of * n -i are expressed 
by the vanishing of functions holomorphic over certain regions 
of S n ~ 1 , so that the coincident points will be distributed into 
sets of analytical elements. Owing to this and to obvious 
reasons of continuity we can cover s Jt n -i with a finite 1 
having the following property. If Q is a point on t" of *n-i 
and P l , • ••, J Jt the points of x n -\ projected on Q , the number t 
is independent of the position of Q on e ", and when Q 
describes t" , P* remains on a unique element e l of x n —\. 

By the hypothesis of the induction the theorem holds 
on S n - 1 . Therefore if is the complex obtained on re¬ 
moving the in — l)-elements from y-n—i, we can cover 1 with 
a simplicial Kn-i having an (n — 2 )-subcomplex covering x'n -2 
and its elements, in the manner prescribed by the theorem. 
Kn~\ and its cells will be related to x n -\ like y'n-\ and its 
elements e". Therefore the property just obtained holds 
when Q describes any cell Eg of Kn- 1 - But when Q de¬ 
scribes Eg, the points P l and the open segments P*P t+1 de¬ 
scribe q- and ((/+l)-cells whose boundaries are ordinary 
(<1 — 1)- and ^-spheres. There results a K n covering 9I n and 
behaving as required, except that its cells are not simplexes. 
However, since their boundaries are ordinary spheres, the first 
derived of K n will fulfill all the conditions of the theorem. 
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A\ hen the boundary of 9t n is not a we approximate 
it by a sequence of regions {9^}, each having a * n _i for 
boundary, and such that SRnCZ 9tn +1 . We construct as above 
a Kn covering SR, 1 , and a K? 1 covering $r £ +1 — W such that 

h . _ 

.Z Kn behaves as required relatively to SR*. The infinite sum 

of all the A ’s will have again a first derived such as de¬ 
manded by the theorem. A similar treatment may be applied 
to the infinite x p . 

4. Corollaries. I. If W is the singular locus of V PJ V p — W 
is a -manifold. 

For every point of V p — W has a neighborhood which is 
a 7 ^-cell whose diameter is arbitrarily small, hence the covering 
open complex is a manifold (Ch. Ill, § 4). 

IL The Theorem and Corollary hold for analytical varieties 
on projective spaces. 

The same proofs apply throughout, with parallel projection 
replaced by central projection. 

5. A particularly interesting type of variety is the algebraic 
variety, or variety defined by equations (1) with the F's all 
polynomials. In projective w-space, 2 n , they are obtained 
by equating to zero a certain number of homogeneous poly¬ 
nomials. Real algebraic varieties represent the real sheets 
of complex algebraic varieties, or simply “algebraic” varieties, 
the word complex being usually omitted: an algebraic variety 
is complex unless otherwise stated. The preceding results 
imply the 

Theorem. The real sheets of algebraic varieties are mani¬ 
folds. When they are bounded and without singxdarities they 
are absolute manifolds and can be covered, with finite complexes. 

6 . Orientation of analytical varieties. It follows from 
Corollary I of No. 4 that a connected subset of V p — W is 
a simple ^-circuit. We will assume at first that V p — W is 
connected, so that it is itself a simple circuit. 

From the construction of No. 3 plus an elementary induction, 
we find that the K n of that number can be so chosen that 
each ^-cell is on a single analytical jp-cell. Then, by sub- 
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dividing further, if necessary, the K p covering V p , and still 
calling the new subdivision K p , we can so choose it that 
any two closed p -cells of K p , with a common ( p —l)-face 
and exterior to any assigned neighborhood of 11 , are on 
a single analytical 79 -cell. 

We will first orient the individual cells, and then the cir¬ 
cuit itself, when it is orientable. 

7. (a) Orientation of E p . Let H p -1 be its boundary sphere, 
and mi, • •., u p the variables of the parametric representation 
for an analytical cell carrying E p . We can consider E p as 
a cell of the 8 P of the variables «i, • • •, u p , and adopt for 
the present the language corresponding to straightness for 
that space. Thus a simplex is now the image of a simplex 
of S p , etc. Since E p and H p -i are complexes, we can take 
them as the K, L of Ch. II, § 5. We wish to construct 
a cycle A P1 such as the A' s of Ch. II, No. 26, approxi¬ 
mating E p oriented in a definite way as a cycle modi/ ; ,_i. 
In the present instance, the construction loc.cit. merely amounts 
to this: Take a sufficiently narrow neighborhood N of H 
on E\ subdivide S p into cells whose diameter is less than 
the width of N . The sum of all closed / 9 -cells on E (hence 
not meeting H) can be oriented so as to become a 79 -cycle 
mod A T . That 79 -cycle, or its opposite, is A p . An assigned 
orientation will determine which of the two must be chosen, 
and conversely, the choice of A p determines the orientation 
of the cell. 

Since the situation is referred to a Euclidean space, it is 
essentially as in Ch. I, § 6, and the orientation of E p is 
determined by the order in which the local coordinates are 
named. We can, however, enlarge the range of the method 
loc. cit., and instead of comparing merely affine transformations 
we can compare the parametric representations of all the 


elements E p . Instead of the signs of the determinants of 


, u p 


the transformations from one set of variables to another we 
now take the signs of the Jacobians. That is, if mi, •• 
and V\ , •••, v p are two sets of variables associated with two 
analytical cells both H) E p , and 
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j = D(v i, ■ - t>) 

D(lll, • • •, 

then the orientations are concordant when J>0, non con¬ 
cordant otherwise. The Jacobian, however, while more general 
than the determinant, is strictly local in its effect. 

8 . (b) Orientation of the circuit. The whole problem is to 
correlate the orientations of two cells E p , E p with a common 
(p— l)-face Ep- 1 . The sum E p + E p + E p -i is a p -cell 
whose boundary Hj,-i is a sphere. We must now orient Ep 
in such manner that the new ^-cell is a circuit mod if'. 
By assumption there is an analytical p-cell of V—W which 
carries both E ]t and Ep. Therefore we can proceed exactly 
as above and use as indicatrix of the new A any cell of 
the former A corresponding to E p . There results an orient¬ 
ation for the new circuit, and hence for E p . 

The preceding scheme evidently amounts to orienting E p 
like E p by the order in which we name the variables iii of 
the representation of the analytical j^-cell carrying both. By 
means of the Jacobians, we can then correlate this mode of 
orienting E p with any other associated with any analytical 
cell that carries it, whether it carries E p or not. If we 
proceed thus step by step, we find that we compare Jacobians 
of the variables for pairs of overlapping analytical cells. 
Starting from any element and returning to it, if we come back 
to the initial variables always in the same order, that is with 

v 7 

a eJ>0, V—W is orientable; if that is not the case it is 
non-orientable. In the orientable case an orientation of 
V—W is assigned by specifying the order of naming the 
variables for a single analytical element. 

When V — W consists of several disconnected parts, each 
of them is a circuit and we treat it as above. If all these 
circuits are orientable, so is the manifold. In the orientable 
case a choice of orientations for the component circuits defines 
a unique fundamental p-cyde mod W for each. Hereafter 
V p will designate indifferently the variety itself or the chain 
sum of these ^-cycles. 
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The ultimate orientation scheme that we have obtained 


is essentially the same 
on Analysis Situs [2]. 


as given by Poincare in his first paper 


§ 2. Intersections of Analytical Varieties 

9. We will first treat a preliminary question. Let E r be 
an analytical cell on another E p , u l9 •••, u r and i \, ••*, v p 
their parameters, and let their equations be 

E r '. Xi = fi(l 0; E p \ Xi = <pi(v). 

We will suppose that the point I\ (u) = 0, of E r is also 
the point (r) = 0, its coordinates being#®. Since the Jacobian 
matrix of the /’s is of rank r and that of the </s of rankp, 
we can express the c’s as power series of p of the differences 
x i — x °i’ about their values zero, the Jacobian matrix being 
of rank p. Substituting from the equations of E rj we obtain 
for the latter a representation in terms of the r’s: 

Vi = ViW, i = 1 , 2 , •••, p, 

where the ip' s are holomorphic about («) = 0 and have a 
Jacobian matrix of rank r at that point. 

Let for example the Jacobian determinant of V'i, •••, Vv 

be ^ 0. Then we can solve for the E s in terms of v x , • • •, tv, 
and substitute in the last p — r functions so that they 
will assume the form o) if where 

Wi = Vr-ri — <*i (V X , • • •, V r ) = 0 , i = 1,2 ,•••,?> - V. 

The Jacobian of the variables tq, •••, v r , it\, •••, w p — r re¬ 
latively to the set v 1 ,---,v Pf is +1. Therefore we can 
choose as parameters on E p near P the variables v, w and 
referred to these, the equations Wi = 0 will be satisfied on 
E r about P. Therefore, with a slight change in notation: 

Theorem. Let E r be an analytical cell on another , E p , 
and P a point of E r . There exist analytical subcells Er, E p 
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of the two given cells, and parametric representations, such 
that: (a) Ep 7D E' r ZD P- (b) Referred to the parameters 
t'i, • • •, v p of Ep the equations of E' r are v r +\ = • • • = v v = 0, 
so that v if • ••, v r are the parameters for E r . 

10. Suppose now that two analytical cells E ry E s are on 
the analytical E p and have in common an analytical Et, 
t = r -\-s — p. Their tangent spaces along Et are then in 
position of maximum generality with respect to one another. 
Replacing if need be the cells by subcells, if P is a point of Et, 
we can choose, according to the above, variables Hi,u r -t, 
v ly •••, v 9 -t , Wi, wt for Ep, such that: (a) The iv s are the 
parameters for Et, the it s and iv s those for E r , the v's and 
w's those for E s , and all three sets the parameters for E p . 
(b) The equations of the cells are 

E r : Vi = 0 ; E s : Ui = 0 ; Et: Ud = 0, Vj = 0. 

Let the parameters u, iv\ w, v\ u,w,v\ iv constitute re¬ 
spective indicatrices of fi r E r , fts E s , fi p E p , fi t E t . The 
cell Et will be considered as the oriented intersection of 
E r and E s , if we have as in Ch. IV, § 1, 

fir fis ftp fit = + 1 • 

When £ = 0, s = p—r, we have a Kronecker index 

(Er'Ep - r ) = fit, 

as in Ch. IV. This is the same index as derived from Ch. IV, 
for on Ep, about P, everything is as if we were dealing 
with flat intersecting cells on S p , and as shown in Ch. IV, 

§ 6 , the rule for convex cells, here used, yields the same 

result as that of Ch. IV, § 1. 

The extension to intersections of more than two cells is 

obvious. 

11. We now return to our analytical V p , with the singular 
locus Wp*. Since V—W is an M p , we can apply to chains 
on it the intersection theory of Ch. IV. We take it to be 
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orient-able and oriented, with the usual observation n yarding 
the non-orientable case and mod 2. The oriented manifold 
is a certain y;-chain, which we also designate by Y p . 

Let V r , V s be analytical orientable varieties on V p with 
11V, W S ' as their respective singular loci. We will suppose 
that they intersect in an orientable Vt on L ; ,—11',/. with 


a singular locus UV such that, if P is any point of Vt — T1V 
there pass through it four cells E r , E s , Et, E ln respectively 
on V r — HV, • • •, related to one another as the cells of same 
designations in No. 10. The two intersecting varieties are 
then said to be in general position relatively to one another. 

Under the circumstances, we define as intersection chain 
of TV and TV the chain 17 , oriented by the indicatrices such 
as Et just considered. We say “indicatrices” and not indi- 
catrix’V because TV — TJV, may consist of several disconnected 
parts each requiring its indicatrix. 

Let us suppose that L is a closed locally connected subset 
of TV> which includes the boundary points of the manifold, 
and let the manifolds TV — U>, TV — TIV, fail to meet each 
other’s boundaries on V p — L. Then it is a simple matter to 
show that TV itself is a member of the homologous family 
about TV which defines the intersection cycle TV • TV in the 
sense of Ch. IV, § 3. All that is necessary is to reason as in 
Ch. IV, No. 46, with an analytical cell E p -t intersecting TV at 
a point, in place of the cell E n -s there considered. 

12 . All this can be extended to the case where TV, TV 
intersect in several orientable varieties TV, concerning which 
nothing further is specified. We may consider the closure 
of each F* as a variety and count it separately, which is 
equivalent to assuming that the manifold part of every V* is 

a simple orientable, and oriented, circuit. Then there exists 

• • 

an analytical E p —t on V p — W p ', intersecting V} at a single 
point but no other TV. We may assume that E l does not 
meet the boundary of V\ Then (Vt • Ep-t) = is a well 
defined integer, and we set 


V r -V s = 2 Vt- 
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One surmises that the A’s are independent of the particular 
cells Ep~t by means of which they are determined. This is 
readily shown as follows. Suppose that 

V r • F s ~ 2 m V }. 

Then we would have 

2fo—i*dvt~o, 

mod as narrow a neighborhood of the F’s as we please. 
But the chain whose boundary is at the left is deformable 
onto 2 Vt, since the latter is a complex and hence locally 
connected. Therefore 

2(Xi—IH)Vf~0 on £ Vl. 

This homology between the £-cells of a K t is impossible, 
hence A* = fi t for every i. 

The analytical intersections just determined can take every¬ 
where the place of polyhedral intersections; for example in 
approximating chains, etc. 

13. It is worth while to examine more closely, at least for 
the Kronecker index, the analytical implications of our dis¬ 
cussion. 

Let V r , V p -r be in general position on V p . Then their inter¬ 
section on V p — W P ’ consists of a finite number of isolated 
points, and if P is one of them, the two varieties have 
indicatrices E r , E p - r , through P, referred to parameters 
Ui, • • •, u r for the first, Ur+i, • • •, u p for the second, such that: 

(a) The equations of the cells are 

E r : u r +i= 0, i^p — r\ Ep—ri Ui= 0, i r. 

(b) The u 's are parameters for an analytical j9-cell on V p 
through P. We will suppose that the orders of the two 
sets are such as to orient the manifolds in preassigned manner. 
Let iii, •••> u p b e ^e order of these parameters by which 
E p is oriented. The index is d= 1 according as V p has for 
indicatrix ±E P . If v u • • •, v p are preassigned parameters for 
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some analytical p-cell which is an indicatrix of Y p through P, 
we have 





D (?<!, • - -, Up) 

• • •, v p ) * 


In other words, the index has the sign of J. 

Let V r and V 2 >—r intersect at the points P\ Then 


(Vr-Vp-r) 


y J(P*) 

^ J(P0 • 


The index is then the difference between the number of points 
where J > 0 and where J <Y 0. 

It is as convenient as it is instructive to have a method 
for obtaining the index directly in terms of representations 
such as (2), by equations and inequalities. Since we consider 
only points of the sets V — W, the inequalities such as y >0 
are satisfied a priori under our assumptions. It will be suf¬ 
ficient to take up the case where p = n and V p is a region 
of S n . Let the equations be 

V r : Fi = 0, i if n — r; V n — r : F n — r +i = 0. 


Assuming again that the varieties are in general position, the 
intersections are isolated, and if P, ( x °), is one of them, 

7 * = D ( Fl ’ Fn) _L c\ 

D(x ly • • •, Xn) + 

at P. It follows that any one of the three systems 


Fi = 

- 0 , 

• 

l 

< 

n - 


Fn—r+i ~ 

~ Un—r-\-i’-) 

Fi = 

= l( i, 

• 

l 

< 

n - 

~r, 

Fn—r+i — 

= 0 ; 

Fi = 

= Ui, 

• 

l 

— 

0 , 1 , 2 , 

n\ 



can be solved for the Oz)’s in the form of holomorphic functions 
about (w) = 0, taking the values x® at ( u ) = 0. This means 
that the P’s themselves can be taken as the ids of No. 10, 
however with reversal of the order of the two intersecting 
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cells. Thus the order of the equations for each of the two 
cells is associated with an orientation for the other. Granting 
that the orientation is that of an indicatrix, the contribution 
of P to the index (E n - r • E r ) has the sign of J* {x°). 

Remark. Suppose that V r alone is given. We can then 
find equations of a V n -r through P such that ( E n -r • E r ) = 1. 
The orientation of E n -r , hence that of E r itself, is determined 
by the order in which the equations of E r are written. This 
mode of associating an orientation for V v with the order of 
writing its equations was also given by Poincare [2]. 

In view of the theory developed in Ch. IV, the extension 
to several intersecting varieties is obvious. 

14. Histortcal note. The Kronecker index was considered 
for the first time in its non-elementarv form in a most 

V 

interesting paper published by Kronecker in 1869, [1]. This 
fully justifies attaching his name to that index. Kronecker 
was interested in the following problem: Let Ffix^, ••• , x n ), 

?' = 0, 1, • • •, n, be functions such that every equation Fi = 0 
separates S n into two regions ivhere Fi takes opposite signs, 
one of the two being bounded , say 9t*. To find the number 
of solutions of the system 

F 0 = • • • = Fi —i = Fi +1 = • • • = Fji = 0 

on 5R l . 

To bring the problem within the scope of our theory, we 
shall assume that the F J s are holomorphic wherever con¬ 
sidered, and never vanish simultaneously. To normalize the 
problem, it is also convenient to choose the signs of the F' s 
such that Fi<C 0 on SR*. Finally, in order to make our inter¬ 
section theory applicable we must assume that 



for any solution of the required nature. Kronecker imposes 
all these conditions except analyticity and merely assumes 
that the F 1 s are continuous, single-valued and possess all 
their first partial derivatives wherever they are needed. 
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Let then P h , li = 1, 2, • • •, s> be the points determined 
by the roots of our system. The numbers Ji(P h ) are all 
4 0, so that, say n are positive, * negative. Let q — n — * 
Kronecker proves: 

Theorem. The number o is independent of i. 

Thus q depends solely upon the set of n + 1 functions 
and their order. Kronecker calls it the characteristic of the 

system F 0 ,---,F n . 

The region 9V is a sum of n-circuits. Let us orient each 
concordantly with S n . and let r,J-i be the boundary variety 
Fi = 0, positively related to 3L. This will normalize the 
geometric situation. Having operated likewise on all the L’s 
let Vn-i be the subchain of T’/Z-i which is on 94, that is 
Vn l -i = T r/t .9t\ Then by reference to No. 13, we find that 

Q = ± (T r °* ... • • • V n ) 

where the sign depends upon n alone. 

To show that q is independent of i, Kronecker had recourse 
to the curve of intersection of all but two of the F’s, and 
used a transformation of indices analogous to that represented 
by formula (20) of Ch. IV. Incidentally, he gave the first instance 
of an oriented intersection of dimensions >0,—naturally in 
analytical form only. 

The independence of q from i becomes obvious when we 
introduce the looping coefficients. We have, indeed, 94->lVi-i. 
Therefore, by an evident extension of the definitions of 
Ch. IV, § 5 , 

C = ± (F° ... y* —1 . V i+1 • • • V n ) = ±Lc(V°V 1 -.. r») f 

the sign being again dependent solely upon n and not upon 
the L’s or the functions F. Without mentioning the looping 
coefficients we can also obtain the same result by considering 
tin as immersed in some S n -\-\ and paraphrasing the treat¬ 
ment of Ch. IV, No. 51. The number q becomes then the 
index (i°... A n ) of certain conical w-varieties of S n + 1 whose 
bases are the F’s. 
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15. The question considered by Kronecker is in intimate 
relation with the theory of vector distributions on S n . We 
have already considered vector distributions on an M n in 
connection with fixed points of deformations (Ch. VI, No. 31). 
Certain notions there considered are readily extended. A 
vector field or vector distribution on S n is simply a set of 
n point-functions or components Fi(x), i — 1, 2, • • •, n, whose 
range is a certain set on S n . 

Let the range be a bounded region SR with a V n -i, 
F 0 ( x ) = 0, for its boundary, and let the F' s be holomorphic 
on 91, and never vanish simultaneously on V n -i. Then the 
points of indetermination of the field are merely the solutions 
of the system Fi(x) = 0, i = 1, 2, . • •, n on SR. The number 
of “signed” indeterminations is precisely the index q of No. 14. 

It is possible to interpret q in terms of the degree of a certain 
transformation after the manner of Ch. VI, No. 32, as done 
by Hadamard [1]. Let P be any point of F n -i, 0 a fixed 
point, OQ a vector equal to the vector of our distribution 
at P, H n — i a Euclidean sphere of center 0 and radius r. 
Since the distribution has no point of indetermination on 
V n -i, OQ has a positive lower bound and we take r less 
than that lower bound. Then OQ meets H n -i at a unique 
point Q', and the correspondence between Q, Q' , defines a 
continuous single-valued transformation T of V n -i into H n - 1 , 
whose degree is e, provided that certain orientation con¬ 
ventions are observed. The scheme is of course the same as 
in Ch. VI, No. 32, but applied to the whole region 31 and 
not merely locally on the given manifold. This is due to 
the fact that on S n we are able to transport vectors at a 
distance. There is an evident extension to the general mani¬ 
folds possessing the so-called Levi-Civita 'parallelism of modern 
differential geometry. 

When the vectors on V n —\ all point inward or outward, 
the number is equal to the Euler characteristic of the 
region (Ch. VI, No. 31). When the behavior on the boundary 
is arbitrary it is not possible to give a strictly topological 
evaluation of the index, for the interpretation of q at the 
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end of No. 14 shows clearly that it is in large measure arbi¬ 
trary. There exist, however some interesting results re¬ 
garding it. 

I. Theorem of Poincare-Bold, (See Hadamard loc. cit.) 
This proposition asserts that if two distributions whose 
general vectors are .4, B , do not have the same index rela¬ 
tively to V n - 1 , then there exists a positive k such that 
A + kB = 0 for some point of V n -i ; when their indices 
are not in the ratio (—l)", there exists a negative k having 
the same property. 

This proposition is of importance in the applications to 
differential equations and dynamics. 

II. Morse [5] has recently studied at length vector distri¬ 
butions on a general Riemannian manifold (manifold with a 
metric defined by a quadratic differential form). He has 
given definite relations between the index q and certain in¬ 
dices attached to the vector distribution on V n -i which is 
generated by the orthogonal projections on V n -\ of the vectors 
of the assigned distribution, then indices of similar pro¬ 
jections on certain varieties T n - 2 , 1«-3, etc. 

III. Morse [3] has also investigated at length the singu¬ 
larities of a gradient vector , that is, of a vector whose com- 

8 F 

ponents are the partial derivatives —— of a point function 

O Xi 

F(x). He obtained a set of characteristic integers for the 
various types of singular points in the general case, and 
some very interesting inequalities between the type numbers. 
He has since applied these results with great success in the cal¬ 
culus of variations [6, 7, 8]. These investigations extend earlier 
work by Poincare [1] and Birkhoff [2]. Further investigations 
on the same subject have been made recently by Brown [1,2]. 

§ 3. Complex Varieties 

16. When the ranges of functions and variables are all 
complex numbers we have the complex cartesian or projec¬ 
tive spaces and their varieties. We shall designate them by 
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German letters as 2l p , 33^, etc., the dimension being now the 
complex dimension, defined as in No. 1. 

The space of particular interest, and which shall alone 
occupy us for the present, is the complex projective n-space. 
Let x 0 , •••, x n be homogeneous coordinates of reference so 
chosen that x 0 = 0 is an assigned ©„-i of ©„. We can 
introduce cartesian coordinates 

/ | • / / Xj 

yj = yj + *yj = ~zr 

Xq 

for ©„—© n -i, then define the analytical elements as before, 
and analytical manifolds by reference to the real coordinates 
y , y" , or to any similar system. 

Among the varieties are found the complex ^-varieties. 
They are defined by means of equations (1) with the F 's 
holomorphic complex functions of the (complex) coordinates?/;. 
A variety of that nature is designated by %S P and it is a simple 
matter to show that it is a V 2p . 

The most interesting type of %$ p is the algebraic ^-variety. 
It is defined as in No. 5. except that the coefficients of the 
polynomials and the variables now range over the whole com¬ 
plex domain. 

As regards complex varieties, the analytical ^-cell is to be 
replaced throughout by the complex ^-cell which is a real 
2p-cell. It is defined as in No. 1, except that the ranges 
of variables and functions are complex. 

17. We shall now extend the covering theorem of No. 3. 
We first cover © n with a K 2n • 

Given any © n -i of © n , the space © n — ©n—i may b e con ~ 
sidered in a well known sense as an S 2 n* The real simplexes 
of any such S 2 n shall be called the simplexes of © n . Every 
point of ©n is on some ~a 2n , and since the space is compact 
and separable, it may be covered with a finite number of 
simplexes aj n that may, however, overlap. Now o' 1 can be 
taken as the of No. 3, and its intersections with the other 
simplexes and their faces as parts of the analytical varieties 
there considered. Therefore a 1 can be covered with a K 2n such 
that the parts of the faces of various dimensions of the other a’s 
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that are on a 1 are covered by subconiplexes of A ; „ whose 
dimension is the same. We can assume that a s Ql (r l , else we 
would discard it. Let then £]„ represent the region left when the 
part of 0 s on a 1 is removed from a 2 , i. e. let £ 2 = <s- — a' -<j-. 
We reason with C 2 exactly as above, and cover it with a K-I n 
which has subcomplexes covering the cells ot A 2n on I (s )• 
As a consequence, Kin + K> n will cover a 1 + a . Its -n-cells 
are obtained by taking 2 ?i-simplexes and covering some of 
their faces with simplicial subdivisions so that A 1 + A 2 is 
merelv convex. We proceed in the same manner until all tf's 
have been brought into play. At the end we shall have 
a convex complex ^Ko n covering © n . A first derived of 

that complex will be simplicial. 

If we have a set of analytical varieties on ©, t , we reason 
in the same way, merely taking care to construct the com¬ 
plexes Kj n , K'h , • • such as to have subcomplexes covering 
the portions of the varieties on a 1 , etc. The modifications 
when ©„ is replaced by some region of the space are in¬ 
significant. Therefore: 

Theorem. The covering theorem of No. 3 holds for 3„, even 
when is ©„ itself In jiarticular, a variety defined by 
functions holomorphic over the whole space can be covered with 
a finite subcomplex of a finite complex covering ©„ itself 
Corollaries. I. © n is an absolute M* n - 
II. Let an algebraic have 2B for singular locus . Then 

is an M 2n and M = 33. Furthermore M is a sum 
of a finite number of absolute circuits. 

In both cases there are finite covering complexes. All 
this follows at once from what precedes plus the fact that 
every point of 0 ;i or of 33 n — 2 B has a complex E n (= an E 2n ) 
for neighborhood, and that 28 is of dimension 2 n — 2. 

18. We shall now examine the orientation of complex 
varieties. Consider first the complex cell 


Xi = <pi(u l7 u p ) 7 

and let us suppose that it possesses a point P whose x 0 4 1 0 . 
If we set 
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<PL 
SPo ’ 


we have for Gc p a representation as a cell of complex Eucli¬ 
dean w-space 

yj = ipj (wi, •••, up). 


Separating real and complex parts, let us write yj—y'j^riy'j',--^ 
Then is homeomorphic to the analytical 2p-cell of real S in ‘ 

y'j = *Pj (u'i, u'i, •••, tip, u'p) 

H / / // / //\ 

20 = Wj (Wl, Wl, •••, Kji). 


We shall agree once and for all to orient the analytical 
cell and concordantly with it (S Pf by naming the real para¬ 
meters 11 , u" in the following order: ul, iti, id, vH, •••, u ' p , u p . 

Theorem. The orientation of Sp w independent of the order 
of the complex parameters U\, a 2 , • ••, W/?. 

For when two of them are permuted there results an even 
permutation in the assigned order of the real parameters u , w". 

Suppose now that we make a complex change of variables 


vh = (*>h (ui, •••, ?«*), h = 1, 2, •••, i?, 


where at (w) = 0 the «’s are holomorphic, and the Jacobian 



Our convention demands that the cell be oriented by the 
order v'i, vf • ••, v p of the new real parameters. The new 
orientation is the same as the old. For we have the well 
known relation, proved by elementary operations on the 
Jacobian, 

D(v'i , vi, Vp) _ T j. 

D (ul, ul', • • •, u?) 

and since J + 0, the Jacobian at the left is > 0. Referring 
to No. 7, our assertion follows. 
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Henceforth it will be understood that all complex analy¬ 
tical cells are to be oriented in the invariant manner just 
introduced. 

Suppose now that we have a complex 33 7 ,, with its singular 
locus 933. If we take any connected subset of the manifold 
33 — 933, the result just proved shows that the indicatrices are 
concordant in the parts common to any pair of ^-cells, since 
the Jacobians corresponding to the passage from one set of 
variables to the other are always >0. Referring to No.8, 
it follows that the connected subset of 33 — 353 considered 
is an orientable circuit. Therefore (Lefschetz [5]): 

Theorem. Every complex variety is an orientable manifold. 
In particular algebraic varieties and complex projective spaces 
are all orientable manifolds. 

Chosing an (£ y , on any connected part of 33 — 333, oriented 
in the manner just prescribed, as indicatrix for that part, 
we have a unique fundamental 2p-cycle mod 353 for each 
part. Henceforth we designate indifferently by 33 the complex 
variety itself or the chain sum of these 2^-cycles. This 
enables us to introduce, wherever the requisite conditions of 
Ch. IV, § 4, are fulfilled, the chain intersections of two or 
more complex varieties and their Kronecker indices. We 
shall now examine some special but highly important inter¬ 
section properties of complex varieties. 

The association of a chain with 93 is as in No. 9, except 
that, due to the unique choice of indicatrices, the chain 93 
introduced here is unique. 

19. Intersections. Suppose that we have the complex cells 
G r , on 33 ; , — SB, intersecting at a point Q and in general 
position. Then, as in No. 9, we can replace the two cells by 
subcells, to be designated by the same letters, and such that if 
Mi, • • •, Ur are the parameters for the first, u r +\ y • • •, u p those 
for the second, there exists an (£ p on 33 y ,— 933 through Q, with 
Ui, • • *, Up for parameters. Since the orientations of the three 
cells are given by the orders u[, u'f • • *, u ' r '; u'r+i, • • *, ui P 
and wl, •. nip, we always have 

(4) (Cr ' Gp-r) = + 1. 
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20. Let now 33,- and 33/,_ r have an isolated intersection Q 
on 33 j, — 333. The natural definition for the geometric multiplicity 
with which Q is to be counted among the intersections, is to 
single out a sufficiently small neighborhood of Q say on 33,-, 
then to displace it slightly so as to have intersections at 
non-singular points and without contact. Their number y 
is then by definition the multiplicity. Here we have a basic 
theorem (Lefschetz [2, 5]): 

Theorem. The geometric multiplicity y of an isolated inter¬ 
section Q of 33 r and 33/,_,- on 33 y ,— 333 is i)ositive , and equal 
to the contribution of Q to the Kronecker index (33 ,- -33/,-r). 

Let 33 j) — 333 ZD ID Q, the cell carrying no other inter¬ 
section of 33,- and 33 y ,_,-. As far as our proof is concerned, 
we may confine the intersecting varieties to and assume 
them irreducible on it, and represented about Q in the form 

33,-: <fi(u) = 0, i = 1 , 2, •••,!) — r; 

33;,—r- V^‘00 ===: i = 1, 2, • ••, r. 

We may cover 33,- and 33;,-,- with complexes having Q for 
vertex and such that all closed cells of which it is a vertex 
are on then restrict the varieties to the sums of those 
cells alone, which we denote by 33,*, 33 y t-r. Ultimately, then, 
we have to prove 

(5) (33 *-33= y>0. 

Since Q is not on the boundaries of the varieties considered 
as oriented chains, the new operations leading to the starred 
chains introduce no boundary cells incident with Q, hence 
Q CH F(33,*) or _F(33;t- r ). It follows by reasoning as in Ch. IV, 
No. 42, that if 33;^ r is obtained from 33^_r by a sufficiently 
small deformation 

(6) (33* • 33p—r) = (33,*.33;_r). 

Hence in proving (5) we can replace 33p- r by a 33 /,— r obtained 
from it by a small translation in the space of the variables w. 
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21 . The proof rests upon the following proposition: Let 
33,-, 33$ o/©p intersect at the. isolated point Q. Ij 33? under¬ 
goes a small arbitrary translation it will continue to inter¬ 
sect 33,- in the vicinity oj Q when s = p r, and will not 


when s<Cp — r. 

(An arbitrary translation is one whose components ia are not 
constrained to satisfy a certain number of analytical relations.) 

The result concerning .9 = p—r is a special case of 
a theorem given in Osgood [1], p. 135. Let then r-^-s<Cp. 
When the sum is zero the proposition is obvious. AN e assume 
it proved for values up to r-\-s—1 of the sum, and show 
that it holds for r + s . By a first small arbitrary trans¬ 
lation impressed upon 33 s we replace it by 33$ such that 33,- 
and 33.? do not intersect each other's singular loci about Q. 
We are then back to the initial case with Q a non-singular 
point of the varieties. We then have about Q parametric 
representations: 

Hi = Fi Ori, • • *, x r )\ m = Gj (//i, • • •, ?/s). 


If the required result were false we would have a compatible 
system in the variables u . x , y about the values zero. 


Ui = Ft , xa — Wi = Gi f 

whatever the w' s. Hence, about the values zero, we could 
represent the tv s in the form: wi = Ft — Gi, that is in terms 
of less than p variables, which is absurd since they are 
independent. 

22. Going back to our problem, according to what has just 
been proved we can assume that 33;,-r actually intersects 33 r 
in a certain number (>0) of isolated points, but that the 
varieties do not intersect each other’s singular loci in the 
region considered. The problem is thus reduced to the case 
of a single intersection Q which is non-singular for 33 r or 33 p - r . 

Under the circumstances, about Q we may assume for 33,- 
the representation u r -\-i = 0, i. e. yi(u) = Ur+iy and we 
impress upon 33 ;,~ r a small translation 

Ui = Ui — Wi, i r, u'r+i 


Ur+i • 
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The varieties have then a variable intersection Q' about 
which I say that they are in general position. In the con¬ 
trary case we find that 

•PQfri • • W) = 0 

D («1, • • •, Ur) ’ 

when every n r +i — 0. Therefore (Osgood fl], p. 165), the rp's 
vanish on a 33<,fX), of the space z« r +, = 0, which passes 
through Q. This means that 33 r and 33p_ r intersect in S3* 
through Q, which is not the case. Therefore the varieties S3 r , 
S3 p-r are in general position about Q' . 

It follows from No. 19 that each of the points Q' contri¬ 
butes + 1 to the index (6). Tneir number /i > 0 as we have 
seen, and by what precedes, 

(?) (® r * • ss;: r ) = t* > 0. 

From (7) and (6) follows (5), and since n is the number of 
isolated ordinary intersections of one of the varieties with 
the other slightly translated, our theorem is proved. 

23. If we have two varieties 93 r , 93p_ r intersecting in iso¬ 
lated points of 33 p —SB with geometric multiplicities m, we 
will have, summing for all the intersections, 

(33 r • SBp-r) = 2n- 

This proves the 

Theorem. If two complex varieties intersect in isolated 
points the total number of intersections, each counted until its 
geometric multiplicity, is equal to their Kronecker index . 

It is always understood that the only intersections con¬ 
sidered are those on the manifold 93^—2B. 

As an application let us suppose that we have the situ¬ 
ation of Ch. Ill, No. 29, with K—L a submanifold of the 
manifold 93^— 333. We will briefly call a chain coincident 
with a 93 r , a complex r-chain. Then if 93 r and 93^-r are of 
the dual types K — U mod and intersect in isolated 
points, it follows from (12) that (93 r *93j?-r) + 0, hence 
(Ch. IV, § 2) 93 r # 0, in its appropriate sense, and likewise 
for 93j>_r. Therefore: 
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Theorem. If the complex cycle 33,- of type K — L l mod L j 
is intersected in isolated points by a complex (p — r)-cycle of 
dual type , it is ^ 0 on K — L l mod Li 

This theorem has important applications in algebraic geo¬ 
metry (§ 4). 

24. We have considered so far only questions related to 
the Kronecker index, but the more general intersections can 
be treated now with ease. For let 33, y , 33,- have for 
intersections varieties 33'. on 33^— 333, s = q-\-r — p. Then 
we define the A’s as in No. 12, except that the cells are now 
complex. As a consequence, from (5) follows that every 
A > 0. Then, here as in No. 12: 

and A* is the geometric multiplicity with wliHi 33.1, is counted 
in the intersection of 33 q and 33,-. Here also the coefficients 
A/ depend solely upon the intersecting varieties. 

§ 4. Applications to Algebraic Geometry 

25. In the applications of Analysis Situs to algebraic geo¬ 
metry, it is highly important to bear in mind that the basic 
group in dealing with any configuration is not the homeo- 
morphic group, but the birational group. To take a very 
simple example, consider the complex cubic curve 

x 3 + y 3 — x y = 0 . 

It is a 33i with a double point at the origin 0. The point 0 

has a neighborhood on 33i consisting of two 2-cells. The 

singular variety 333 = 0, and 33i — 0 is an M 2 but 33! is 

not. However, from the point of view of the intrinsic algebraic 

properties of 33 x , it may be replaced by a birational transform. 
Now 

/ /2 
x x 

x i I 73 > y t , 73 

1 +X 1 + X 

is a birational transformation of 33i into the x-axis, that is, 
into an ff 2 which is an absolute J/ 2 . Thus the modification 
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incurred is topologically improper, but algebraically satisfac¬ 
tory. Regarding algebraic curves we have the following basic. 

Theorem. Every irreducible algebraic curve is birationally 
transformable into a non-singular irreducible algebraic curve 
of some ©„. The transform curve is an orientable absolute 
whose topological type is unique. 

The Betti number R Y (M 2 ) is even (Ch. IV, No. 60), and if 2p 
is its value, p is the genus of the curve. That genus is 
a birational invariant of the initial curve, and it determines 
in unique manner the type of M 2 . It is then also in a sense 
a topological invariant of the curve itself. All these facts 
are classical in algebraic geometry, and are taken up at 
length in any major treatise on the subject (Picard, Cours 
d’Analyse, vol. II; Severi-Loeffler, Vorlesungen iiber algebra- 
ische Geometric; etc.). 

26. The situation is much less precise as regards algebraic 
surfaces and varieties. There are invariants of several types, 
some topologically, but not birationally, invariant, and vice 
versa. Altogether it cannot be said that perfection has as 
yet been achieved in clearing up ideas along that line. The 
present Chapter, however, taken together with our monographs 
of the Borel series [5], and of the Memorial series [16], 
will put the subject on a fairly solid basis. We will merely 
describe some of the main results, and refer the reader to 

our monographs for the rest. 

To avoid complications we shall consider only non-singulai 

varieties on © n . This is, however, more a matter of con¬ 
venience than of necessity. For in the first place it is 
a simple matter to dispose of the singular (p l)-varieties, 
somewhat after the manner indicated for the multiple points 
of an algebraic curve. In the second place it is often 
possible to find suitable parametric representations for the 
isolated singularities, and by means of them to introduce 
ideal points which turn into an absolute manifold: the 

cone is an example. 

27. Henceforth it will be understood that 93? stands for 
an algebraic variety. That variety is in any case a 2<?-cycle 
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and cycles depending upon such cycles will be called algebraic . 
We have first the important 

Theorem. Every 33 7 on 9% is sfcO on 93 ; >. 

For there exists always an 0 n _ (? intersecting 93 7 in isolated 
points, hence 33,, ^ 0 on © n (No. 23) and a fortiori on 33 p . 

The set of all algebraic 2^-cycles is a submodulus of the 
modulus of all 2 (/-cycles. We designate it by 21,Since 35 
can be covered by a finite complex its Betti numbers are 
all finite. Therefore any 1 + Rz q (33 p ) elements of 2t 7 satisfy 
a homology whose coefficients are integers. Taking as the 
zero-modulus the modulus of all bounding 2 (/-cycles, it is 
not difficult to show that since the modulus of all 2 (/-cycles 
has a base, this is also the case for % r Therefore 2t 7 
possesses a Betti number R lq (2I, y ) and likewise torsion coef¬ 
ficients. We can similarly consider its Betti numbers mod 2 
or mod w. Regarding the absolute homology characters 
of 2 I 7 ,_i much interesting information is at hand, and we 
shall examine that modulus presently. Concerning the other 
moduli, or even the characters of 2t ; ,_i mod 2, mod m , practi¬ 
cally nothing is known. 

28. The homology theory of the modulus 2l yJ —i is in the 
closest possible relationship with a fundamental algebro- 
geometric notion due to Severi [2], the notion of algebraic 
dependence between the curves on a surface, or the hyper¬ 
surfaces (= the 33^-i’s) on a 3$^. Let 93p-i, i = 1,2, • • •, r, be 
assigned hypersurfaces of 33 ; >, and let us suppose that there can 
be found a new hypersurface 93p—i, and a continuous algebraic 
system of hypersurfaces {93^—1}, such that for some values of 
its parameters it breaks up into a variety ^ 0 93 0 +^Aj93% 
for some others into another variety A 0 93° + 2/** 93*. Then 
Severi states that the varieties 93* are algebraically dependent, 
and writes for them the symbolic relation of algebraic 
dependence, 

— 3£_i = 0. 

The convention is made that such relations are to be treated 
like homologies: transposition of terms is allowed, etc. 
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Examples. I. Let 93* = © n and let 93“— 1 be a hypersurface 
of order p, ©*_i a “hyperplane” of the space. The system 
of all hypersurfaces of orders is a {93 n — 1 } with p © n -i and 
93n-i among its elements. Therefore 


®£-1 


H' Sn-l. 


II. Let 93 2 be an ordinary quadric, G l , G 2 two generators 
of opposite systems. Then it is a well known theorem that 
every algebraic curve D on 93 2 can be cut out by a surface 932 
passing, say v times, through one uf the generators. But 93*2 
cuts out on 93 2 the system cut out by ^© 2 . Since a suitable 
tangent © 2 cuts out G l -\-Q 2 , we have 

D = = i*G l +XG*. 

29. The preceding examples exhibit the clearest possible 
resemblance between algebraic dependence and homology. 
Algebraic dependence gives rise to an algebraic modulus, 
provided that so-called virtual hypersurfaces are counted in. 
We then have: 

Theorem I. The algebraic modulus coincides with the homo¬ 
logy modulus (Lefschetz [2, 5]). 

In his investigations on integrals of total differentials 
attached to an algebraic surface, Picard ([1], vol. II) had 
occasion to introduce what might be called “transcendental” 
equivalence between its algebraic curves with an associated 
Betti number q, since then designated as the Picard number. 
It is one unit less than the least number of algebraic curves 
that are the logarithmic singularities of an integral of total 
differentials with an integrand rational on the surface. A similar 
number can be defined for any 93*, and we have: 

Theorem II. The Betti number Rzp-z (21*) is equal to the 
Picard number' q of 93*, ( Severi [2]). 

Further important theorems are also: 

Theorem III. Every zero-divisor of 93* f(rr the dimension 
2 p — 2 is ^ to a cycle of % p -i . Therefore the torsion coefficients 
of 93* and of 21* for the dimension 2p — 2 are the same 

(Lefschetz ). 
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Theorem IV. Let © designate an arbitrary hyperplane section 
of When p> 2, the relations 

V -1 = 1 • © = ®;>-i • © on ©, 

8p-i ~ 33j9-i • © ~ ®;,_i • © on ©, 

ure a// equivalent (Severi, Lefschetz ). 

Theorem V. Let the variety be an algebraic surface with G 
as an arbitrary hyperplane section. .4 necessary and sufficient 
condition in order that the algebraic curves I)\ • • •, D r be 
dependent is that the matrix 

(If • Df 11 
(D { . G) i! 

be of rank < r (Severi [2]). 

The algebraic part of these theorems is due to Severi and 
we first gave the topological part in [2]. A summary and 
detailed references will be found in our monograph [16], 
complete proofs in [5]. 

In combination with the intersection theory of Ch. IV, 

7 

the algebraic moduli may be used to clear up the numerous 
questions of enumeration that arise in algebraic geometry. 
For many of them this has never been possible before. The 
most important instances are: 

I. Questions of enumeration for an ©, t . We refer to theorems 
similar to those of Bezout. As an example, it is not an easy 
matter to prove algebraically that when a s ~B/c and 93 n -/c 
on © n whose orders are respectively m, m intersect in isolated 
points, the total number of points, each counted with its 
multiplicity, is mm. Topologically it is a matter of a few 
lines, as we have shown in [16]: 

(a) ©„ is an orientable 2 ? 2 -circuit, hence R 2n (2> n ) = 1, 
and it has no torsion coefficients for the dimension 2 n — 1. 

(b) © n — ©>n-i is a Euclidean S 2 n and therefore an 
ordinary E 2n - Hence every cycle mod© n _i is deformable 
onto ©„_!. It follows that every r 2n _!~o on ©„, and 
that if © n _! L k ~ 0 on © n , likewise r k ~ 0 on ©„_i. 
Hence, by (a): 
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Bp (©») 



1 for p even and 2 n, 
0 for p odd, 


and ©„ has no torsion coefficients. Moreover, an ©k is 
a base for all 27c-cycles. 

(c) From (b) follows 53k ~ p&k- But since S3k is of 
order m there is an © n -k intersecting it in m isolated points. 
Therefore 

(53k • ©»-/c) = m — fi (©k • ©„_k) = p 


and hence 53k ~ «J©k. Similarly 53„-k ~ ra'©„_k, hence 
finally 

(53k-53»_k) = w ot'(© k • ©„-k) = mm. 

£ 

II. Poncelet’s continuity principle; Schubert's enumeration 
principle . This principle has had a great vogue since Poncelet 
applied it with much success in projective geometry. It will 
be remembered that Poncelet, in a manner that seemed rather 
reckless in his day, did not hesitate to introduce imaginary 
elements in questions of enumeration as if they were real. 
Later Schubert was guilty of a similar recklessness in far 
more sophisticated form; and many authors have used that 
mode of reasoning wherein abstraction is made of all diffi¬ 
culties that may occur when coefficients of algebraic equations 
are allowed to vary with abandon. Poncelet’s initial pro¬ 
cedure has been justified long since, but it is only recently 
that Schubert’s so-called Kalkiil der abzahlenden Oeometrie 
has been put on a firm basis. It has been shown in fact 
by Van der Waerden [1] (1929) that the enumeration formulas 
of Schubert are essentially homologies between certain alge¬ 
braic cycles, and relations between Kronecker indices resulting 
from our intersection theory. Somewhat earlier Seven ([3], 
1912; [4], 1916), had shown that Schubert’s results could be 
reduced in most cases to the algebraic intersection theorems 
which follow from his theory of equivalence. It is, however, 
in the nature of Severi’s theory that only intersections 
between the hypersurfaces of a S3 P can enter into it, whereas, 
in general, intersections between all sorts of algebraic cycles 
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might occur, and in that case our intersection theory alone 
can clear up the matter. 

The doubtful and cumbersome cases which have been brought 
forth against the principle of Schubert are to be explained off 
by amplifying the basic 33 7 , as indicated at the end of No. 27, 
so as to turn it into an absolute 9K 2p . This is really implicit 
in the explanation given by Severi [31 of the examples proposed 
by Kohn and Study as contradicting Schubert's principle. 

III. Enumeration in the theory of multiply periodic functions. 
In that theory there occur important formulas, due largely 
to Poincare and Wirtinger, giving the number of common 
zeros of sets of multiply periodic functions and the like. We 
have shown [2, 5] that all these formulas are reducible to 
questions of intersection on a 2p -ring, where p is the genus 
of the functions, or the rank of their period matrix. Indeed, 
by means of our intersection theory, the derivation of the 
formulas in question becomes wholly elementary. Many other 
important results can be derived in that field by means of 
relatively simple topological considerations. 

IV. Algebraic correspondences. Let D , D\ be two irreducible 
algebraic curves, and T x an algebraic correspondence or trans¬ 
formation of one into the other. Then DxZ)' is an algebraic 
surface which is an il/ 4 , and T l is represented on it by an 
algebraic curve r 1 . If T 2 is another such correspondence, 
and r 2 its image on B*B', then (r l . r 2 ) is the number 
of the coincidences unsigned, that is, each counted with its 
multiplicity. The value of the index is given by formula (22) 
of Ch. VI. The sum in (22) consists of three terms, the 
extreme terms being very simple. Let , y[ be the degrees 
of T x and Tf 1 , y 2 , y'i the same numbers for T 2 . They are 
called the indices of the transformations. Using the double 
interpretation of the index we recall that for example re¬ 
presents the number of times that T x • D covers D\ while 
Mi is the number of points of B' derived by T x from a given 
point of B. Therefore, in the notation of Ch. VI, § 5, 

= /°; m 2 = g\ M 2 = g\ 
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Since any point is a zero-cycle we have 



Hence the extreme terms in formula (22) are fii n' 2 + Hi • 
If {y*} and {d*} are the bases for the one-cycles on D and D', 


« = IIG^y-OII, 0=II(*-*OII, 


and /, g are the transformation matrices for the sa 
The coincidence formula yields here, 


II 


e cycles. 


(r 1 . r 2 ) = PiP 2 + P 2 Pi — trace a~ l gpf '. 


This is simply, under another form, the noted coincidence 
formula due to A. Hurwitz and obtained by him by rather 
difficult manipulations of 0 functions. If T is an algebraic 
correspondence between the points of D itself, with p, p 
for indices and f as transformation matrix of the cycles, we 
have, by (28) of Ch. VI, for its fixed points the expression 

(r.r°) = p + p— trace f , 

where r° represents the identity on the product surface. The 
simplest possible case and also the most frequent in practise, 
is when / is a multiple of the identity. The number v such 
that f = — vl, is then called the valence of J 7 , and T is said 
to be a correspondence with valence. The fixed point formula 
reduces then to the classical Cayley-Brill formula: 

(r. r°) = p + p+ 2vp, 

where p is the genus of D(2p = Hi ( D )). 

Regarding this important question the reader will consult 

with profit Severi [1), where the preceding notions are used 
with great advantage in their geometric form. Further 
details concerning the topological treatment will be found 
in our paper [10], a summary of the work along that line 

and full references in [13], Ch. 16. 
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ADDENDA 


Page 92 

This example only shows that a set may be locally con¬ 
nected up to a certain order r and fail for orders above r. 
The full problem raised by the example is as yet (1965) 
unanswered. 


Page 122 

The outline of the proof of Theorem I holds only for 
simplicial or convex cells, which is sufficient for ulterior 
purposes. The theorem as stated is proved by A. W. Tucker, 
Ann. of Math. (2), Vol. 34 (1933), pp. 191-243. 

Page 364 

See Koopman and Brown, Trans. Amer. Math. Soc., 
Vol. 34 (1932), pp. 231-252, and an elaboration of the proof 
of the theorem on page 364 by Lefschetz and Whitehead, 
Trans. Amer. Math. Soc., Vol. 35 (1933), April issue. 
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